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Abstract

The characterization of probability distributions plays a fundamental role in statistical theory
and mathematical statistics. Before applying any probabilistic model to observed data, it
is essential to ensure that the assumed distribution satisfies the relevant defining properties.
Characterization theorems provide powerful tools for identifying probability distributions through
functional, moment-based, or distributional properties of random variables.

In this paper, we present several important characterization results for classical probability
distributions, with special reference to the contributions of Professor C. R. Rao on the characteri-
zation of distributions. We also propose and develop some new characterization results for logistic
distribution. Logistic distribution occupies an important place in statistical theory and is often
regarded as a close analogue of normal distribution. It arises naturally in several theoretical and
applied contexts, including logistic growth models and logistic regression. The present work discusses
basic properties and selected characterizations of the logistic distribution, thereby contributing to
the existing literature on characterization theory.

2020 Mathematical Sciences Classification: 60E05; 62E10; 62E15; 62G30.
Keywords and Phrases: Characterization; characteristic function; logistic distribution; moments;
statistical inference.

1 Introduction

The identification and validation of probability distributions constitute a central theme in probability theory
and mathematical statistics. Prior to applying any distributional model to real data, it is necessary to verify
that the underlying assumptions of the model are satisfied. The study of characterizations of probability
distributions addresses this issue by determining conditions under which a distribution is uniquely specified
by certain properties of random variables. As pointed out by Nagaraja [27, 2006], “A characterization
is a certain distributional or statistical property of a statistic or statistics that uniquely determines the
associated stochastic model”. Furthermore, according to Koudou and Ley [19, 2014], “In probability and
statistics, a characterization theorem occurs when a given distribution is the only one which satisfies a certain
property. Besides their evident mathematical interest per se, characterization theorems also deepen our
understanding of the distributions under investigation and sometimes open unexpected paths to innovations
which might have been uncovered otherwise”. Thus, it is very important to characterize a particular
probability distribution subject to certain conditions before applying it to some real-world data.

Professor C. R. Rao occupies a preeminent place in the development of characterization theory for
continuous statistical distributions. From the mid-twentieth century onward, as probability and statistics
underwent rapid axiomatization and unification, Rao’s work helped shape characterization theory into a
rigorous and coherent discipline. His contributions clarified why certain distributions, most notably the
normal distribution-emerge inevitably from natural probabilistic, geometric, and inferential principles rather
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than from ad hoc modeling assumptions. One of the early significant contributions in this area was made
by Khatri and Rao [18, 1972] in their paper “Functional Equations and Characterization of Probability
Laws through Linear Functions of Random Variables.” They obtained important characterization results,
particularly for the normal distribution, based on properties of linear functions of random variables. Their
work stimulated further research and laid the groundwork for subsequent developments in distribution theory.

A major milestone in literature appeared in 1973 with the publication of the monograph Characterization
Problems in Mathematical Statistics by Kagan, Linnik, and Rao [16, 1973].

This authoritative work presents a comprehensive collection of characterization results for the normal and
several other distributions, including those based on the equality in distribution of linear statistics derived
from random samples and on the constancy of regression of one random variable on another. The book
continues to serve as a standard reference in the field.

Rao and Shanbhag [31, 1986] achieved further progress, by reviewing and unifying several important
results on characterization problems and introduced refined versions of earlier theorems as corollaries of the
Lau-Rao-Shanbhag (LRS) theorems. This connection led to some useful variants of the Lau-Rao theorem,
which have been successfully applied to a variety of characterization problems in statistics (Lau and Rao
[22, 1982]).

