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Abstract

The great success of the theory of an exponential generating function for generalized special
polynomials has stimulated the development of a corresponding theory of Hermite polynomials of
one and more variables. We use this type of a standard generating function to derive certain results
for example, Rodrigues’ formula, integral representation, matrix representations and differential
equations not attempted by any researcher so far. Application of Rodrigues’ formula and the integral
representation attempted herein produce first few polynomials of cubic Hermite polynomials and
some inequalities.
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1 Introduction

The quantum physics is analysed by classical Hermite polynomials, H,(x) Vn =0,1,2,3,...; ([1], see also in
[10, Section 105, p.189] and [11, Eqn. (16), p.74]) and defined through Rodrigues’ formula
dTL
H,(z) = (—1)"exp (2*) D} {exp (—2?)}, DI = s (1.1)
x

Then in 1934, Bell [2] presented a generalization of (1.1) as a class of polynomials in form of exponential

function defined by
: dr
Enlx,t;r) = exp (—at™) DY exp (xt") ,§_p—1(z,t;7) = 0; DY = P (1.2)

Here in (1.2), r is a fixed integer > 0,n is an arbitrary integer > 0, while « and ¢ are independent
variables.

Later on, Gould and Hopper ([6, p.52], see also in [11, Eqn. (12), p. 77]) introduced operational formulas
connected with generalization of (1.1) in the form

Hy (z,a;p) = (—=1)"z" % exp (pz") D} {z" exp (—px")}. (1.3)

M. Lahiri [7] studied the generalized Hermite polynomials H,, ,, »(z), Yo € R,n =0,1,2,...;m being a
positive integer, v > 0, and t being independent variables, through generating function

& tn

Z Hy (@) — = exp (vzt — ™). (1.4)
n/!

n=0
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Motivated by above results, we introduce a standard exponential generating function of a class of poly-
Hermite polynomials denoted by H(z) Va € R,n = 0,1,2,...;m being a positive integer,  and ¢ being
independent variables, defined by

2%;"(35):; = exp ((—1)“*1 (73) £ (—1)m (T) g g (—1)mL (7;) 2.2

+H(=1)m? (?) 33 4 (mri 1>t:cm—1)
= exp < (73)(1&)’” + <T> (=)™ la + (g)(t)m%?

3 (mm 1)(—t)xm1+xMD exp (z™)

(m) { w,ogrgm; . (1.5)
0,7 > m.

where,

Thus more suitably a new class of standard generating function (1.5) can be written as
- m tn m m
S°H @) = exp (™) exp (—(z — 1)) (16)
n=0 :

This class of functions is ”extraordinary” because it generalizes the classical Hermite polynomials (where
m = 2 ) to higher-order exponents. For m = 2, the formula (1.6) reduces to the standard Rodrigues’ formula
(1.1) as
dn
H2(z) = Hp(z) = (—1)"exp (2?) DI {exp (—2°) } , D} = o
whereas for m > 2, these polynomials often appear in problems involving non-Gaussian statistics, higher
order differential equations, and quantum optics.

(1.7)

2 Rodrigues’ formula
Theorem 2.1. For all n > 0, the standard exponential generating function (1.6) satisfies the Rodrigues
formula

)

n

M (@) = (=1)" exp (™) 5 exp (—a™). (2.1)

Proof. Considering the standard exponential generating function (1.6) and in its right hand side on using
the Maclaurin’s Theorem to find that

> t t"
Z'HZ’(m)—: exp (z Z%exp (x—t)™) ]
n=0 t=0
o o ” tn

= e @™ Y () e ()| (22)
n=0 v=x

Now equating the coefficients of ¢ in both sides of the Eqn. (2.2), we get the Rodrigues’ formula (2.1). O

Specially, putting m = 2 in the formula (1.5) and (1.6), we get following known generating functions for
classical Hermite polynomials H,(z ) Yn=0,1,2,3,..., (1.1) as

Z 7—[2 = exp ( 2 + th)
= exp (x2) exp (—(z — t)? Z H,( . (2.3)

Proposition 2.1. For xz and t being independent variables, the Eqns. (1.5) or (1.6) and (2.1), become cubic
polynomials, H3 (x) ¥n > 0, and there exists a standard generating function in the form

