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Abstract
This paper presents fixed point theorems for an a—1) contractive mapping in complete perturbed
metric spaces. As applications of our findings, we obtain fixed point theorems for perturbed metric
spaces enriched with graphs. Furthermore, examples are provided to illustrate the usability of the
obtained results.
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1 Introduction and Preliminaries

In 2025, Jleli and Samet [6] introduced Perturbed metric spaces, which are among the most intriguing of all
abstract spaces.

The definitions below introduces the recently introduced concept of perturbed metric spaces:

Definition 1.1 ([6]). Let D,P : Q x Q — [0,00) be two given mappings. Then D constitutes a perturbed
metric on Q with respect to P, if D —P : Q x Q — [0,00) defined as (D —P)(¢,n) =D(,n) — P(¢,n)
forms a metric on Q, that is, for all {,n,6 € Q,

(i) (D—P)(C,m) > 0,

(iii) (D — P)(C,n) = (D — P)(C,m),

() (D —P)(,n) < (D—"P){, )+ (D—P)4,n). The mapping P is called a perturbed mapping, with
' =D — P forming a standard metric, and ( Q,D,P ) is called a perturbed metric space. We use (Q,T) to
represent the standard metric space.

Note that a perturbed metric on €2 is not necessarily a metric on €. For some examples and further
preliminaries of perturbed metric space one can see Jleli and Samet[6]. We now present several topological
notions in perturbed metric spaces :

Definition 1.2 ([6]). Let the triple ( Q,D,P ) form a perturbed metric space. Consider a sequence {pn} in
Q, and a self-mapping A defined on Q.

(i) If {pn} is a convergent sequence in an standard metric space ( Q,T' ), where the metric T is defined as
' =D — P, then {p,} is a convergent sequence in the "perturbed sense in (2, D, P).

(i) If a sequence {p,} is a Cauchy in the context of a standard metric space (2, T ), then {p,} is a perturbed
Cauchy sequence in ( Q,D,P ).
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(i11) (2, D, P )is named a complete perturbed metric space, , when ( QT ) is a standard

complete metric space, that is, each perturbed Cauchy sequence in ( Q,D,P ) converges in the ”perturbed
sense” in (Q,D,P).

(i) A mapping A is a perturbed continuous whenever the mapping A is continuous in the setting of the
corresponding standard metric space (Q,T)

Samet et al. [16] introduced ac—1) contraction maps to study the existence and uniqueness of fixed points.
The fundamental finding of this interesting study led to the conclusion of several well-known fixed point
theorems, including the Banach mapping principle. A number of authors have investigated and improved
the strategies described in this study; see, for example, [1 — 4,8 — 17] and the references therein.

We will now review some essential concepts, notations, and basic results that will be used throughout this
study.

The family of non-decreasing continuous functions ¥ is represented by ¢ : [0, +00) — [0, 400) such that
for any t > 0,> 7, Y™ < 400, where ¢™ is the nth iterate of 1.

Definition 1.3 ([16]). Let A be a self-map on Q and (2, T') be a metric space. If two functions a: @ X  —
[0,00) and © € U exist such that a(¢,n)T(AC, An) < (T(¢,n)), for all {,n € Q, then A is said to be o — 1)
contractive mapping

Definition 1.4. Consider a perturbed metric space ( Q, D, P ) with A as a self-map on Q. Then A is said
to be perturbed o — v contractive mapping if two functions o : Q x Q — [0,00) and ¥ € U exist such that,

for any (,n € Q,a((,n)D(AC, An) < (D((,n)).

Lemma 1.1 ([14] also see [16]). . For every function 1 : [0,+00) — [0, +00) the following holds:
(i) If ¥ is non decreasing, then for each t > 0
(1) limy_, o Y™ () = 0 implies (t) < t.

Remark 1.1. Taking a(¢,n) =1 for any ¢,n € Q and ¥(t) = kt for some k € [0,1], A is a perturbed o — 1
contractive mapping if A : Q — Q fulfils the Banach contraction principle in the context of perturbed metric
space.

Definition 1.5 ([16]). Let o : 2 x Q@ — [0,00) and A : Q@ — Q. If {(,n € Q, then (¢,n) > 1 implies
a(A,An) > 1, and we say that A is a-admissible.

Example 1.1. Let Q = [0,00). Define A : Q — Q be defined by A = %. Also, define o : Q x Q — [0, +00)
by a(¢,n) = 3. Then A is a-admissible mapping.

