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Abstract

We consider the Kepler problem with an additional constant force, and we employ the Laplace-
Runge-Lenz vector to construct a constant of motion. Finally, an interesting relation of this constant
motion with Whitney numbers and Bernoulli polynomials is derived for computation of the Kepler
problem.
2020 Mathematical Sciences Classification: 70H33, 49505, 37J15, 70F05, 05A19, 11B68.
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1 Introduction
The Lagrangian for the Kepler problem has the expression:

L:%(;ﬁ2+y'2)+§, r=+z2+19y2, T=uxi+y) (1.1)
because the orbit is plane due the conservation of the angular momentum whose magnitude is given by:
| = m(xy — yi) = mrip. (1.2)
If now due to (1.1), in L we apply the following transformation [17, pages 99-100]:
T=x4e, J=yte, L=t (1.3)

where 1 and €5 are constants < 1, using (1.2) and (1.3), we obtain:

~ kx ky . mk . mk . .
L—L=—e1—fF —€3— =—€1—5Co0Sp —ea—5sSinp =—1—@CoSp — ea——sinp,
73 73 r2 72 l l
that is: J L
L=1L+ 7 mT (—e1singp+eacosp)|, (1.4)

hence (1.4) is a dynamical symmetry of L [17], and therefore it is possible to use the Noether’s theorem, in
the Lanczos approach [8, 9, 10, 11, 22] to deduce the conservation law associated with (1.3) [2].
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) the transformation (1.3) with €1(¢) and £2(t) as new
(1.5)

The Lanczos technique asks to employ in (
+ Eomy — E2— 3

degrees of freedom, then:
L-L= ge1ma — 51
and the Euler-Lagrange equations:
d (0L oL
— = |-==0, =12 1.6
d, . ky . mk
) =0, clt(my)+r3_clt< y—lCOSSO) =0,
(1.7)

imply the relations:
N kx d . omk
a(maﬁ) + T (ma: + — - sing
(1.5) and (1.6) generate the following two constants of motion
mlz + mksinp = —co, mly —mkcosy =c;
7) express the conservation of the Laplace-Runge-Lenz vector [2, 6, 7, 21], in fact

—

Tt is easy see that (1.
—mkL = —mk(cos pi + sin pj)

-

x L =m(ii+9j) x lk = ml(yi — ij),

(mly — mk cos )i — (mld + mksin p)j
(1.8)

=Sy

therefore:
A:=pxL—mk
=11+ c2).

The Lanczos method gives a simple process to apply the Noether’s theorem [3, 5, 16, 18, 19], thus in this
case it was possible to determine the conservation law associated with the dynamical symmetry (1.4) for the

Kepler problem.
The Kepler problem with an additional constant force F is considered in Sec. 2 to show the existence of
the constant of motion: o om
Q::A-F+5[F2r2—(r F)} (1.9)

which coincides with the quantity obtained in [4, 12] via another approach

2 Kepler problem with a constant force
In this situation the equations of motion are given by
di _ k L -
- F, = =#xF 2.1
- s g : 21
= 0. If F # 0 then it is natural first to investigate the
8) an

d (2.1):
(2.2)

and we know that A is a constant vector if F = 0
evolution of the Laplace-Runge-Lenz vector [14], thus from (1.
)i — (- F)p — (7 p)F,

d -
ZA=9p F)YF —
g (P F)r
The (2.2) implies the relatlon
LA P = P F) - PE-n, F=|F (23)
On the other hand, we have the interesting property
d = . "
m [(F. F)? 2F2} 7 BYG- F) — mF7, 7 §=mri (2.4)

dt 2
whose application in (2.3) generates the constant (1.9)
0=A.F+2 [F2 2 (r.ﬁ)ﬂ :A’-ﬁ+%F2rzsm25, 8= (7 F)

2 k
-y _f_p,

deduced in [16, 17]. If we employ F = Fk and we observe that the energy is given by
2m r

then (2.5) it is equivalent to:
F
<2H + > Z—mrri+ — (32 +r ) = Constant of motion

r
To find the symmetry associated with the conservation of €2, is an open problem
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3 Computation of Equation (2.7) due to Whitney numbers and Bernoulli polynomials
If in (2.7), we consider the constant of motion is A, A is finite and greater than 0 , and then we write that in
the form

F
{ <2H + k) z —mriz+ 3 (322 +1?) } t =\t (3.1)
T

Clearly, the coefficients of ¢ in (3.1) give the equation (2.7).
Now to compute the equation (2.7) due to Whitney numbers and Bernoulli polynomials, we introduce
r-Whitney numbers wy, (n,p) and W,, »(n,p) of first kind and second kind, respectively, given by [1, 15]

m"(x), = Zwmm(n,p)(mx + 7)P; where, the basis = {(mz+7)’ :p=0,...,n}, (3.2)
p=0
and .
(mz+r) ZW"W (n,p)mPx,; where, the basis = {mPz,:p=0,...,n}. (3.3)
p=0

The exponential generating functions of the numbers w,, ,(n,p) given in (3.2) and W, ,(n,p) given in
(3.3), are represented by [15]

Zwmr n p P (1n(1—|—mt)> (14+mt)~m, (3.4)

m
n>p
and »
1 timt] — 1
Z Wi r(n p <ex[m]> ext[rt], (3.5)
! p' m

n>p

respectively.

