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Abstract

The author focuses on Lacunary Polynomial Interpolation (LPI). This study proves the existence
and uniqueness of the g-spline of degree six for LPI, which interpolates (0, 1, 2, 5) data. In addition
to verifying the interpolation of data, error bounds associated with this method are derived and
analyzed.
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1 Introduction
LPI is an extension of Hermite interpolation. It includes matching of values and derivatives at certain
points but does not claim that these points to be successive. Thus, whenever observations provide scattered
and irregular data about a function and its derivatives then LPI arises. Several innovative concepts, tools
and applications have been developed for LPI [7]. The theory of spline plays a significant role in avoiding
the complications occurred by polynomials of a higher degree and also to achieve accurate results. LPI is
generalized by g-spline.

Schoenberg [17] initiated the study of g-splines for LPI. He presented that under certain conditions the
interpolatory g-splines exist and are unique. Numerous authors presented global procedures for solution of
LPI by splines [8, 9, 18, 20]. Fawzy [2, 3, 4, 5, 6] described certain local procedures to solve LPI by splines.

By applying these procedures some authors considered certain class of g-splines for solution of a particular
LPI [1, 10, 19]. We Studied LPI in different directions [11, 12, 13, 14, 15, 16].

Here, the author focuses on a specialized form of LPI and deals with gaps in the data provided (knowing
the value and first, second and fifth derivatives, but not the third and fourth derivatives). The research
investigates a specific mathematical structure to solve this problem. This ensures that for a specific set of
data points, there is one and only one polynomial curve of this type that fits perfectly. The study verifies
that sixth-degree spline successfully interpolates the (0, 1, 2, 5) data set. The paper provides a rigorous
investigation into error bounds. By establishing these bounds, the author demonstrates the accuracy and
stability of using high-degree g-splines for non-consecutive data points, providing a reliable framework for
approximation in complex computational problems.

The considered g-spline is defined as follows:
∆ : 0 = x0 < x1 <, . . . , < xn = 1, be any subdivision of [0, 1] with hk = x(k+1) − xk; k = 0, 1, . . . , n− 1 and
S∆ be the class of splines satisfying the following properties:

S∆ ∈ C1[0, 1], (1.1)

S∆ ∈ Π6, (1.2)

in each interval
[
xk, x(k+1)

]
, k = 0, 1, . . . , n− 1.

In the next section, we investigate the existence and uniqueness of the above g-splines which interpolate
(0, 1, 2, 5) data and investigate the error bounds for considered spline when, f(x) ∈ C6[0, 1].

76



2 Existence, Uniqueness and Error Bounds
The spline interpolant for (0, 1, 2, 5)- data and for f (x) ∈ C6 [0, 1], defined above is given by:

S∆ =

6∑
j=0

(x− xk)
S

(j)
k

j!
;x ∈ [xk, xk+1] ,

where k = 0, 1, . . . , n− 1.

We constructed each S
(j)
k as the following:

Sk = fk, (2.1)

S
(1)
k = f

(1)
k , (2.2)

S
(2)
k = f

(2)
k , (2.3)

S
(5)
k = f

(5)
k , (2.4)

where k = 0, 1, . . . , n− 1.
Now

Sk = fk + (x− xk)f
(1)
k +

(x− xk)2

2!
f

(2)
k +

(x− xk)3

3!
S

(3)
k +

(x− xk)4

4!
S

(4)
k +

(x− xk)5

5!
f

(5)
k +

(x− xk)6

6!
S

(6)
k .

From the interpolatory conditions and continuity of S∆, we get

fk+1 = fk + hkf
(1)
k +

h2
k

2!
f

(2)
k +

h3
k

3!
S

(3)
k +

h4
k

4!
S

(4)
k +

h5
k

5!
f

(5)
k +

h6
k

6!
S

(6)
k , (2.5)

f
(1)
k+1 = f

(1)
k + hkf

(2)
k +

h2
k

2!
S

(3)
k +

h3
k

3!
S

(4)
k +

h4
k

4!
f

(5)
k +

h5
k

5!
S

(6)
k , (2.6)

f
(2)
k+1 = f

(2)
k + hkS

(3)
k +

h2
k

2!
S

(4)
k +

h3
k

3!
f

(5)
k +

h4
k

4!
S

(6)
k , (2.7)

f
(5)
k+1 = f

(5)
k + hkS

(6)
k , (2.8)

S
(6)
k =

f
(5)
k+1 − f

(5)
k

hk
. (2.9)

From equations (2.5) and (2.6), we get

S
(3)
k =

24

h3
k

[
Dk −

hk
4
Ek
]
, (2.10)

and

S
(4)
k = − 72

h4
k

[
Dk −

hk
3
Ek
]
, (2.11)

where

Dk = fk+1 − fk − hkf (1)
k − h2

k

2!
f

(2)
k − h5

k

5!
f

(5)
k − h6

k

6!
S

(6)
k , (2.12)

and

Ek = f
(1)
k+1 − f

(1)
k − hkf (2)

k − h4
k

4!
f

(5)
k − h5

k

5!
S

(6)
k . (2.13)

The selection of S
(j)
k ; j = 3, 4 agreed on the following basis:

D
(j)
L Sk = D

(j)
R Sk; j = 0, 1, 2, 5; k = 0, 1, . . . , n− 1,

where DL and DR are denote left derivative and right derivative respectively.
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Thus
S∆ ∈ C(0,1,2,5) [x0, xn] = {f ∈ C [x0, xn] ;D

(j)
R f ∈ C [x0, xn] : j = 0, 1, 2, 5}.