Z Hi(m)t— = exp (t* — 3wt* 4 32°t) = exp (%) exp (—(z — 1)*) , (2.4)
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and connect to Rodrigues’ formula given by

o 3
Hi(@) = (~1)"e” o (7)) 2.5
() = (e S (25)
Proof. By applying equations (1.5) and (1.6) along with Theorem 2.1, and setting m = 3, we yield formulas
(2.4) and (2.5) of Proposition 2.1. O

Theorem 2.2. The standard generating function (2.4) creates the series formula of a new class of cubic
generalized Hermite polynomials

[%] [%] 3n72m73k‘ (xg)n72m73k

3 =l
Halw) = 22:0 2 (0 — 2m — 3k)1Klml

(]

n=0,1,23,.... (2.6)

~—~ 5

Proof. In the generating function (2.4) on making an appeal to series rearrangement techniques, we obtain

> n
Z Hi(m)% = exp (t* + 32°t) exp (—3xt?)
n=0

[%] [n732”L] gn—2m—3k (xQ)n—2m—3k i

(n—2m — 3k)lklm! n!’

(2.7)

Equating like powers of ¢ in both sides of (2.7), we obtain the series formula (2.6) of the cubic Hermite
polynomials, H3 (z) ¥n > 0. O

Also, we derive first few generalized Hermite polynomials and integral representation via Rodrigues’
formula (2.5) and the standard generating function (2.4). We present some of its analytic properties to find
its matrix representation and some inequalities not attained till now.

Again then, we introduce a multivariable analogue of the generating function (2.4). This multivariable
analogue of generating function will become helpful for exploring new ideas of future researches in the field
of special functions and other branches of mathematical sciences.

3 Applications of the Rodrigues’ formula (2.5)
Applying the Rodrigues’ formula (2.5), we derive following first few cubic Hermite polynomials, H2 () Vn > 0
in the form

Hi(x) = 1,H3(z) = 3%, H3(z) = 92 — 62, H3 (x) = 272 — 54a® + 6,
H3(x) = 812° — 3242° + 18022 (3.1)
The linear advection-type operators, commonly found in the study of hyperbolic partial differential

equations, transport equations or specialized numerical analysis. Therefore, we present following inequalities.

Theorem 3.1. For all x,t € R such that |t| < 1, if by the formula (2.4), it is defined as

F(z,t) = exp (t* — 3zt> 4+ 32°t) and g(z,t) = t* — 3at® + 32%t. (3.2)
Then there exist following inequalities
o 0
(5 + 3 Pl < @ 1701, (3.3
o) 9
2T oz F((IJ, t)
e L] (3.4)
1Gr + 75) 9(=. 1)
1 /o  o\|"
—(Z 4= < 3n ) .
s (5 3:)) P <ireon 35)
Proof. Considering (3.2), we get
%F(x, t) = (3t* — 6t + 32%) exp (£* — 3ut® + 32%t) = F(x,t)%g(x, t). (3.6)
Also, we find
%F(m, t) = (—3t> + 6at) exp (t* — 3ut® + 32%t) = F(x, t)é%g(x, t). (3.7)
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On making an application of first and third relations of (3.6) and (3.7) respectively and then adding
them, we find

o 0 o2 B 0o 0
<8t + 83:) F(z,t) = 32°F(x,t) = F(x,1) <3t + 633) g(x,t). (3.8)
Then, using the relations of (3.1) and (3.8), we obtain the results (3.3), (3.4) and (3.5). O

It is noted that the generating function (2.4) is also applicable to obtain the integral and matrix
representations of H3 (z) Vn = 1,2,3,4,.. ..

4 Integral and matrix representations of H3(z) Vn =1,2,3,4,...
In this section to obtain integral and matrix representations of H3 (x) Vn = 1,2,3,4, ..., by the formula (2.2)
for m = 3, we consider that

an
Hi(z) = = exp (t* — 3ut® + 32%t) (4.1)
ot i—o
and make an appeal to the formula of complex analysis
n n! F(z,u)
v = F(x,t = — ——=d 4.2
@)= grren| =gt [ S (42)
where, i = 1/(—1),C is a contour such that |u| < 1;
then, applying (4.1) and (4.2), we write
! exp (u3 — 3zu? + 3z%u ‘
Hi(m)zi/ <D )du,u:61970§9§27r. (4.3)
21 Jo yntt