In recent years, several researchers and authors have investigated the characterizations based on truncated
moments by employing simple relationships between two moments truncated from the left at the same
point. For details, see Glanzel et al. [13, 1984], and Kotz and Shanbhag [21, 1980]. For another approach,
which involves both left- and right-truncated moments, often expressed through products involving the
reverse hazard rate and suitable functions of the truncation point, the interested readers are referred to
Ahsanullah [1, 2017], Ahsanullah et al. [5, 2021], Shakil and Ahsanullah [33, 2015], and Shakil et al. [32,
2018]. Furthermore, Ahsanullah and Shakil [6, 2024] characterized the continuous uniform distribution
using its characteristic function (C'F'), by analyzing its functional relations and properties. Moreover, for
characterizations of logistic distribution through order statistics with independent exponential shifts, see
Ahsanullah et al. [4, 2012]. These results define the distribution via specific functional forms, aiding in
parameter estimation and goodness-of-fit tests.

For further study of characterization problems, the interested reader may consult the following
monographs: Kagan et al. [16, 1973]; Mathai and Pederzoli [25, 1977]; Patil et al. [28, 1974]; Galambos and
Kotz [12, 1978]; Kakosyan et al. [17, 1984]; and Ahsanullah [1,2, 2017, 2019].

Several characterizations of normal distribution appear in literature investigated by various authors. As
pointed out by Kotz [20, 1974] “while the normal distribution with a more complex distribution function is
well characterized, the characteristic property of the logistic distribution has not been thoroughly developed”.
This comment remains valid nowadays, although some characterization results are recently available in the
literature (Lin and Hu [23, 2008]). The present paper reviews some well-known characterization results
for the normal distribution and proposes new characterization results for the logistic distribution, thereby
extending existing results in the theory of probability distributions.

The organization of paper is as follows: In Section 2 we provide some well-known characterization results
for the normal distribution. Section 3 contains some basic properties of logistic distribution. In Section 4,
we present main results on some new characterization results and inferences of logistic distribution. Some
conclusions are drawn in Section 5.

2 Review of Some Well-known Characterization Results for the Normal Distribution
In what follows, we first present some well-known characterization results for the normal distribution, as
provided below:
2.1 Theorem of Cramer or Cramér’s Decomposition Theorem
Theorem 2.1. One of the most important results on the characterizations of normal distribution was proved
by Cramér [10, 1936] as stated below:

If X1 and X5 are two independent random variables, Z = X1 + Xo, and if Z is normally distributed, the
X1 and X5 are normally distributed.

Proof. See Cramér [10, 1936]. O

2.2 Theorem of Darmois, Skitovich and Basu
Theorem 2.2. Darmois [11, 1953], Skitovitch [34, 1953], and Basu [9,1953] independently obtained the
following general result related to the characterization of the mormal distribution using the property of
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stochastic independence of linear functions of independent random variables:
Let X1, X5,..., X, be independent random variables. Suppose

Ll :a1X1 +CL2X2+ ....... +aan,

and

Ly = b1X1 + b2X2 T+ + ann
If Ly and Ly are independent, then, for each index i(i =1,2,...,n),a; and b; # 0, X; is normal.
Proof. See Darmois [11], Skitovitch [34], and Basu [9]. O

2.3 Theorem of Heyde
Theorem 2.3. The Heyde theorem (Heyde [14, 1970]) characterizes the normal distribution by the symmetry
of the conditional distribution of one linear form of independent random variables given another. Specifically,
let X1, Xo,..., X, be independent random variables and ais and b}s,i = 1,2,...,n, be non-zero constants
such that aibfl + ajb;1 %0 for all i # j. Suppose

L1 = a1X1 +(12X2 + ... —|—aan
and

LQ = b1X1 + b2X2 + ...+ ann

Then, if the conditional distribution of Ly given Lo is symmetric, the distributions of the X[s, (i =
1,2,...,n), are normal.

