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Abstract

In this paper we introduce a new displacement—distance control function ¥, g that nonlinearly
couples the interpoint distance d(£,n) with the self-displacements d(&, 7€) and d(n, 7). This
rational gauge generates a novel contractive mechanism that is simultaneously sensitive to the
relative geometry of points and to their deviation from fixedness.Under a natural domination
condition linking self-displacements to interpoint distances, we establish a new fixed point
theorem for W, g—contractive mappings in complete metric spaces.The results guarantee existence,
uniqueness, and global convergence of Picard iterates.Several refined corollaries show that the
classical Banach, Reich, and Kannan contraction principles are recovered as special cases of the
present framework.An orbit—dominated version of the main theorem is also derived, which extends
the applicability of the method to nonuniform and state—dependent contractions that are not covered
by standard Lipschitz conditions.As an application, the theory is applied to a nonlinear integral
equationnon a space of continuous functions, where the associated integral operator is shown to
satisfy the new W, g—contractive condition. The proposed displacement-distance paradigm provides
a flexible and unifying approach to fixed point theory and opens new directions for generalizations
in nonlinear analysis and operator equations.
2020 Mathematical Sciences Classification: 47H10; 54H25; 54E50.
Keywords and Phrases: metric space; fixed point; control function; displacement; rational
contraction; Picard iteration; nonlinear integral equation.

1 Introduction

Fixed point theory in metric spaces is a cornerstone of nonlinear analysis and its applications to integral and
differential equations, optimization, and numerical schemes; comprehensive background and applications can
be found in standard monographs and handbooks such as [4, 11, 18, 25, 29]. The starting point is the Banach
contraction principle [1], which guarantees existence, uniqueness, and convergence of Picard iterates for
strict Lipschitz contractions. Many influential generalizations weaken the Lipschitz requirement by involving
self-displacements, cross distances, multivaluedness, or implicit controls; representative classical directions
include Kannan-type contractions [15], Chatterjea-type contractions [5], Reich-type contractions and their
refinements [9, 23], as well as comparison frameworks [24] and metric-completeness characterizations [26].
Beyond these, nonlinear and rational-type mechanisms have been developed to cover settings not captured by
uniform Lipschitz constants [3, 6, 7, 13, 22]. Modern control-function approaches include altering distances
[16], a—)-contractive mappings [27], simulation functions [19], and .#-contractions [12, 28]. For convenient
reference and positioning, we record five classical theorems that motivate the present work.

Theorem 1.1 (Banach contraction principle [1]). Let (Z°,d) be complete and let T : X — 2 satisfy
d(Tx, Ty) < kd(z,y) for all z,y € & with some k € [0,1). Then J has a unique fized point p € Z°, and
for every xg € 2 the Picard sequence xpy1 = J x, converges to p.

Theorem 1.2 (Kannan fixed point theorem [15]). Let (2, d) be complete and let T : X — 2 satisfy
ATz, Ty) < K,(d(CC, T x) + d(y, ﬁy)) Vr,y e X,

for some k € [O, %) Then T has a unique fived point and Picard iteration converges to it.
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Theorem 1.3 (Chatterjea fixed point theorem [5]). Let (2, d) be complete and let 7 : X — X satisfy
d( Tz, Ty) < x(d(z, Ty) +d(y, Tz))  Vr,ye 2,

1). Then 7 has a unique fized point and Picard iteration converges to it.

for some x € [0, 5
Theorem 1.4 (Reich type theorem [23]). Let (£°,d) be complete and let T : X~ — X satisfy

d( Tz, Ty) <ad(z,y) +bd(x, Tx) +cdly, Ty)  VYr,ye X2,
with constants a,b,c > 0 satisfying a+ b+ c < 1. Then Z has a unique fized point and Picard iteration
converges to it.

Theorem 1.5 (.#-contraction principle [28]). Let (Z,d) be complete. If T : X~ — X is an F -contraction
in the sense of Wardowski, then J admits a unique fized point and Picard iteration converges to it.

The development of rational and implicit contractive conditions is another strong theme, notably the
rational-type extension due to Dass and Gupta [7] and subsequent comparative frameworks [9, 24]. Motivated
by these directions, we propose a new displacement—distance control function that depends simultaneously
on d(z,y) and on the two self-displacements d(x, 7x) and d(y, Zy). This produces a rational, nonlinear
contractive reduction that is sensitive to how far points are from their images and complements existing
control-function paradigms [16, 19, 27, 28].

2 Preliminaries
We recall standard notions and notations used throughout; see [4, 18, 25] for background.
Definition 2.1 (Metric space [18, 25]). Let 2" # @. A mapping
d: Z xZ —[0,00)
is called a metric on Z if, for all &,m,( € 2, the following conditions hold:
(m1) d(&,n) =0 if and only if § =,
(m2) d(&,n) = d(n,¢),
(m3) d(&,¢) < d(&,m) + d(n, ).

In this case, the pair (Z,d) is called a metric space.

Definition 2.2 (Open ball, convergence [18, 25]). Let (£, d) be a metric space. For £ € Z and r > 0, the
open ball centered at & with radius r is

B(&r):={ne 2 d(&mn) <r}.
A sequence {&,} C 2 converges to £ € 2 if d(&,,8) — 0 as n — oo.
Definition 2.3 (Cauchy sequence, completeness [18, 25]). Let (27, d) be a metric space. A sequence {&,} C
X is called a Cauchy sequence if for every € > 0 there exists N € N such that

d(&n,ém) < e for all m,n > N.
The metric space (Z,d) is called complete if every Cauchy sequence in 2 converges to a point of X .
Definition 2.4 (Self-map, fixed point [4, 25]). Let (Z,d) be a metric space. A mapping T : X — X is
called a self-map. A point 7 € 2 is called a fixed point of T if
ITr=m.
The set of fized points of T is denoted by Fix(F) ={r e £ : ITrm=r}.
Definition 2.5 (Picard iteration and Picard operator [4]). Let (2", d) be a metric space and let 7 : 2 — X .
For an initial point & € 2, the Picard iteration is the sequence {&,} defined by
ént1 = TEp, n > 0.

