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Abstract
A class of close-to-star functions C'Sy = f € & : (1 —2)2@ =< ¢(z) ¢ defined by subordination

is presented in this study. For the class C'Sy, coefficient estimates, bounds for the second and
third order Hermitian Toeplitz determinants, and Fekete-Szegd inequality is established. Further,
Hermitian Toeplitz determinants and Fekete-Szego inequality are discussed for specific cases of ¢.
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1 Introduction
Let o represent the class of normalized functions of the form

f(z)=z+ Z a,z", (1.1)

which are regular on the open unit disc D := {z € C:|z| < 1}, where S is a subclass of &/ which are
univalent functions.

Let the class P of Caratheodory functions which are analytic with p(0) = 1 and Re(p(z)) >0 for z € D
be of the form

p(2) =1+ p1z+p22” +psz® +--- . (1.2)

For two functions f,g € D, f is said to be subordinate to g, expressed by f < g, if there exist a function
w(z) with |w(z)| < 1, z € D and w(0) = 0 such that f(z) = g(w(z)),V z € D. If g is univalent in D, the
following equivalency hold:

f(z) = g(z) <= [(0) =g(0) and f(D) C g(I)).

Let ¢(z) be an analytic function with positive real part on D with ¢(0) = 1, ¢’(0) > 0 which maps the
unit disk D onto a region starlike with respect to 1 and is symmetric with respect to the real axis. Then, for
z €D, ¢(z) can be written as

¢(2) =14+ Dyz+ Doz? +---, D; > 0. (1.3)
We note that all Dis are real, as ¢(D) is symmetric about the real axis and ¢(0) = 1. Furthermore, as ¢ is
a Caratheodory function, it follows that |D,,| <2, n € N [5].
In 1992, Ma and Minda [19] defined the classes

si=frea: i3

< d(2) (2 € ]D))}.
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If ¢(z) = 12, then the class S reduces to the class of starlike functions S*, consists of functions f € o/

1-z°
Re(zf/(2)> >0, z€D.

which meet the criteria

f(2)
A function f € & is close-to-star if there exists g € S* and 8 € R such that
i3
Re(e f(z)) >0, ze€D.
9(2)

Reade [23] introduced the class C'ST of all close-to-star functions and deduced that the class of close-
to-star functions has the same relationship to it as the class of starlike functions has to the class of convex
functions. It is observed that [12] f € C'ST is close to convex if and only if a function F(z) = [ @dt, z € D.
The geometric characteristics and coefficient inequalities for the class of strongly close-to-star functions were
computed by Park and Lee [21]. Dziok [4] examined the generalised problem of starlikeness for the product
of close-to-star functions, whereas Arif et al. [2] provided the product of multivalent close-to-star functions.
A growth and distortion theorem, together with coefficient constraints, was recently derived for certain
subclasses of close-to-star functions by Selvaraj and Logu [24]. Further, the radius of starlikeness for specific
close-to-star functions was computed by Kanaga and Ravichandran [13].

Jastrzebski et al. [11] examined a subclass of C'ST in 2020 for the choice of § = 0 and g(z) = (=P

as STy = §f € &/ % > 0, and established lower and upper bounds for Hermitian-Toeplitz

determinants of second and third order.
Motivated by the above works, we define the class C'Sy as below.

Definition 1.1. Let CSy denote the subclass of functions f € &/ which satisfies

(172)2@-<¢(z) ,z € D,

where ¢(z) is as given by (1.3).

If ¢(z) = 112, then the class C'Sy reduces to the class ST; which was studied by the authors [11]. For
different choices of ¢(z), the class C'Sy reduces to the classes C'Sy,, C'Sy, and CSy, respectively, which are
defined as below.

Definition 1.2. Let CSy, denote the subclass of functions f € o/ which satisfies

(1—2)2@-<1+ sin z=¢1(z) ,z € D.

Definition 1.3. Let CSy, denote the subclass of functions f € of which satisfies

(1—2)2M<ez = ¢2(2) ,z € D.

z
Definition 1.4. Let CSy, denote the subclass of functions f € o/ which satisfies
f(z) 2 1

1-2)2 2 (14 52)? = z),z € D0<s < —.