Proof. See Heyde [14]. O

2.4 Theorem of Kagan-Linnik-Rao
Theorem 2.4 (Kagan et al. [16, 1973]). This theorem establishes that the admissibility of sample means
as an estimator (specifically, the linearity of regression of the sample mean on residuals) characterizes the
normal distribution. It states that if X1, Xo,..., X, are independent and identically distributed random
variables with E (X;) =0,i=1,2,...,n, and n > 3, and if

E(X|X, - X. Xy~ X,....X,— X) =0,
where X = %Z?:l X, then the distributions of the X/s,i =1,2,...,n, are normal.
Proof. See Kagan et al. [16]. O

2.5 Theorem of Polya (or Pélya’s characterization of the normal distribution)

Theorem 2.5 (Pdlya [29, 1923]). This theorem identifies the normal distribution as the only distribution
(with finite variance) that is “stable” under the specific averaging transformation described. Specifically,
suppose that Xy and Xo are two independent and identically distributed random variables with finite variance
o2, then (X1 + X3) /\/2 and X are identically distributed if and only if X1 is normally distributed with mean

zero (or a shifted normal distribution if the mean is non-zero).
Proof. See Pélya [29]. O

2.6 Theorem of Rao

Theorem 2.6 (Rao [30, 1967]). If X1, Xa,..., X, are independent and identically distributed random
variables with E(X;) = 0 and E(Xf) < 00,0 = 1,2,...,n, for n > 3. Then, z'fE(X' | X;— X) =0
for anyi,i=1,2,...,n, the distributions of the X[s,i=1,2,...,n, are normal.

Proof. See Rao [30]. O

Remark 2.1. It is also noted that, for n = 2, the above result (in Theorem of Rao) does not hold, as seen
in the following example.
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Example 2.1. Suppose that the random variables X; and X, are independent and identically distributed
Uniform [-1, 1], and have the joint pdf f (x1,22) as

1
[ (z1,22) = 17—1 <zp,72 <1,

=0, otherwise .
Let 2Y7 = X; + X5 and 2Ys = X; — X, where Y7 = X = %% (the sample mean). Then, the
conditional pdf of Y7 | Yo = ys is

fy | Ya=12) = !

Ay L) Sm < (= le]).

Thus
(1—]y21) 1

E 1 |Y2:y2):/ (Y1) s7——xdy1 =0

—(1—|ys]) 2 (1~ [y2])

Since Y7 = X and Y5 is a linear function of X; — X5, the condition Y» = y» is equivalent to specifying a
value for X; — Xs.

Hence B
E(X|X1—X2) =0.

This completes the proof of Example 2.6.

2.7 Theorem of Zinger and Linnik
Theorem 2.7 (Zinger and Linnik [36, 1964]). Suppose that a1, aq, ..., a, are positive numbers and ¢;(t),i =
1,2,..,n, are characteristic functions of independent random variables X; ’s repectively. Further, if

(1 ()" (20 - (a®)™ = 7 Jor ] < to, o > 0,

then @;(t),i = 1,2,..,n, are characteristic functions of normal distribution. Thus Xi's,i = 1,2,...,n, are
normally distributed.

Proof. See Zinger and Linnik [36]. O

2.8 Theorem of Ahsanullah and Hamedani

Theorem 2.8 (Ahsanullah and Hamedani [7, 1988]). Suppose X1 and X5 are independent and identically
symmetric (about zero) random variables and Z = min (X1, Xo). If Z?% is distributed as chi-square one degree
of freedom, then X1 and Xo are normally distributed.

Proof. See Ahsanullah and Hamedani [7]. O
Remark 2.2. The above theorem is also true if minimum is replaced by mazximum for Z.

3 Some Basic Properties of Logistic Distribution
This paper aims to contribute to the understanding of logistic distribution by presenting its basic properties
and characterizations. We will discuss some of its characterization techniques that enhance its applicability
in statistical analysis, thus enhancing its use in model building and its connection to other distributions. In
what follows, we present some basic properties of logistic distribution.
3.1 Logistic Distribution
The logistic distribution is a symmetric distribution, unimodal and similar in shape to the normal
distribution. The cumulative distribution function of the logistic distribution is also a scaled version of
the of the hyperbolic tangent, as given below:
1 1 1 T — U

