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Abstract

The great success of the theory of an exponential generating function for generalized special
polynomials has stimulated the development of a corresponding theory of Hermite polynomials of
one and more variables. We use this type of a standard generating function to derive certain results
for example, Rodrigues’ formula, integral representation, matrix representations and differential
equations not attempted by any researcher so far. Application of Rodrigues’ formula and the integral
representation attempted herein produce first few polynomials of cubic Hermite polynomials and
some inequalities.
2020 Mathematical Sciences Classification: 33C45, 05A15, 33C65.
Keywords and Phrases: Standard exponential generating function for cubic Hermite polynomi-
als, Rodrigues formula, integral representation, matrix representation and differential equations.

1 Introduction
The quantum physics is analysed by classical Hermite polynomials, Hn(x) ∀n = 0, 1, 2, 3, . . .; ([1], see also in
[10, Section 105, p.189] and [11, Eqn. (16), p.74]) and defined through Rodrigues’ formula

Hn(x) = (−1)n exp
(
x2
)
Dn
x

{
exp

(
−x2

)}
, Dn

x ≡
dn

dxn
. (1.1)

Then in 1934, Bell [2] presented a generalization of (1.1) as a class of polynomials in form of exponential
function defined by

ξn(x, t; r) = exp (−xtr)Dn
t exp (xtr) , ξ−n−1(x, t; r) = 0;Dn

t ≡
dn

dtn
. (1.2)

Here in (1.2), r is a fixed integer > 0, n is an arbitrary integer ≥ 0, while x and t are independent
variables.

Later on, Gould and Hopper ([6, p.52], see also in [11, Eqn. (12), p. 77]) introduced operational formulas
connected with generalization of (1.1) in the form

Hr
n(x, a; p) = (−1)nx−a exp (pxr)Dn

x {xa exp (−pxr)} . (1.3)

M. Lahiri [7] studied the generalized Hermite polynomials Hn,m,v(x), ∀x ∈ R, n = 0, 1, 2, . . . ;m being a
positive integer, v > 0, x and t being independent variables, through generating function

∞∑
n=0

Hn,m,v(x)
tn

n!
= exp (vxt− tm) . (1.4)
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Motivated by above results, we introduce a standard exponential generating function of a class of poly-
Hermite polynomials denoted by Hmn (x) ∀x ∈ R, n = 0, 1, 2, . . . ;m being a positive integer, x and t being
independent variables, defined by

∞∑
n=0

Hmn (x)
tn

n!
= exp

(
(−1)m+1

(
m

0

)
tm + (−1)m

(
m

1

)
tm−1x+ (−1)m−1

(
m

2

)
tm−2x2

+(−1)m−2

(
m

3

)
tm−3x3 + · · ·+

(
m

m− 1

)
txm−1

)
= exp

(
−
[(
m

0

)
(−t)m +

(
m

1

)
(−t)m−1x+

(
m

2

)
(−t)m−2x2

+

(
m

3

)
(−t)m−3x3 + · · ·+

(
m

m− 1

)
(−t)xm−1 + xm

])
exp (xm)

where, (
m

r

)
=

{
m(m−1)...(m−r+1)

r! , 0 ≤ r ≤ m;
0, r > m.

. (1.5)

Thus more suitably a new class of standard generating function (1.5) can be written as
∞∑
n=0

Hmn (x)
tn

n!
= exp (xm) exp (−(x− t)m) . (1.6)

This class of functions is ”extraordinary” because it generalizes the classical Hermite polynomials (where
m = 2 ) to higher-order exponents. For m = 2, the formula (1.6) reduces to the standard Rodrigues’ formula
(1.1) as

H2
n(x) = Hn(x) = (−1)n exp

(
x2
)
Dn
x

{
exp

(
−x2

)}
, Dn

x ≡
dn

dxn
(1.7)

whereas for m > 2, these polynomials often appear in problems involving non-Gaussian statistics, higher
order differential equations, and quantum optics.

2 Rodrigues’ formula
Theorem 2.1. For all n ≥ 0, the standard exponential generating function (1.6) satisfies the Rodrigues ’
formula

Hmn (x) = (−1)n exp (xm)
∂n

∂xn
exp (−xm) . (2.1)

Proof. Considering the standard exponential generating function (1.6) and in its right hand side on using
the Maclaurin’s Theorem to find that

∞∑
n=0

Hmn (x)
tn

n!
= exp (xm)

∞∑
n=0

∂n

∂tn
exp (−(x− t)m)

∣∣∣∣∣
t=0

tn

n!