(-5 <14 s 2 = gu(2) 7

To prove that the classes CSg,, C'Ss, and CSy, are non-empty, we have the following example.
Example 1.1. Let f : D — C be defined by

f(z) =

2z +iaz?

1— 221+ ibe)

eC,
where,

0<Jal <0.85, 0 < [o| <05, if feCS,,,
0<l|a| <0.65, 0<[b] <045, if f e CSy, and

0<a| <095, 0< B[ <0.1s, 0<s< 5, if fe TS,
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Therefore, for z € D,

1+ iaz

1-—22 ﬁ = = g(a .
( ) z 14 bz 9ta) ()

Using MATLAB R2021a, we obtain the images of ¢;(9D), i = 1,2,3 and g(,) (D) for different choices of

‘a’ and "0’ in the range specified above correspondingly for CSy,, C'Sy, and CSy, are as given in Figure 1.1,

1.2 and 1.3 respectively.

27T T T T P . . .
8 D) @8 D)
i Qinasen (@ D) 7 1r (0ss0(@ D) 7
or 1 ok ]
"-._____-_._.___.r"

-2 -2

o 0.5 1 1.5 B 23 3 0 0.5 1 15 2 25 3

Figure 1.1: Figure 1.2:
a=0.85b=0.1 a=0.65b=0.1

90.9,0.1(8 D)

Figure 1.3:
a=0.63, b=0.07
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Hartman and Winter [10] started the study of Hermitian-Toeplitz determinant in 1954. Tt is defined as
the coefficients {ay }x>2 of functions f € & of the form (1.1).

an An+1 coo Op4m—1
An+1 29 <o Angm-—2
det(Trnn(f)) = . : . . (1.4)
p+m—1  OGpym-2 - -- Qn
In particular,
1 a
det(Ta () = | {| =1~ laf?
2
and
1 as as
det(T51(f)) =|az 1 a3|=2Re(a3as) — 2|az|* — |az|* + 1.
az az 1

Several uses in the field of signal processing include Hermitian-Toeplitz matrices and their determinants
[22, 25]. The sharp lower and upper bounds for second and third-order Hermitian-Toeplitz determinants
for the classes of convex and starlike functions were calculated by Cudna et al. [3]. The authors in [20]
established the sharp bounds for the third-order Hermitian-Toeplitz determinant for the classes of univalent
functions. The sharp lower and upper bounds for Hermitian-Toeplitz determinants of order two and three
for the classes of Janowski starlike and convex functions were estimated by Kumar et al. [14]. Second
and third-order Hermitian-Toeplitz determinants for the classes of starlike functions subordinate to ¢(z)
were recently determined by Surya Giri and Sivaprasad Kumar [7]. Moreover, other scholars, including
[9, 15, 16, 17, 30] have established the bounds for Hermitian-Toeplitz determinants of order two and three
for various subclasses of univalent functions. Recently, the authors in [29] have studied the Hankel and
Hermitian-Toeplitz determinants for a certain Subclass of analytic functions involving sine domain.

In 1933, Fekete and Szegd [6] obtained the upper bound for the functional |a3 — pa3|, where u is real
is often referred as Fekete-Szego inequality. Numerous authors including [1, 8, 18, 26, 27, 28, 31] have also
examined the Fekete-Szego inequality for various subclasses of 7.

The aim of this study is to find the bounds for Fekete-Szeg6 inequality and Hermitian-Toeplitz
determinants of second and third order for f € &7 that belong to the class C'Sy.

In this sequel to prove main results, we need following lemmas.

Lemma 1.1 ([11]). If p of the form (1.2) is in P, then

lpn] <2, neN (1.5)

Moreover
pP1 = 2cla (16)
P2 = 2¢3 +2(1 — |e1]?) ez (1.7)

for some c1,co € D.

Lemma 1.2 ([19]). If p of the form (1.2) is in P, then

—4p+2 pu<o,

lp2 — upil < 4 2 0<pu<l, (1.8)
dp—2  p>1.
14z

When p < 0 or p > 1, the equality holds if and only if p1(z) is or one of its rotations. If 0 < pu < 1,

1+z2

1—22

o= (L () (3 2) (52, wsaen

or one of its rotations. If u =1, the equality holds if and only if p1(2) is the reciprocal of one of the functions
such that the equality holds in the case of p = 0.