Example 1.2. Let = [0,00). Define A :  — Q be defined by

AC = < if¢elo,1)
23 +1if ¢ € (1,00)
Also, define o : Q x Q — [0,+00) by «((,n) = { i g f)‘,ogefvi?s’el]

Then A is a-admissible mapping.

2 Main results
Now, we generalize the result established by Samet and Vetro[16] in the context of perturbed metric space
as follows:

Theorem 2.1. Let ( Q,D,P ) be a complete perturbed metric space. A : Q — Q must meet the following
requirements.

(C1) A is a — ¢ contractive mapping,

(C2) A is a-admissible mapping,

(C3) there eists, (o € Q such that o (o, Ay) =1 and a (Co, A%¢o) > 1,

(Cy) A is continuous,

(Cs) the value of the perturbed function P(¢,n) = 0 when ( = 1.

Then A possesses a fized point.
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Proof. According to (C5), there is a point (p in Q where « (¢, Alp) > 1 and « (Qo, A2C0) > 1.

We develop a sequence {(,} in Q by ¢, = A"y = A{,—1, for all n € N.

It is obvious that if (,,, = (n,+1 for some ng € N, then (,, is a fixed point of A.
Assume that ¢, # (11 for all n € NU{0}.

Since A is an a-admissible mapping, we have

o (Co,C1) = a (o, AGo) > 1 implies that a (¢, G2) = a (Ao, AG) > 1,

implies that o (C27 Cg) =« (ACIa ACQ) > 1,

1mphes that o (Cg, <4) =« (AC27 Agg) Z 1.

Keeping going in this manner, we have

a(Cn,Crr1) > 1 for all n € NU {0}

In the same way, we have
& (Cny Grye2) > 1 for all n € NU {0}

When we look at ( Cy ) and (2.1), we obtain

D (Cﬂ+17 Cn) =D (ACna ACnfl)
<« (Cnv Cnfl) D (Acna Acnfl)
§¢ (D (Cn; Cn—l)) ’ for all n € N.

By doing the previous procedure again, we get that

D (Gnt1,Gn) < 9™ (I'(C1,Go)) for all n € N
The exact metric is I' = D — P by definition. Considering (2.3), we conclude that

r (C’ﬂ-i-lv Cn) < r (Cn+1a Cn) +P (Cn-&-la Cn) < W‘ (F (Cla CO)) .

Taking n — 0o, we have lim,, o0 I’ ({r41,¢n) = 0.
Examining ( C; ) and (2.2), we obtain

D (Cn-‘rQa Cn) =D (A<n+1; ACn—l)
S « (Cn+1; Cn—l) D (AC’rL-‘rla ACn—l)
<Y (D(Cnt1,Cn-1)), for alln € N

Continuing the above process, we have

D (Cnt2,6n) < 9" (D (G2, Co)) foralln e N
The exact metric is ' = D — P by definition. Considering (2.2), we conclude that

r (CTLJrZ, Cn) < r (Cn+27 Cn) +P (Cn+2a Cn) < 1/1" (F (427 CO)) .

Taking n — oo, we have lim, 00 I' ({42, Cn) = 0.

Let (,, = (;, for some m,n € N with m # n.
Without loss of generality, we will assume that m > n.
Since & (G, Gm—1) > 1, we get

D (Cn—&-la Cn) =D (ACnv gn)

D (Al Gm)

D (A<m7 ACmfl)
(D (Cm» Cm—l))

D (Cnt1:Gn)) s

(4
(4

IAIA

for all m,n € N.
By Lemma 1.1, we have

D (Cn+1a Cn) < wmin (D (<n+17 Cn)) <D (<n+17 Cn) )

(2.5)

(2.6)
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which is a contradiction.
Thus, (, # (, for all m,n € N with m # n.
We now demonstrate that {(,} is a Cauchy sequence, meaning that for any k& € N, lim,, o T (¢py Cntk) = O.
The situations for ¥ = 1 and k = 2 have already been established in (2.4) and (2.6), respectively. Let k be
arbitrarily greater than or equal to 3 .