F<x’u,a)_1+e_m;“ —2+2tanh( 5 )7 (3.1)
where —co < < 00,—00 < p < x < 00,0 > 0, and o being location and scale parameters respectively.
The corresponding probability density function (pdf) is given by

fla,u,o) = % sech? (CUQ_UM> . (3.2)

To illustrate the behavior of the logistic distribution, the graphs of its pdf(2.2) for some selected values
of the location, i, and scale, o, parameters, are given in Figure 3.1. It is observed that, though the shapes of
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the logistic distribution and the normal distribution resemble each other, the logistic distribution has heavier
tails in view of the fact its kurtosis is high which is approximately 1.2 .

Distribution Plot
Logistic

Loc Scale

0.25

0.20

Density

0.10

0.05

0.00

Figure 3.1: pdfs of the logistic distribution for p =0,0 = 1; and p = 1,0 = 2, respectively.

Logistic distribution is widely used in statistical modeling, often preferred over the normal distribution
due to its simpler cumulative distribution function (CDF'). This simplicity, alongside its symmetric and
unimodal shape, makes the logistic distribution particularly useful in applications such as logistic regression
and modeling of logistic growth processes. The CDF of the logistic distribution is a scaled version of the
hyperbolic tangent, which further enhances its applicability.

Notably, both the United States Chess Federation (USCF) and the World Chess Federation (commonly
referred to by its French acronym FIDE) employ the logistic distribution to assess the skill levels of chess
players, replacing the traditional use of the normal distribution for this purpose. This shift underscores the
utility of the logistic distribution in various practical settings where normal distribution models might fall
short.

3.2 Standard Logistic Distribution
We say a random variable X has a standard logistic distribution if the probability density function (pdf)
f(x) is as follows:
671
f(x):m,foo<x<oo. (3.3)

The corresponding cumulative distribution function (cdf)F(z) is given by

1
F(x) = =

The pdf and cdf of the standard logistic distribution satisfy the following relations:
ff(@) _ 1-e®

L. f(z) = 14e—2>

2. f(x)=F(z)(1 - F(x)),

3. The odd moments are zero, that is,
E(X*t) =0, n=1,2,....

(3.4)
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4. Even moments F (X2”) ,n=1,2,..., are given as follows:
E(in)z/ x2”672dx,n:1,2,...
o (Ite)

=7" (2" — 2)|B,],
where B,, is the nth Bernoulli number.

4 Some New Characterization Results and Inferences of Logistic Distribution

In what follows, we present some new characterization results and inferences of logistic distribution.
4.1 Characterizations Based on Characteristic Function

Let ¢(t) be the characteristic function of the standard logistic distribution, given by

p(t) = / et _c dx

o (14e2)?

1
:/ ut (1 —u)""du

0
=I(1—it)E(1 +it)
_ it
~ sinh(7t)’
The following theorems give characterizations of the standard logistic distribution based on characteristic
function.

Theorem 4.1. If ¢(t) is the characteristic function of an absolutely continuous random variable X with
finite expectation. Then X has the standard logistic random variable if and only if

¢ =olt) (7 -n 22T,

t sinh(7t)
Proof. Suppose the random variable has the pdf f(z) as

flz) =

—x

et
(14e=)

o0 . efz
t) = et dx.
e[ T

We have

Let u=(1+ e’””)_l7 then

o) = [ e

1
:/ (1 —u)""du
0
= B(1 +it, 1 —it)
=T(1 —it)D(1 +it)
= —itT'(—it)D(1 + it)
= —itm csc(mit)
= 7t csech(mt),
from which by taking natural log of both sides, we obtain
In p(t) = In(int) + ln csech(nt).