Theorem 4.1. The real integral representation of H3(x) Vn =1,2,3,4, ..., exists and given by
' T
HE (z) = v / exp [cos 30 — 3z cos 20 + 3z cos 6] cos (sin 3 — 3z sin 20 + 32” sin 6 — nf) df (4.4)
T Jo

Proof. For u = ¢?,0 < 0 < 2, the formula (4.3) is transformed into

| 2
HE(x) = n / exp [cos 30 — 3z cos 26 + 322 cos 0] cos (sin 30 — 3zsin 26 + 322 sinf — nf) do
2w 0
N 2m
Z(Qn) / exp [cos 30 — 3z cos 20 + 3z* cos 6] sin (sin 30 — 3wsin 20 + 3z sin — nd) df  (4.5)
T Jo

In the definite integral (4.4), we have
sin (sin(6m — 36) — 3z sin(4r — 20) + 3z sin(27 — 0) — n(27 — 0))
= —sin (sin(36) — 3z sin(26) + 3z* sin(f) — nd) (4.6)
Therefore, by (4.6), the integral (4.5) becomes in the real definite integral, given by
' us
HE(x) = v / exp [cos 30 — 3z cos 20 + 32> cos 0]
T Jo

X cos (sin 30 — 3z sin 20 + 32%sinf — nb) do. (4.7)
Hence, the Theorem 4.1 is followed. O

Theorem 4.2. If all conditions of the Theorem 3.1 are followed, then the following matriz representations
of H3(x) Vn=1,2,3,4,..., hold

oF 1 0 0 00 F
,2*% 01000 g
S =00 100 P+ : (4.8)
%; 00060 1 -gxé(ggsjkzigg—lk-l-)f :
M 0000 24 (H@*+ 3%+ 3G +9) F
with coefficient matrix
100 0 O
01 0 0 O
cC=10 01 0 0 (4.9)
000 6 0
0 00 0 24
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Also

HE () 1 0000 F
H}(x) 01 00 0 gF
H3xz) |=10 0 1 0 0 (9)*+§) F
H3(x) 0006 0 (5024396 +1) F
Hi(z) 000 0 24 (210" + 399+ 5@)>+9) F |,
1000 0 1
0100 0 3a?
=00 10 0 9zt — 6 : (4.10)
0006 O 920 — 923 +1
0000 24 28 — 225 4 g2

Proof. By Theorem 3.1 on considering Eqn. (3.2)
F(z,t) = exp (t* — 32t® + 32°t) and g(z,t) = t* — 3at® + 32%t, to get

0 L OPF oy PF

5@ t) = gF, =5 = ((9)* +§) F, 5 = ((9)* + 399+ 6) F,

84F 4 e\D e N2 .

o = (@7 +6(9)%5+3(5)" + 249) F. (4.11)

Employing the equations given in (4.11), we formulate the matrix representation (4.8) with the coefficient
matrix (4.9).

Again then, applying (3.1) and (3.2) in the result (4.9), we yield the matrix representation (4.10) for the
generalized Hermite polynomials H3 (z) Vn =1,2,3,4,.. .. O

5 Inequalities via integral representation of classical and cubic Hermite polynomials
We are familiar with formulae relating to Bernuolli polynomials B, (x) Vn = 0,1, 2, 3,4, ..., and the Bernuolli
numbers B,,n =0,1,2,3,..., given by [11, p.85]

efejtl - ;Bn(x)f;, (5.1)
and - .
ett—l ,;)an’”’ (5.2)
respectively.

Using these results (5.1), (5.2) and the integral representations of classical and generalized Hermite
polynomials to obtain the inequalities:

Theorem 5.1. The real integral representation of classical Hermite polynomials Hy,(x) Yn = 1,2,3,4, ...,
exists and given by

' s
H,(z) = n—/ exp|[2x cos § — cos 26
T Jo
X cos(2x sin  — sin 20 — n#)d#. (5.3)
Then, there exists following inequalities
m oo n—2
m! m! »
)P LIRS o ) N S
) omen — | iPm=y
n=0 (m ’I’L) n=0 j=0 (m j)'
0 ' T
< V;LT ; | B, (22 cos 0) exp[— cos 26]| d6. (5.4)
n=0

provided that the constants a_; = 0 Vj € N and ag # 0.
Also, there exists
ap < Ip(1) — 1= ap < 0.266 (5.5)
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Proof. In the formula (5.3) on replacing = by xt and then in its both sides multiplying by ﬁ and again
making an appeal to (5 1) and (5. 2) to get