= exp (xm)

∞∑
n=0

(−1)n
∂n

∂vn
exp (−vm)

∣∣∣∣∣
v=x

tn

n!
(2.2)

Now equating the coefficients of tn in both sides of the Eqn. (2.2), we get the Rodrigues’ formula (2.1).

Specially, putting m = 2 in the formula (1.5) and (1.6), we get following known generating functions for
classical Hermite polynomials, Hn(x) ∀n = 0, 1, 2, 3, . . ., (1.1) as

∞∑
n=0

H2
n(x)

tn

n!
= exp

(
−t2 + 2tx

)
= exp

(
x2
)

exp
(
−(x− t)2

)
=

∞∑
n=0

Hn(x)
tn

n!
. (2.3)

Proposition 2.1. For x and t being independent variables, the Eqns. (1.5) or (1.6) and (2.1), become cubic
polynomials, H3

n(x) ∀n ≥ 0, and there exists a standard generating function in the form
∞∑
n=0

H3
n(x)

tn

n!
= exp

(
t3 − 3xt2 + 3x2t

)
= exp

(
x3
)

exp
(
−(x− t)3

)
, (2.4)
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and connect to Rodrigues’ formula given by

H3
n(x) = (−1)nex

3 ∂n

∂xn

(
e−x

3
)
. (2.5)

Proof. By applying equations (1.5) and (1.6) along with Theorem 2.1, and setting m = 3, we yield formulas
(2.4) and (2.5) of Proposition 2.1.

Theorem 2.2. The standard generating function (2.4) creates the series formula of a new class of cubic
generalized Hermite polynomials

H3
n(x) = n!

[n2 ]∑
m=0

[n−2m
3 ]∑

k=0

3n−2m−3k
(
x2
)n−2m−3k

(n− 2m− 3k)!k!m!
, n = 0, 1, 2, 3, . . . . (2.6)

Proof. In the generating function (2.4) on making an appeal to series rearrangement techniques, we obtain
∞∑
n=0

H3
n(x)

tn

n!
= exp

(
t3 + 3x2t

)
exp

(
−3xt2

)

=
∞∑
n=0

n!

[n2 ]∑
m=0

[n−2m
3 ]∑

k=0

3n−2m−3k
(
x2
)n−2m−3k

(n− 2m− 3k)!k!m!

tn

n!
. (2.7)

Equating like powers of t in both sides of (2.7), we obtain the series formula (2.6) of the cubic Hermite
polynomials, H3

n(x) ∀n ≥ 0.

Also, we derive first few generalized Hermite polynomials and integral representation via Rodrigues’
formula (2.5) and the standard generating function (2.4). We present some of its analytic properties to find
its matrix representation and some inequalities not attained till now.

Again then, we introduce a multivariable analogue of the generating function (2.4). This multivariable
analogue of generating function will become helpful for exploring new ideas of future researches in the field
of special functions and other branches of mathematical sciences.

3 Applications of the Rodrigues’ formula (2.5)
Applying the Rodrigues’ formula (2.5), we derive following first few cubic Hermite polynomials, H3

n(x) ∀n ≥ 0
in the form

H3
0(x) = 1,H3

1(x) = 3x2,H3
2(x) = 9x4 − 6x,H3

3(x) = 27x6 − 54x3 + 6,

H3
4(x) = 81x8 − 324x5 + 180x2. (3.1)

The linear advection-type operators, commonly found in the study of hyperbolic partial differential
equations, transport equations or specialized numerical analysis. Therefore, we present following inequalities.

Theorem 3.1. For all x, t ∈ R such that |t| ≤ 1, if by the formula (2.4), it is defined as

F (x, t) = exp
(
t3 − 3xt2 + 3x2t

)
and g(x, t) = t3 − 3xt2 + 3x2t. (3.2)

Then there exist following inequalities∥∥∥∥( ∂

∂t
+

∂

∂x

)
F (x, t)

∥∥∥∥ ≤ ∥∥H3
1(x)

∥∥ ‖F (x, t)‖. (3.3)∥∥( ∂
∂t + ∂

∂x

)
F (x, t)

∥∥∥∥( ∂
∂t + ∂

∂x

)
g(x, t)