Now differentiating the above expression with respect to ¢, we obtain

¢ = pto) (3 -mmm)

T—s
t sinh*(7t)

197



Dividing both sides of the above equation by ¢(t), we obtain
Ot 1 cosh(mt)
o(t) Tt 7Tsinh(7rt) ’
Now integrating the above equation with respect to ¢, we obtain
Inp(t) = ¢+ Int — Insinh(nt), ¢ > 0,

from which by taking the limit of both sides of the above equation, when ¢ — 0, we obtain

. . t 1
%l_I)%anD(t) = C+th_1)161nm = C+1n;.

Now, using the characteristic function property in the above equation, that is,
¢(0) = 1= Inp(0) =0,
we obtain
O=c—Inmt=c=Inm.
Hence, substituting back ¢ = In 7 in the above equation, we obtain

Lnp(t) = In7 + Int — Insinh(7t)

—In (%)

Thus, exponentiating both sides of the above equation, we obtain
it
t) = ———0f,
(t) sinh(7t)
or

o(t) = 7wt csch(nt),

which is the characteristic function of standard logistic distribution. This completes the proof of Theorem

4.1. O
Theorem 4.2. Suppose X1, Xo,...., X, are i.i.d random variables from standard logistic distribution and
Xin < Xop < ... <X, be the corresponding order statistics. Let Wy_1,n—1 = max (W1, Wa,...,W,_1),
where Wy, Wa, ..., W, are i. i.d exponential random variables with pdf f(w) = e *,0 < w < oo. For an

absolutely continuous random variable X, if X and Xy, + Wy_1 n—1 are identically distributed, then X has
standard logistic distribution.

Proof. Let ®1(t) and ®4(t) be the characteristic functions of X, and W, , respectively. We have

o] —z n—1 oz
. e e
Di(t) =n e”m( > dx.
1®) /,:3 1+e® ( e—z)Q

Let u= ﬁ, then (Ahsanullah et al. [4, 2012])

1 u it 1—u n—1
P — n—1
e o (2 (50

1
— n/ ’u,it(l _ u)n—it—ldu
0
=nB(1+ it,n —it)
T'(1+ it)(n — it)

= () , using the definition of the Beta function, B(z,y).
n

Also

Dy(t) = (n—1) /000 e (1 - e*$)n72 e "dx

Let u=1—e"%. Then
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1
Dy(t) = (n — 1)/ u"2(1 —u) " du
0
=(n—-1)B(l —it,n—1)
(1 —4t)['(n)
 T(n—idt)
The characteristic function of Xy ,, + Wy_1 1 is
(14 i)(n—it) T(1 —it)T'(n)
L(n) T(n —it)
=T(1+it)D(1 — it),

D (t)Po(t) =

which is the characteristic function of the standard logistic distribution. This completes the proof of
Theorem 4.2. O

Theorem 4.3. If an absolutely continuous random variable X has the characteristic function @(t) =I'(1 —
)F(l + zt) if and only if the pdf of the random variable has the standard logistic distribution, where f(x) =

Proof. We have already seen that the characteristic function ¢(t) of the standard logistic distribution is
o) =T —it)I'(1 + it).
We will prove here the only if case.
Suppose ¢(t) = T'(1 — it)T'(1 + it).
Using the inverse formulae of the characteristic function, we have
1 [~ _
flz)=— e T (1 — it)T(1 + it)dt
2m J_
1 [~ _, wt
— T ———dt
27 J_ o cosh(mt)
0o ) t
—itx
et _ e—mt dt

0o ) t 0 ) t
efztwidt + / efltwidt

I
o

e‘n’t _ e—‘n’t eﬂ't _ e—Trt
—0o0

/
o) ) t oo t
— —it: t
- /0 € ' qceﬂ't _ e*ﬂ't dt + A ez xeﬂ't _ e*ﬂ'tdt
/,

Ooefz‘tz te~ Tt dtJr/ooeim te~ ™t &
0

1— e—27rt 1— e—27rt

_ te~ t(iz+(2n+1)m dt+ / tet(zm (2n+1)7r)dt
>/ >

n=0 n=0

1
(zx—|— 2n 4 1)m)? +(ix—(2n+1)7r)2)
2(2n +1)*1? — 222
((2n+1)272 4 22)*

(4.1)
Now, it is well-known that the identity 3 L sech? ( ) > %

derived from the partial fractlon expansion of the hyperbolic secant function. Hence, (4.1) represents the
series representation for sech2 ( ) and thus (4.1) reduces to

is a valid mathematical identity

f(z) = isech2(a:/2). (4.2)
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The hyperbolic secant function given in (4.2) can easily be expressed in its exponential form and
simplifying, as follows:

—x

e
fla)=——,—c0o <z < o0,
(1+e2)°
which is the required pdf of the logistic distribution. This completes the proof of Theorem 4.3. O

4.2 Characterizations Based on Domain of Attraction
In this section on characterization by domain of attraction, the following definition and examples are relevant:

Definition of Domain of Attraction: A distribution F'(x) is said to lie in the domain of attraction of
a limit distribution G(x) if, after appropriate normalization (shifting and scaling), the distribution of the
sum, maximum, or minimum of n independent and identically distributed random variables converges in
distribution to G(x) as n tends to infinity.

Examples:
e Normal Distribution: By the central limit theorem, for many distributions with finite variance, the
normalized sum is in the domain of attraction of the normal distribution.
¢ Extreme Value Distributions: The normalized maximum or minimum of many distributions is in
the domain of attraction of the Gumbel, Fréchet, or Weibull distributions.
In what follows, we present some characterization results of logistic distribution based on domain of
attraction, as provided in Theorems 4.4, 4.5 and 4.6.

Theorem 4.4. Suppose X1,Xo,...,X,, are n,(n > 1), independent and identically distributed random
variables from the standard logistic distribution, and S, = X1 + Xo + ..., +X,,. Then, the normalized sum

(: ‘/(ﬂ)sn> belongs to the domain of the standard normal distribution.

Proof. If the random variable X has the standard logistic distribution, then its characteristic function ¢(t) =
(1 —at)D(1 + it).

The characteristic function ¥, (¢) of

V(2)Sn .

1S

3\ it 3N it\\"
Un(t)=(T(1- — = I'(1 — | = .
Then, using the identity I'(1 + 2)['(1 — 2) = =22~ and for small z :

sin(mwz)
\Iln(t): . vnr
sinh (%t)

Substitute z = %t in the above equation. Then, we have

Expanding sinh(z) for small z, we obtain

2
x _a? 5
sinh(z) =1 6 —l—o(x )

Substitute z = %t in the above equation. Then, we have

t2 1\\"
U, (1) =(1-— ) .
0= (15 00(]))
Thus, taking the limit of both sides of the above equation as n — oo, we obtain
t2 1 n
lim W, (¢) = lim (1 LA ()) e
n— o0 n— 00 on n

3
which is the characteristic function of the standard normal distribution. Thus @ belongs to the domain
of the standard normal distribution. This completes the proof of Theorem 4.4. O
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Now, we prove the following two Theorems 4.5 and 4.6 for the domain of attraction of the maximum and
the minimum of the logistic random variables. To prove these two theorems, we need the following lemmas.

Lemma 4.1 (Von Mises [26, 1964]). Let X1, Xo, ..., X, ben, (n > 1), independent and identically distributed
continuous random variables with cdf F(x), pdf f (x), F(z) =1 - F(z) and B(f) = sup{z | F(z) <1. If
F(x) has derivatives on [co, B(f)], for some co > 0, then, if limg4 g5 % =c,c > 0, then F belongs to the
domain of Gumbel (type 1 extreme value) distribution.