ZBth

tm n! / m (22 cos 0) exp[— cos 20] cos(2xt sin 6 — sin 20 — nb)do,
then we have
Z: B, {(22t)" 4+ P,_y(xt)} %m,
= i %%' /OTr By (22 cos 0) exp[— cos 26] cos(2zt sin § — sin 20 — n6)db, (5.6)
where, P,_o(z) = ag —I_—Oalfl? b ap " = Z;l:_oQ aja’,

provided that a_; =0 Vj € N, qg 7é 0.

ZZB gngn "

oo n—2

ZB >SS 0t

m=0n=0 n=0 j=0
© tm o ! T
= Z — Z v / B, (2 cos 0) exp|— cos 26] cos(2zt sin § — sin 20 — né)d6.
T Jo
m=0 n=0
Therefore, Ym =0,1,2,3,4,..., following inequality holds
m 0o n—2
DIISLSRIC B ) ML
n=0 n=0 5=0
00 ' s
< n | By, (2 cos 0) exp[— cos 26]| d6. (5.7)
T Jo
n=0
For example when m = 0,n =0 and j = 0, so that we get
Bo + aoBO S Io(l), (58)
where, Ip(1) is the modified Bessel function of the first kind and Ip(1) = 1.266.
Also By = 1.
Hence, the Theorem 5.1 is followed. O

Theorem 5.2. The real integral representation of H3(x) Vn =1,2,3,4,..., exists in (4.4) as
' s
HE (x) = v / exp [cos 30 — 3z cos 20 + 32> cos 0]
T Jo

x cos (sin 30 — 3z sin 20 + 3z* sin @ — nd) do. (5.9)

Then following inequalities hold

(%] m—2m/2) ;o ok
3" %" 2n! Bi.By—2n
gggnz(%)()mk“k

k=0

oo 2n—3 L m [(m—3)/2] 2k!
+ Z Z ajgﬂjdj!<j> Z ( o >k"BkBm —j—2k
k=0

n=0 ;=0
(3]

Zn! [T
< Z - /0 exp|cos 36)
n=0

provided that the constants a_; = 0 Vj € N and ag # 0.
Also

3

2k!
(;Z) k—k'Bk (3% c0820) Bypy—ok(—3x cos 20) ¢ | db, (5.10)
k=0 ’

ao < 0.266. (5.11)
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Proof. Considering the result (4.4) and multiplying by (etﬁ—z) (L) in both of the sides to get

1 et—1
t2 t n! [T texp(—3xtcos20) | t* exp (3z%t* cos )
3 —
H (xt) <€t2—1> (et—l) —?/0 exp|cos 36] — ERE]
x cos (sin 30 — 3zt sin 20 + 3z* sin @ — nd) do. (5.12)
Then making an appeal to the formulae (5.1) and (5.2) in the result (5.11) and then obeying same
techniques of the Theorem 5.1, we obtain the inequalities (5.9) and (5.10). O

6 Conclusion

We may remark in passing that this work is the way to search new areas of research in the field of Special
Functions, for example in a class of Hermite polynomials consisting of the generalized Hermite polynomials
different to the polynomials found in the research work of the researchers ([3], [4], [5], [7], [8], [9] and others).
Therefore, in directions of further researches done so far in various fields of science and engineering, we
introduce a multivariable analogue of the generating function (2.4) given by

F(z1,...,zk,t) = exp (t3—3(x1+-~-—|—xk)t2+3(x1+-~~+xk)2t). (6.1)

Setting |22 = |zy +--- 4 x>, in the generating function (5.1) to satisfying some of the analytic
properties are given by

k
ZAqF(xl,...,xk,t) =3kF (x1,..., 2, 1),
q=1

where,

1 (8 a\
Aq|x|2<axq+at>’q1’2’3"”’k' (6.2)

Further due to the operator (5.2), there exists a formula

k
HAqF(xl,...,xk,t):3kF(m1,...,xk7t). (6.3)
q=1
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