∥∥ ≤ ‖F (x, t)‖. (3.4)∥∥∥∥{ 1

x2

(
∂

∂t
+

∂

∂x

)}n
F (x, t)

∥∥∥∥ ≤ 3n‖F (x, t)‖. (3.5)

Proof. Considering (3.2), we get

∂

∂t
F (x, t) =

(
3t2 − 6xt+ 3x2

)
exp

(
t3 − 3xt2 + 3x2t

)
= F (x, t)

∂

∂t
g(x, t). (3.6)

Also, we find

∂

∂x
F (x, t) =

(
−3t2 + 6xt

)
exp

(
t3 − 3xt2 + 3x2t

)
= F (x, t)

∂

∂x
g(x, t). (3.7)
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On making an application of first and third relations of (3.6) and (3.7) respectively and then adding
them, we find (

∂

∂t
+

∂

∂x

)
F (x, t) = 3x2F (x, t) = F (x, t)

(
∂

∂t
+

∂

∂x

)
g(x, t). (3.8)

Then, using the relations of (3.1) and (3.8), we obtain the results (3.3), (3.4) and (3.5).

It is noted that the generating function (2.4) is also applicable to obtain the integral and matrix
representations of H3

n(x) ∀n = 1, 2, 3, 4, . . ..

4 Integral and matrix representations of H3
n(x) ∀n = 1,2,3,4, . . .

In this section to obtain integral and matrix representations of H3
n(x) ∀n = 1, 2, 3, 4, . . ., by the formula (2.2)

for m = 3, we consider that

H3
n(x) =

∂n

∂tn
exp

(
t3 − 3xt2 + 3x2t

)∣∣∣∣
t=0

(4.1)

and make an appeal to the formula of complex analysis

Ψ(x) =
∂n

∂tn
F (x, t)

∣∣∣∣
t=0

=
n!

2πi

∫
C

F (x, u)

un+1
du, (4.2)

where, i =
√

(−1), C is a contour such that |u| ≤ 1;
then, applying (4.1) and (4.2), we write

H3
n(x) =

n!

2πi

∫
C

exp
(
u3 − 3xu2 + 3x2u

)
un+1

du, u = eiθ, 0 ≤ θ ≤ 2π. (4.3)

Theorem 4.1. The real integral representation of H3
n(x) ∀n = 1, 2, 3, 4, . . ., exists and given by

H3
n(x) =

n!

π

∫ π

0

exp
[
cos 3θ − 3x cos 2θ + 3x2 cos θ

]
cos
(
sin 3θ − 3x sin 2θ + 3x2 sin θ − nθ

)
dθ (4.4)

Proof. For u = eiθ, 0 ≤ θ ≤ 2π, the formula (4.3) is transformed into

H3
n(x) =

n!

2π

∫ 2π

0

exp
[
cos 3θ − 3x cos 2θ + 3x2 cos θ

]
cos
(
sin 3θ − 3x sin 2θ + 3x2 sin θ − nθ

)
dθ

+
i(n!)

2π

∫ 2π

0

exp
[
cos 3θ − 3x cos 2θ + 3x2 cos θ

]
sin
(
sin 3θ − 3x sin 2θ + 3x2 sin θ − nθ

)
dθ (4.5)

In the definite integral (4.4), we have

sin
(
sin(6π − 3θ)− 3x sin(4π − 2θ) + 3x2 sin(2π − θ)− n(2π − θ)

)
= − sin

(
sin(3θ)− 3x sin(2θ) + 3x2 sin(θ)− nθ

)
(4.6)

Therefore, by (4.6), the integral (4.5) becomes in the real definite integral, given by

H3
n(x) =

n!

π

∫ π

0

exp
[
cos 3θ − 3x cos 2θ + 3x2 cos θ

]
× cos

(
sin 3θ − 3x sin 2θ + 3x2 sin θ − nθ

)
dθ. (4.7)

Hence, the Theorem 4.1 is followed.