Proof. See Von Mises [26]. O

Lemma 4.2 (Ahsanullah and Nevzorov [8, 2001, p 87]). Let F~! denote the inverse of cdf F. For a
continuous random wvariable, the necessary and sufficient condition that X, , belongs to the domain of
attraction of type 1 extreme value distribution of the maximum is
F11-¢)—-F1(1-
lim (I1-¢)—F11-2¢) 1,
=0 F=1(1—2¢) — F~1(1 — 4¢)

and the normalizing constants are a,, = F~1 (1 — %) and b, = F~1 (1 — i) — F-1 (1 — l)

ne n/’

Proof. See Ahsanullah and Nevzorov [8, 2001, p 87]. O

Lemma 4.3 (Ahsanullah and Nevzorov [8, 2001, p 87]). For a continuous random variable, the necessary
and sufficient condition that X ,, belong to the domain of attraction of type 1 extreme value distribution of
the maximum s
. Fl(e) - F1(2)
lim
=0 F=1(2¢) — F~1(4c)
The normalizing constants are a,, = F~' (1 - 1) and b, = F~1 (1 - L) —F~1(1-1).

ne

=1.

Proof. See Ahsanullah and Nevzorov [8, 2001, p 87]. O

Theorem 4.5. Theorem 4.5. Suppose X1, Xo,..., X, aren, (n > 1), independent and identically distributed
random variables from the standard logistic distribution, and X, , = max (X1, Xa,...,Xy). Then the
normalized Xy, ,, belongs to the domain of Gumbel (type 1 extreme value) distribution.

Proof. We shall prove the sufficient condition for the domain of attraction of logistic distribution for X, ,,.
It can be shown that, for standard logistic distribution,
F1l1-¢)—F1(1-2
Jim L1 =) (1=2) _,
=0 F~1(1 —2¢) — F~1(1 — 4¢)

and a, = In(n) and b,, = 1.
Thus

P(Xpn <(r+Inn)

1 " -
— % _ e "
= Jim <1 T e<m+lnn>> e -
Hence X, , belongs to the domain of attraction of Gumbel (type 1 extreme value) distribution of
maximum. This completes the proof of the sufficient condition for the domain of attraction of logistic
distribution for X, ;. O

Theorem 4.6. Suppose X1, Xa,..., X, are n, (n > 1), independent and identically distributed random
variables from the standard logistic distribution, and X;, = min(Xq,Xs,...,X,). Then the normalized
X1, belongs to the domain of Gumbel (type 1 extreme value) distribution.

Proof. We shall prove the sufficient condition for the domain of attraction of logistic distribution for X ,,.
It can be shown that for standard logistic distribution
F=1(c) — F71(2¢)

lim =

e—0 F=1(2¢) — F~1(4c) ’

and a, = —In(n) and b,, = 1.
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Thus
P(Xy,>z—Inn)

1-P(Xun>x—1nn)
lim (14 e mm) "

n— oo

= 6_693

Hence
Fin(r)=1- e¢", which is the type 1 extreme value distribution of the minimum.
The normalizing constants are the same as that of X,, ,. Thus

lim P(X;, <z+Inn)

n— oo

lim (1 + e(”’““"))w

n—oo

1 —n
lim (1 + e‘”)
n— 00 n

e %

= e_
Hence X, belongs to the domain of attraction of Gumbel (type 1 extreme value) distribution of

minimum. This completes the proof of the sufficient condition for the domain of attraction of logistic
distribution for Xj ;. O

4.3 Characterizations by Truncated Moments

In what follows, we will establish our proposed characterization results of logistic distribution by right
truncated moment, that is, by taking a relation between the right truncated moment and reversed failure
rate function. To prove this, we need the following Lemmas.

Lemma 4.4. Suppose the random wvariable X is absolutely continuous with cdf F(x) and pdf f(x). Let
a = inf{x | F(z) > 0}, and b = sup{z | F(z) < 1}. We also assume that E(X) and f'(x) exists for all

z,x € (a,b). If E(X > z) = h(z)7(z), where 7(x) = L& W(2) exists and fab “‘;’(L;()l) du is finite for all

1-F(x)
© uth/(2) g
z,x € (a,b), then f(x) =ce ’a 0 “ where ¢ is determined by the condition ff f(z)dx = 1.
Proof. See Ahsanullah [1, 2017, p.50]. O
Lemma 4.5. Suppose that X is a standard logistic random variable, with the pdf given by
e " e’
flx) = = , & € (—00,00).
(I+e)?  (14er)’
Then,
uf(u)du =In (1 +¢€%) — ———.
| et = m e - g5

Proof. Using the integration by parts formula, and, on simplification, it can easily be seen that the integral
e e re®

/ U———sdu=In(1+¢e") = —.