11—z

then the equality holds if and only if p1(2) is or one of its rotations. If p =0, the equality holds if and

only if
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2 Coefficient Estimates
In this section, the bounds for the second and third coefficients of the function f in C'Sy are estimated.

Theorem 2.1. If f of the form (1.1) is in CSy, then
(i) laz| <2+ Dy and

(i1) Jas| < o

where 0 = 3 + 2Dy + | Dy|.

The result is sharp.

Proof. Let the function f € C'S4. Then for some p € P, we have

(-l ¢(p<z> - 1).

P p(z)+1
That is,

1+ (a2 —2)z+ (a3 +1—2a2)z" +--- =1+

D D1 (2py — p? Dop?
1p12+< 1(pz p1)+ Zp1>22+

By comparing the coefficients
Dip:

as =2+ B (21)
and
Dy (2ps — p? Dop?
a3:3—|—D1p1+< 1(pz Pi) | Z“). (2.2)
Using Lemma 1.1 in (2.1) we have
lag| <2+ D;. (2.3)
Applying Lemma 1.1 and triangle inequality in (2.2), we have
laz| < 3+ 2D1fer| + Di(1 — |er[*)[ez| + [ Daller|* = F(leal, [ea]).
Let |c1] = r and |ez| = s, where r, s € [0,1]. Then
F(r,s) =34 D1(2r + (1 — 72)s) + | Do|r?.
By the second derivative test, we see that there are no critical points in the domain (0,1) x (0, 1).
Thus,
F(0,8) =3+ sDy <3+ Dy,
F(1,s) =0, where 0 =3+2D; + |Ds|,
F(r,0) =3+ 2Dy + |Do|r? < 0,
F(r,1) =3+ Dy(2r +1—1%) + |Dyjr? < 0.
We observe that
las| < maz . s)ef0,1x[0,11F (1, 8) = 0, (2.4)
which completes the proof.
The upper bound is sharp for f;(z), which is given by
2¢(z
fi(z) = a qi(;)Q =2+ 2+ D1)z+ (342D + Dy)2% + ... (2.5)
[

Corollary 2.1. (i) If f of the form (1.1) is in C'Sy,, then |az| < 3 and |as| < 5.
(i1) If f of the form (1.1) is in CSy,, then |az| < 3 and |az| < 1—21
(iii)If f of the form (1.1) is in CSs,, then, for 0 < s < %, las| <2+ 2s and |az| < 3+ 2s + s2.
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3 Hermitian Toeplitz Determinants
In this section, bounds for second and third order Hermitian Toeplitz determinants for the function f in
CSy are estimated.

Theorem 3.1. If f of the form (1.1) is in CSy, then 1 — |2+ D1|* < det(T(2,1))(f) < 1.
The result is sharp.

Proof. Consider det(T(2,1)(f)) =1 — |az|?.
From (2.1),

Now from (2.3), we have
1—lag* > 1— |2+ Dy|?
Thus
1— |2+ Ds|? < det(Ti2))(f) < 1.

Hence the Theorem.
The upper bound is sharp if fo(z) = z and the lower bound is sharp for f;(2)
given by (2.5). O

Corollary 3.1. (i) If f of the form (1.1) is in CSy,, then —8 < det(T(2,1))(f) < 1.
(ii) If f of the form (1.1) is in C'Sy,, then —8 < det(T(2,1))(f) < 1.
(1i)If f of the form (1.1) is in CSy,, then, for 0 < s < %, 1—(2+2s)% < det(Ti2,1))(f) < 1.
Theorem 3.2. If f of the form (1.1) is in CSy, then
det (T(3,1))(f) < maz{1,2(2+ D1)*(c — 1) — o + 1},
where 0 = 3+ 2D1 + |Ds.
The result is sharp.
Proof. Consider
det (T(3,1))(f) = 2Re(a3az) — 2|as|? — |as|* + 1,

< 2fas/*|as| — 2|az|? — |as|* + 1 = G(|az|, |as]).

Letting |as| = = and |as| =y, € [0,2 + D], y € [0, 0], we have
G(lasl, |as]) = 22y — 22% — y* + 1 = G(x, y).