Theorem 4.2. If all conditions of the Theorem 3.1 are followed, then the following matrix representations
of H3

n(x) ∀n = 1, 2, 3, 4, . . ., hold
F
∂F
∂t
∂2F
∂t2
∂3F
∂t3
∂4F
∂t4

 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 6 0
0 0 0 0 24




F
ġF(

(ġ)2 + g̈
)
F(

1
6 (ġ)3 + 1

2 ġg̈ + 1
)
F(

1
24 (ġ)4 + 1

4 (ġ)2g̈ + 1
8 (g̈)2 + ġ

)
F

 , (4.8)

with coefficient matrix

C =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 6 0
0 0 0 0 24

 . (4.9)
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Also 
H3

0 (x)
H3

1 (x)
H3

2 (x)
H3

3 (x)
H3

4 (x)

 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 6 0
0 0 0 0 24




F
ġF(

(ġ)2 + g̈
)
F(

1
6 (ġ)3 + 1

2 ġg̈ + 1
)
F(

1
24 (ġ)4 + 1

4 (ġ)2g̈ + 1
8 (g̈)2 + ġ

)
F


t=0

=


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 6 0
0 0 0 0 24




1
3x2

9x4 − 6x
9
2x

6 − 9x3 + 1
27
8 x

8 − 27
2 x

5 + 15
2 x

2

 . (4.10)

Proof. By Theorem 3.1 on considering Eqn. (3.2)

F (x, t) = exp
(
t3 − 3xt2 + 3x2t

)
and g(x, t) = t3 − 3xt2 + 3x2t, to get

∂

∂t
F (x, t) = ġF,

∂2F

∂t2
=
(
(ġ)2 + g̈

)
F,
∂3F

∂t3
=
(
(ġ)3 + 3ġg̈ + 6

)
F,

∂4F

∂t4
=
(
(ġ)4 + 6(ġ)2g̈ + 3(g̈)2 + 24ġ

)
F. (4.11)

Employing the equations given in (4.11), we formulate the matrix representation (4.8) with the coefficient
matrix (4.9).

Again then, applying (3.1) and (3.2) in the result (4.9), we yield the matrix representation (4.10) for the
generalized Hermite polynomials H3

n(x) ∀n = 1, 2, 3, 4, . . ..

5 Inequalities via integral representation of classical and cubic Hermite polynomials
We are familiar with formulae relating to Bernuolli polynomials Bn(x) ∀n = 0, 1, 2, 3, 4, . . ., and the Bernuolli
numbers Bn, n = 0, 1, 2, 3, . . ., given by [11, p.85]

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
, (5.1)

and
t

et − 1
=

∞∑
n=0

Bn
tn

n!
, (5.2)

respectively.
Using these results (5.1), (5.2) and the integral representations of classical and generalized Hermite
polynomials to obtain the inequalities:

Theorem 5.1. The real integral representation of classical Hermite polynomials Hn(x) ∀n = 1, 2, 3, 4, . . .,
exists and given by

Hn(x) =
n!

π

∫ π

0

exp[2x cos θ − cos 2θ]

× cos(2x sin θ − sin 2θ − nθ)dθ. (5.3)

Then, there exists following inequalities
m∑
n=0

∣∣∣∣ m!

(m− n)!
Bm−n2nxn

∣∣∣∣+

∞∑
n=0

n−2∑
j=0

∣∣∣∣ m!

(m− j)!
ajBm−jx

j

∣∣∣∣
≤
∞∑
n=0

n!

π

∫ π

0

|Bm(2x cos θ) exp[− cos 2θ]| dθ. (5.4)

provided that the constants a−j = 0 ∀j ∈ N and a0 6= 0.
Also, there exists

a0 ≤ I0(1)− 1⇒ a0 ≤ 0.266 (5.5)
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Proof. In the formula (5.3) on replacing x by xt and then in its both sides multiplying by t
et−1 and again

making an appeal to (5.1) and (5.2) to get
∞∑
m=0

BmHn(xt)
tm

m!

=

∞∑
m=0

tm

m!

n!

π

∫ π

0

Bm(2x cos θ) exp[− cos 2θ] cos(2xt sin θ − sin 2θ − nθ)dθ,

then we have
∞∑
m=0

Bm {(2xt)n + Pn−2(xt)} t
m

m!

=

∞∑
m=0

tm

m!

n!

π

∫ π

0

Bm(2x cos θ) exp[− cos 2θ] cos(2xt sin θ − sin 2θ − nθ)dθ, (5.6)

where, Pn−2(x) = a0 + a1x+ · · ·+ an−2x
n−2 =

∑n−2
j=0 ajx

j ,
provided that a−j = 0 ∀j ∈ N, a0 6= 0.

∞∑
m=0

∞∑
n=0

Bm2nxn
tm+n

m!
+

∞∑
m=0

Bm

∞∑
n=0

n−2∑
j=0

ajx
j t
m+j

m!