O

Theorem 4.7. Suppose that the random wvariable X is absolutely continuous (with respect to Lebesgue
measure) with cdf F(x) and pdf f(x) for x € (—00,00). Suppose that the random wvariable X has finite
expectation and f'(x) exists for all x € (—o0,00). Then X is a standard logistic random variable if and only

if B(X > 2) = h(x)7(x), where 7(x) = L1215 and

(1+e€”
eZI/’

h(z) = ) In(1+¢")—z(1+e").
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Proof. The proof of “if” part easily follows from Lemma 4.6. We will prove here the “only if” case.

Suppose that E(X > x) = h(z)7(z), where 7(z) = 1f1(;()m)'

Then, we have
E(X > x)

=h
" [ uf ()
“uf(u)du
=z =~ = h(x). 4.3
o = hia) (13)
In the above equation (4.3), using Lemma 4.5, after simplification, we have
1+e)°
he)= S ) (14 e, (4.4)
e
Differentiating both sides of the above equation with respect to x, we obtain
R (z)=(e" —e ") In(1+4€*) — ze”. (4.5)

Now, expressing (4.3) as
| uttwdu =) ()

and differentiating both sides of the above equation with respect to x, we obtain

—zf(x) = h'(z)f(x) + h(z)f'(z),
@) _ x4 (x)

or

= . 4.6
@ - (9
In the above equation, using (4.5) and (4.6), after simplification, we obtain
@)  (1—e) [z — i—fl In(1+ e)]
fl@)  (1+e) [z —<Hn(1+ev))
1—e¢”

= . 4.7
T (4.7)

Now, it is easily seen that the expression on the right hand side of the above equation (4.7) is given by

dln (7(;61)2) e
dz Tl 4er’

Hence, we have
din f(z) I (7(1+eem)2)
de dz ’

On integrating the above equation with respect to x, we obtain
xr

hlf(l') = chln m, (48)
where c is a constant to be determined.
Exponentiating both sides of the equation (4.8), we obtain
e.’E
f(z) = 07(1 el (4.9)
where c¢ is the normalizing constant.
On integrating the equation (4.8) with respect to x from 2z = —oco to x = +o00, we easily obtain
17 (1+e:$)2 dz =1, and hence using the condition [*_ f(z)dz =1, we obtain ¢ = 1.
Thus, we have
e e~ "

flx) = (1+ex)2 = (1+€_x)2’

which is the probability density function of the standard logistic distribution. This completes the proof of
Theorem 4.7. O

Remark 4.1. For characterization of logistic distribution based on the left truncated moment, E(X | X < x),
that is, by taking a relation between left truncated moment and failure rate function, see Ahsanullah and Shakil
[3, 2015].
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5 Conclusion

Logistic distribution offers several advantages over the normal distribution in certain statistical modeling
contexts. Its simple CDF, symmetric shape, and applicability in logistic regression make it a powerful
tool in statistical science. The characterization of this distribution, as well as methods for determining its
suitability for real-world data, is an ongoing area of research. As demonstrated by the works of Khatri,
Rao, Shanbhag, Glénzel, and others, the characterization of probability distributions through moments and
truncated moments provides valuable insights that aid in understanding and applying the logistic distribution
effectively.

In this paper, we have presented an overview of the key properties and characterizations of the logistic

distribution, underscoring its significance in model building and statistical inference. Further research into
advanced characterization methods will continue to expand the utility of this distribution in various domains
of statistical analysis.
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