By the second derivative test, we see that there are no critical points in (0,2 + D;) x (0, 0).
Now on [0,2 + D4] x [0, 0], we have

G(Ovy) = 17y2 S 17

G2+ D1,y) =22+ D)%y —22+D1)?> — > +1< 224 D1)*(c —1) —0? +1,
where 0 =3+ 2D; + | D3|,
G(x,0)=1-22% <1,

G(x,0) =22%0 —22° — 0 +1<2(2+ D1)*(0 — 1) —0® + 1.
We observe that

det (T(31))(f) < maz(z y)ep0,24D:]x[0,0)G (T, y) < max{l,2(2 + D)} (o —1) — 0% +1},
which completes the theorem.

The upper bound is sharp for f1(z) given by (2.5). O

Corollary 3.2. (i) If f of the form (1.1) is in CSy,, then det (T(31))(f) < 48.
(it) If f of the form (1.1) is in CSy,, then det (T(31))(f) < 2.
(1it) If f of the form (1.1) is in C'Sy,, then, for 0 < s < %,
det(Ti31))(f) < Ts* + 285 + 4652 + 365 + 8.
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4 Fekete-Szego Inequality
In this section, Fekete-Szego inequality for the function f in C'Sy is obtained.

Theorem 4.1. If f of the form (1.1) is in CSy, then, for A € R,
K(\) 42D, (g - >\D1> AD? — Dy < =Dy,
las — Xa3| < { K(\)+ 2D, —D; <AD? — Dy < Dy,
K(\) + 2D, <)\D1 — g) Dy < AD? — Dy,

where K(\) = |3 —4A] 4+ 2D4|1 — 2)].
The result is sharp.

Proof. From (2.1) and (2.2), we have

D 2 2 D2 2
|az = Aaj| = |(3 = 4A) + Dipr(1 = 2)) + 1(2?2 - pl) + D, 2\

2 2 4 4
By applying the triangle inequality and after taking rearrangements, we get

D, 1 Do D,
a a3 < [(3—4N)|+ D 1 -2\ 4+ — — [ - == 2|
| 3 2| |( )| 1|p1|| | 2 b2 <2 2D, 2 >P1

In virtue of Lemma 1.1 and Lemma 1.2,

K(\) + 2D, (g - )\Dl) AD? — Dy < — Dy,
laz — Xa3| < { K(\)+ 2D, —Dy < AD? — Dy < Dy,
K(\) 42D, (AD1 — g) Dy < AD? — Dy,

where K (A) = |3 — 4| +2D4|1 — 2)|.
The upper bound is sharp for f1(z) given by (2.5).
Hence the proof. O

Corollary 4.1. (i) If f of the form (1.1) is in C'Sy,, then,

3 — 4| +2[1 — 2\ — 2\ A< 1,
laz — Aa3| < Q|3 — 4N +2]1—2)| +2 —1<A<1,
13— 4A] +2[1 — 2\ + 2\ 1<
(i) If f of the form (1.1) is in CSy,, then,
|3 —4A +2[1 — 2| —2(A — 1) A<
laz — Aa3| < ¢ 3 — 4\ + 2|1 —2)\| +2 St<a<i,
|3 — 4N+ 2|1 — 2X| +2(3 + A) 3 <
(i1i) If f of the form (1.1) is in CSy,, then, for 0 < s < %,
3 — 4|+ 251 — 2X| — 4s2(1 — 2)) s(A—1) < =2,
laz — Aa3| < Q|3 — 4\ + 2s]1 — 2)| + 452 —2<s(A—-1)<2,
3 — 4| + 21 — 2X| + 4s2(2) — ) 2<s(A—1).

Remark: For ¢(z) = 8‘:; , Theorem 3.1 and Theorem 3.2 reduce to the results of Jastrzebski et al. [11].

5 Conclusion

This paper presents a modest attempt to determine the Fekete-Szegd inequality, coefficient estimates and
bounds of the second and third order Hermitian Toeplitz Determinants for a class of close-to-star functions
CSy. Also special cases of ¢ are discussed. We hope that these results will motivate the researchers in this
field to investigate the higher order Hermitian Toeplitz determinants exploring various choices of ¢(z).
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