We discuss two cases.
Case 1. Suppose that k = 2m + 1, where m > 1. Using the triangle inequality, we have

r (Cn7 Cn-i—k) =TI (C’ru <n+2m+1)
S F (Cru <n+1) + 1—‘ (Cn+17 <n+2) +--- 4+ F (Cn+2m7 Cn+2m+1)

n+2m

< Z ¥ (D (G0, 1))

SZ D (¢o,¢1)) = 0 as n — oo.

Case 2. Suppose that k = 2m7 where m > 2. Using the triangle inequality, we have

r (Cna <n+k) =TI (Cn’ Cn+2m)

< T (CnsCnr2) + T (Cng2: Cugs) + -+ T (Cnt2m—1, Cnt2m)
n+2m—1

T (Gny Gnra) + Z %P (D (Cos 1))

(Can+2 +Z¢p Co,Cl))—>Oasn—>oo.

p=n

By (2.6), we have lim,,— o0 I' ({12, Cn) = 0, therefore lim, oo T' (¢n, Crar) = 1 for all & > 3. The above
inequality shows that the sequence {(,} is Cauchy in the standard metric spaces (2,T'). The constructed
sequence {(,} is Cauchy in perturbed metric spaces ( Q,D,P ). Therefore, we conclude that {(,} is a
Cauchy sequence in ( Q,D,P ). As ( Q,D,P ) is complete, there exists (* € 2 such that

lim T (Co,C*) = 0.
n—oo

Finally, we show that the limit ¢* of the sequence {(,} is a fixed point of A.
Since A is continuous. Then we have
nh—>Holo [ (AGn, ACY) = nh_fgor (Crt1,ACT) =

By uniqueness of limit, ¢* is a fixed point of A.
This completes the proof. O

Theorem 2.2. Given a complete perturbed metric space ( Q,D, P ) and A : Q — Q satisfying the following
requirements: (C1),(C2),(Cs),(Cs)

(Cs) if {Cn} is sequence in Q such that (, — ¢ as n — oo for some ¢ € Q and « (Cny Cny1) = 1 for alln € N,
then a ((n,C) > 1 for allm € N. Then there is a fized point for A .

Proof. Based on the proof of Theorem 2.1, we know that the sequence {(,} given by (,+1 = A(, for all
n € NU {0} converges for some v € 2. For any n € N, we obtain a ({,,u) > 1 from (2.1) and ( Cs ). By
using (3.1), we get

D (Csrs At) < 0 (G, 1) D (A, At
<Y (D(Cn,u)) forallneN

Letting n — oo in the above inequality and using (C5), we obtain that

lim D (¢py1,Au) =0.
k—o0
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By definition, ' = D — P is the exact metric. In view of (2.2), we deduce that limg_o0 T’ ((rp1, Au) <
limg oo T (Cn+l; Au) +limg 500 P (Cn—i—lv Au)
We get
limg oo I' (Cnp1, Au) = 0. ie., Au=u.
Hence u is a fixed point of A.
To assure the uniqueness of fixed points, we consider the following hypothesis:
(P) If for all {,n € F(A), where F(A) is a set of fixed points of A, we have a((,n) > 1. O

Theorem 2.3. The uniqueness of fized points of A is obtained by inserting condition (P ) to the hypothesis
of Theorem 2.1 (resp. Theorem 2.2).

Proof. Suppose that (* and n* ({* # n*) are two fixed points of A. Then by the hypothesis (H), a (¢*,n*) > 1.
Hence, from (C7) with ¢ = ¢* and n = n*, we have
D(¢*,n") =D (AC, An¥)

<a(C*,n") - D(AC, An")

<Y (D(n) <D n7)
which is impossible, that is, (* = n*.
Hence A has a unique fixed point.
This completes the proof. O

Example 2.1. For an interval 2 = [0, 00), we shall define D : Q x  — [0, 00) be the mapping defined by

D(u,t) = (u+t)?+|u—t|, forall u,te Q.
Then D is a perturbed metric on €2 , where the perturbed mapping P is given by
Pluyt) = (u+1)?
u,t € Q, and the exact metric I' is given by
T(u,t) = |u—t|,u,t € Q

Clearly, ( Q,D,P ) is a complete perturbed metric space.
Define the mapping A: Q — Q by

A= { $ ey

ZC—E, ¢ € (1,00).
We define the mapping a :  x Q — [0, 00) by
[¢—nl if 0.1
6 9 1 9 e 3
a(¢n) = { ¢ € (0,4]

e~ 1¢=nl otherwise.
Clearly, A is a triangular a-admissible and « — ¢ contractive mapping with ¥ (t) = i for all t € [0, c0).