Hence there exists unique spline S∆ (x) defined by equations (2.9) - (2.13) satisfying the interpolatory
conditions (2.1) - (2.4).

Theorem 2.1. If S∆ be spline solving the (0, 1, 2, 5)-LPI as defined above for which f (x) ∈ C6 [0, 1] then
for all x ∈ [0, 1] the following inequality fulfilled:∣∣∣S(j)

k − f
(j)
k

∣∣∣ ≤ ck,jh6−jw6 (f, h) ; j = 0, 1, . . . , 6

where w6 (f, h) is the modulus of continuity of f (x) and the constants ck,j ; j = 0, 1, . . . , 6 are given by
followings:

ck,0 =
1

36
, ck,1 =

1

10
,

ck,2 =
11

40
, ck,3 =

1

12
,

ck,4 =
3

10
, ck,5 = 1,

ck,6 = 1.

Proof. From equation (2.9), we get ∣∣∣S(6)
k − f

(6)
k

∣∣∣ ≤ w6 (f, h) . (2.14)

From equation (2.11), we derive∣∣∣S(4)
k − f

(4)
k

∣∣∣ =

∣∣∣∣− 72

h4
k

[
Dk −

hk
3
Ek
]
− f (4)

k

∣∣∣∣ ,
From equation (2.12) and (2.13), we obtain

|S(4)
k − f

(4)
k | = | −

72

h4
k

[fk+1 − fk − hkf (1)
k − h2

k

2!
f

(2)
k − h5

k

5!
f

(5)
k − h6

k

6!
S

(6)
k

− hk
3
{f (1)
k+1 − f

(1)
k − hkf (2)

k − h4
k

4!
f

(5)
k − h5

k

5!
S

(6)
k }]− f

(4)
k |. (2.15)

Now

fk+1 = fk + hkf
(1)
k +

h2
k

2!
f

(2)
k +

h3
k

3!
f

(3)
k +

h4
k

4!
f

(4)
k +

h5
k

5!
f

(5)
k +

h6
k

6!
f

(6)
k (tk,1), (2.16)

where xk < tk,1 < xk+1,

f
(1)
k+1 = f

(1)
k + hkf

(2)
k +

h2
k

2!
f

(3)
k +

h3
k

3!
f

(4)
k +

h4
k

4!
f

(5)
k +

h5
k

5!
f

(6)
k (tk,2), (2.17)

where xk < tk,2 < xk+1.
From equations (2.15), (2.16) and (2.17), we derive∣∣∣S(4)

k − f
(4)
k

∣∣∣ ≤ 1

10
h2
kw6 (f, hk) +

2

10
h2
kw6 (f, hk) ,

≤ 3

10
h2
kw6 (f, hk) . (2.18)

From equation (2.10), we get ∣∣∣S(3)
k − f

(3)
k

∣∣∣ =

∣∣∣∣ 24

h3
k

[
Dk −

hk
4
Ek
]
− f (3)

k

∣∣∣∣ .
From equation (2.12) and (2.13), we obtain∣∣∣∣S(3)
k − f

(3)
k

∣∣∣∣ =

∣∣∣∣ 24

h3
k

[
fk+1 − fk − hkf (1)

k − h2
k

2!
f

(2)
k − h5

k

5!
f

(5)
k − h6

k

6!
S

(6)
k
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− hk
4
{f (1)
k+1 − f

(1)
k − hkf (2)

k − h4
k

4!
f

(5)
k − h5

k

5!
S

(6)
k }

]
− f (3)

k

∣∣∣∣. (2.19)

From equations (2.16), (2.17) and (??), we establish∣∣∣S(3)
k − f

(3)
k

∣∣∣ ≤ 1

30
h3
kw6 (f, hk) +

1

20
h3
kw6 (f, hk) ,

≤ 1

12
h3
kw6 (f, hk) . (2.20)

Now ∣∣∣S(5)
k − f

(5)
k

∣∣∣ =
∣∣∣f (5)
k + hkS

(6)
k − {f

(5)
k + hkf

(6)
k (tk,1)}

∣∣∣ ,
where xk < tk,2 < xk+1. ∣∣∣S(5)

k − f
(5)
k

∣∣∣ ≤ hkw6 (f, hk) .

∣∣∣S(2)
k − f

(2)
k

∣∣∣ =

∣∣∣∣f (2)
k + hkS

(3)
k +

h2
k

2!
S

(4)
k +

h3
k

3!
f

(5)
k +

h4
k

4!
S

(6)
k − {f

(2)
k + hkf

(3)
k +

h2
k

2!
f

(4)
k +

h3
k

3!
f

(5)
k +

h4
k

4!
f

(6)
k (tk,1)}

∣∣∣∣ ,
where xk < tk,1 < xk+1.
From equations (2.14), (2.18) and (2.20), we derive∣∣∣S(2)

k − f
(2)
k

∣∣∣ ≤ 11

40
h4
kw6 (f, hk) .

From equations (2.14), (2.18) and (2.20), we also get∣∣∣S(1)
k − f

(1)
k

∣∣∣ ≤ 1

10
h5
kw6 (f, hk) .

Applying same technique as above and from equations (2.14), (2.18) and (2.20), we finally establish

|Sk − fk| ≤
1

36
h6
kw6 (f, hk) ,

where
h = Max

k
hk.

3 Conclusion
A g-spline of degree six for (0, 1, 2, 5)-type LPI exists uniquely. The study establishes the precise limits
of potential error for the resulting g-spline, specifically evaluating these boundaries under the condition
f(x) ∈ C6[0, 1].
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