=

∞∑
m=0

tm

m!

∞∑
n=0

n!

π

∫ π

0

Bm(2x cos θ) exp[− cos 2θ] cos(2xt sin θ − sin 2θ − nθ)dθ.

Therefore, ∀m = 0, 1, 2, 3, 4, . . ., following inequality holds
m∑
n=0

∣∣∣∣ m!

(m− n)!
Bm−n2nxn

∣∣∣∣+

∞∑
n=0

n−2∑
j=0

∣∣∣∣ m!

(m− j)!
ajBm−jx

j

∣∣∣∣
≤
∞∑
n=0

n!

π

∫ π

0

|Bm(2x cos θ) exp[− cos 2θ]| dθ. (5.7)

For example when m = 0, n = 0 and j = 0, so that we get

B0 + a0B0 ≤ I0(1), (5.8)

where, I0(1) is the modified Bessel function of the first kind and I0(1) = 1.266.
Also B0 = 1.
Hence, the Theorem 5.1 is followed.

Theorem 5.2. The real integral representation of H3
n(x) ∀n = 1, 2, 3, 4, . . ., exists in (4.4) as

H3
n(x) =

n!

π

∫ π

0

exp
[
cos 3θ − 3x cos 2θ + 3x2 cos θ

]
× cos

(
sin 3θ − 3x sin 2θ + 3x2 sin θ − nθ

)
dθ. (5.9)

Then following inequalities hold∣∣∣∣∣∣∣
[m2 ]∑
n=0

3nx2n2n!

[(m−2n)/2]∑
k=0

(
m− 2n

2k

)(
m

2n

)
2k!

k!
BkBm−2n−2k

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣
∞∑
n=0

2n−3∑
j=0

ajx
2j−3j!

(
m

j

) [(m−j)/2]∑
k=0

(
m− j

2k

)
2k!

k!
BkBm−j−2k

∣∣∣∣∣∣
≤
∞∑
n=0

n!

π

∫ π

0

∣∣∣∣∣∣∣exp[cos 3θ]


[m2 ]∑
k=0

(
m

2k

)
2k!

k!
Bk
(
3x2 cos 2θ

)
Bm−2k(−3x cos 2θ)


∣∣∣∣∣∣∣ dθ, (5.10)

provided that the constants a−j = 0 ∀j ∈ N and a0 6= 0.
Also

a0 ≤ 0.266. (5.11)
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Proof. Considering the result (4.4) and multiplying by
(

t2

et2−1

)(
t

et−1

)
in both of the sides to get

H3
n(xt)

(
t2

et2 − 1

)(
t

et − 1

)
=
n!

π

∫ π

0

exp[cos 3θ]
t exp(−3xt cos 2θ)

et − 1

{
t2 exp

(
3x2t2 cos θ

)
et2 − 1

}
× cos

(
sin 3θ − 3xt sin 2θ + 3x2 sin θ − nθ

)
dθ. (5.12)

Then making an appeal to the formulae (5.1) and (5.2) in the result (5.11) and then obeying same
techniques of the Theorem 5.1, we obtain the inequalities (5.9) and (5.10).

6 Conclusion
We may remark in passing that this work is the way to search new areas of research in the field of Special
Functions, for example in a class of Hermite polynomials consisting of the generalized Hermite polynomials
different to the polynomials found in the research work of the researchers ([3], [4], [5], [7], [8], [9] and others).
Therefore, in directions of further researches done so far in various fields of science and engineering, we
introduce a multivariable analogue of the generating function (2.4) given by

F (x1, . . . , xk, t) = exp
(
t3 − 3 (x1 + · · ·+ xk) t2 + 3 (x1 + · · ·+ xk)

2
t
)
. (6.1)

Setting |x|2 = |x1 + · · ·+ xk|2, in the generating function (5.1) to satisfying some of the analytic
properties are given by

k∑
q=1

∆qF (x1, . . . , xk, t) = 3kF (x1, . . . , xk, t) ,

where,

∆q ≡
1

|x|2

(
∂

∂xq
+
∂

∂t

)
; q = 1, 2, 3, . . . , k. (6.2)

Further due to the operator (5.2), there exists a formula

k∏
q=1

∆qF (x1, . . . , xk, t) = 3kF (x1, . . . , xk, t) . (6.3)
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