For all ¢,n € 2, we have
(¢, mD(AC, An) < P(D(¢,n))-
Moreover, there exists (p = i € Q such that
a(GoA@) =a (g5 ) = e > 1.
Obviously, A is continuous, Theorem 2.1’s hypotheses are now completely satisfied; A has two fixed
points, 0 and %

o7



3 Application

The existence of fixed point theorems on a perturbed metric space with a graph is provided in this
section. Some fixed point findings were established on a metric space with a graph by Jachymski [7] in 2008.
Before presenting our results, we give some definitions and notions in setting of perturbed metric spaces
which are useful for our results as follow:
Consider the perturbed metric space (2,D,P). A set {((,¢) : ¢ € Q} is represented as A and is referred to
as a diagonal of the Cartesian product Q x Q. Suppose that a graph G has all loops (i.e., A C E(G) ) in its
edges and that the set V(G) of its vertices matches with . The pair ( V(G), E(G) ) can be used to identify
G since we believe it has no parallel edges. Furthermore, we can treat G as a weighted graph by allocating
the distance between its vertices to each edge.

Definition 3.1. Let Q have a graph G and be a nonempty set. The following condition must be satisfied for
the mapping A : Q — Q) to be referred to be preserve edge:

¢,n € Qwith (¢,n) € E(G) = (A, An) € E(G).

Definition 3.2. Let (2, D, P) be a perturbed metric space endowed with a graph G. The mapping A : Q — Q
is called a v contractive mapping with respect to E(G) if there exists a function 1 € ¥ such that the following
condition hold:

¢ n € Q with (¢,n) € E(G) = D(AC, An) < 4(D(¢, 7))

Theorem 3.1. Consider (2, D, P) be a perturbed metric space endowed with a graph G and A : Q@ — Q be
a self-mapping satisfying (C4) and the following conditions:

(C7) A be a vy contractive mapping with respect to E(G),

(Cs) A is preserve edge,

(Cy) there eists (o €  such that (Co, Alo) € E(G) and (o, A*¢) € E(G).

Then A has a fized point.

Proof. Consider a mapping « : Q x  — [0, 00) defined by
1, ¢neEG
a(C,n) = { ¢ € E(G)

0, otherwise
From (Cy), we have o (o, Alp) = 1 and a ({o, A%) = 1.
It follows from A is preserve edge that A is an a-admissible mapping.
From (C7), we have, for all (,n € Q,

(¢;m) € E(G) = D(AG, An) < ¢(D(¢,m)),

and thus
a(¢,n)D(AC, An) < (D((,n)).

Therefore, A is a a — 9 contractive mapping.
Now all the hypotheses of Theorem 2.1 are satisfied.
Therefore, A has a fixed point. O

Theorem 3.2. Consider ( Q,D,P ) be a complete perturbed metric space and A : Q — Q be a self mapping
satisfying (C7), (Cs) , (Cy) and the following conditions:

(Cho) if {Cn} is sequence in Q0 such that ¢, — u as n — oo for some ¢ € Q and ((n, Cor1) € E(G) for all
n €N, then (¢,,u) € E(G) for all n € N.

Then A has a fized point.

Proof. Consider a mapping « :  x Q — [0, 00) defined by

_ [ 1, ¢neEG)
oCym) = { 0, otherwise

From (Cy), we have o (o, Alp) = 1 and « (¢o, A%) = 1.
It follows from A is preserve edge that A is an a-admissible mapping.
From ( C7 ), we have, for all {,n € Q,
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(¢,n) € E(G) implies that D(AC, An) < (D((,n)),

and thus a(¢,n)D(AC, An) < (D(C,n)).
Therefore, A is a o — v contractive mapping.

From condition (Cig), we have (¢, (ny1) € E(G) implies that (¢n,u) € E(G)a (Gry Cnt1) > 1 implies that
a(Cp,u) >1forall n € N.
Then by Theorem 2.2, u is a fixed point of A. O

4  Conculsion

In the context of perturbed metric spaces, we define the o — v contraction mapping and the o —
admissible mapping . In the complete perturbed metric spaces, which generalized the metric spaces, we
establish the Banach fixed point theorem. Additionally, an application scenario and an illustrative example
are shown. It is important to note that these findings generalize the findings described in [16].
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