Further, the generalized Bernoulli polynomials are defined by the exponential generating function [13,

20]
S BE( )Z: — <ext[;j_1> explat]. (3.6)

n=0
In the formula (3.6), putting © = 0 we get a generating formula for generalized Bernoulli numbers of

order «, B,({’), also called Norlund polynomials, given by

t t “
Z B! O‘) = (ext[t]—l) , provided that B(Y) = B,,. (3.7)

The recurrence relation for B,(L ) is given by
BletD) — (1 . g) B —nB™),. (3:8)

The summation of generalized Bernoulli numbers of order a, B( ) , is given by

n

e [ S RN

q=0 =0

Theorem 3.1. Let in the Eqn. (3.1), for u # 0, = (T;S> such that r — s > 0, and p > 1, then following

relation is occurred
n

- n! r—s  Fr2\* ) (Fr? 1 plg!
E - - B )= — + W . 1
7=0 (n—q)lq! { 1% 2 } n ( 2 ) < 1" (g +p)! Wy (4 P, 2)Wier (1) (3.10)

Proof. Consider the Eqn. (3.1) and A = (T;S) such that » — s > 0 to get that in the form

exp [{(2H+]:>zmrrz+ F2qr )} } = exp [(T;s)t] (3.11)
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Then, the Eqn. (3.11) may be written by

exp H <2H n ’:) cmmrii D (322 %)) ] (exp[tt}_lf

(i) O ()

Further rearranging the equation (3.12) to get that given by

exp H (2H+f) z—mrii 4o (3z )} } <eXp[;_1>peXp {F;Qt}
| ) o L) GGV )18 TR

= p' [ explt]—1\ |
( pE] 1 (1 pp, (1 (exp[t] 1))
In the fOrmula (313), on deﬁnlng (34) we ﬁnd

exp H (2H + f) z—mrii+ g (32%) } t} (exp[f]l>pexp [F;t}

= plexp {T (;)] iwu,s(q,p)w- (3.14)

q!

Again, in Eqn. (3.14), making some manipulations to find that

exp H (2H + ]:) z — mris +§ (32%) } t] (exp[tt]l)pexp [F;t}

:p!iwu,s(ﬁp,p)(q!exp{?”(t)] % L (3.15)

= q+p)! Iz 1 q!
Now in the equation (3.15) on defining the Whitney number of second kind, we find

ool{(a-5) e 0} (i) oo [

B q! 1
P'qzowus q+Dp; p)mgwu,r(na@a- (3.16)
Again, in the equation (3.16) on applying the formula (3.6), we get -
20 k .. F 3 2 s B(p) F’T’z t"
exp +; zfmrerrg(z) tz I~ > )
) pad
:p!Zwu,s(q—&—p, CE=DL ZW,“ n,q) “— (3.17)
q=0
Then in the equation (3. 17) on making series mampulatlonb we find
k F 4 Fr2\ t
ZZ 2H + = | 2z —mriré + — (3z ) B® ikl o
(n—q)q! r T\ 2 /) nl
n=0 ¢g=0
p q' "
= Z Z wu s q + p, p)W (n7Q)E' (318)

Again then, equatlng both 51des coefficients of L':,Vn >0 and p > 1 in equation (3.18), we get

n

U A BT

q=0
_y L W 3.19
_qz::o/T”(qup) Wia,s (¢ + P, D)W (0, ). (3.19)
Finally, making an appeal to the equations (3.1) and (3.19) with statement of the Theorem 3.1, we derive
the result (3.10). O
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Corollary 3.1. In the Theorem 3.1 puttingn = 1,p =1 and F = 0, there exists a first integral of motion
for a dynamical system in the form of Whitney numbers

k 1 1 1
{(QH + T) z— mm‘«z} =2 [ww(l, D)Wy (1,0) + 50,5(2, YW (1, 1)} +5- (3.20)
Proof. Making an appeal to the Theorem 3.1 and putting n = 1,p =1 and F = 0, we get
k F
B (0) + { <2H + r) = mriit o (32%) } BV (0)
1 1
= ; [wms(l, 1)WM7T(1,O) + iwms(Z, 1)WM7T(17 1)} . (3.21)

In Eqn. (3.7) on setting o = 1, and again on using (3.8) and (3.9), we get the values of the generalized
Bernoulli’s numbers as

BY(0)=1,BM(0) = —%,B?)(o) =-1,...,
and then putting these values in (3.21) we find
_% + {<2H + ’:) . mm’«z} - % [wu,s(l, W, (1,0) + %wms(l W, (1, 1)} L (322)
The Eqn. (3.22) gives the dynamical system (3.20) in the form of the Whitney numbers. O

4 Conclusion
The expression

2 2

represents a first integral of motion for a dynamical system, commonly arising in the study of classical
mechanics, such as the motion of a particle in a central force field (e.g., Kepler’s problem) or specific
coupled oscillator systems. This equation establishes a conserved relationship between the particle’s spatial
coordinates and axis, its velocities and the constants of the system, such as total energy and mass.

k 1 1
<2H + ) Z—mrii= = {wu,s(l, D)W, (1,0) + =1w,,.4(2, 1) W, (1,1) + “}
r u
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