The mapping 7 is called a Picard operator if it has a unique fixed point m € 2 and, for every & € 2, the

Picard iteration converges to .

Definition 2.6 (Banach contraction [1]). Let (27, d) be a metric space. A mapping T : X — X is called
a Banach contraction if there exists a constant k € [0,1) such that

[
d(7¢ Tn) <kdEmn)  VENED.
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Definition 2.7 (Kannan contraction [15]). Let (2, d) be a metric space. A mapping T : & — X is called
a Kannan contraction if there exists k € [07 %) such that

d(7¢, ) < k(dE, TE) +dmn, Tn)  VENEX.
Definition 2.8 (Chatterjea contraction [5]). Let (Z',d) be a metric space. A mapping T : X — X is
called a Chatterjea contraction if there exists x € [O, %) such that

AT Tn) < x(d(& Tn) +d(n, 7€) VéEne 2.

Definition 2.9 (Reich-type contraction [23]). Let (Z',d) be a metric space. A mapping T : X — X is
called a Reich-type contraction if there exist constants a,b,c > 0 with a +b+ ¢ < 1 such that

d(7€,Tn) <ad(&n)+bd(§, TE) +cdn, Tn) VEne 2.

Definition 2.10 (.#-contraction (Wardowski) [28]). Let (27, d) be a metric space. A mapping T : X — X
is called an F-contraction if there exist a function F : (0,00) — R satisfying Wardowskis azioms and a
constant T > 0 such that

d(TE, 9n) >0 = T+ﬁ(d(9§,9n))§ﬁ(d(f,n)), Véne 2.

Definition 2.11 (Fixed point and Picard iteration [4, 25]). Let . : £ — 2. A point m € 2 is called a
fixed point of 7 if
I =m.

Given & € 4, the Picard iteration is the sequence {£,} defined recursively by
Sn-&-l = 95717 n Z 0.

Definition 2.12 (Classical contraction types [1, 5, 15, 23]). A mapping 7 : Z — Z s called a Banach
contraction if it satisfies Definition 2.6. It is called a Kannan contraction (resp. Chatterjea contraction,
Reich-type contraction) if it satisfies Definition 2.7 (resp. Definition 2.8, Definition 2.9).

Definition 2.13 (Rational-type contraction (prototype) [7]). A rational-type contraction is a self-map
whose contractive control for d(TE, Tn) is expressed through a rational combination of distances, typically
involving d(&,m) together with displacement or cross terms. The first systematic formulation of this type was
introduced by Dass and Gupta [7].

3 New Control Function

In this section, we introduce a new nonlinear rational control function, called the displacement—distance
gauge, which couples the interpoint distance with the self-displacements of the mapping. This control will
be the main tool in establishing our fixed point results.

Definition 3.1. Let a, 8 > 0. The mapping

C
U, 5:1]0,00)° —[0,1), U, 5(a,b,¢) = ;
B [ OO) [ ) ,B(a C) 1+a? +b8+co

(0%

ts called the displacement—distance gauge.
In the special case oo = B =1, we write ¥ := W, 1, and hence

C
U(a,b,¢) = ——m8M.
(3,6, ¢) l1+a+b+c¢

Proposition 3.1. Fiz o, 8 > 0 and let a,b,¢c > 0. Then

0< ¥, 5(a,b,c) <1, Uy p(a,b,¢) =0 < ¢=0.
Moreover, the function ¥, g is strictly increasing in the variable ¢ and strictly decreasing in each of the
variables a and b.

Proof. Let o, 5 > 0 and let a, b, ¢ > 0 be arbitrary. By definition,

Ca
v a,b,c) = .
ap(a, b, ) 1+ af + b8 + ¢
Since a,3 > 0, the functions t + t* and ¢t + t° are continuous and strictly increasing on [0,00).
Consequently, the denominator 1+ a® + b7 + ¢* is strictly positive for all a, b, ¢ > 0. Moreover,

1+a’+06° +¢>¢® forallab,c>0,
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which immediately implies
COZ

nga7ﬁ(a;b7c): 1+aﬁ+bﬂ+ca <1

Next, observe that
U, 5(a,0,0) =0 <= ¢*=0 < ¢=0,

because « > 0 and the only nonnegative real number whose a-th power is zero is zero itself.
To verify the monotonicity with respect to ¢, fix a,b > 0 and consider the real-valued function
C

¢(C) Om@(a7 7C) 1+aB + b8 + ¢’

Since a > 0, the function ¢ — ¢ is strictly increasing, and both numerator and denominator are differentiable
for ¢ > 0. A direct computation gives

(0%

c>0.

ac® (1 +a? + b7)
(1+af + b8 4 ¢2)?’
All factors in the numerator and denominator are nonnegative, and the numerator is strictly positive for

every ¢ > 0. Hence ¢(c¢) > 0 for all ¢ > 0, which proves that ¥, g is strictly increasing in c.
Finally, fix b,¢ > 0 and consider
C(X

=V, y U, 0) = ;
v(a) #000) = T e

Since B > 0, the map a +— a? is strictly increasing. Differentiating with respect to a yields
B—1_.«
a”~ ¢
Y (a) =~ o 5 <0, a>0,
(14 a? + b5 +c2)

and the inequality is strict whenever ¢ > 0. Thus W, g is strictly decreasing in a. An identical argument
applies to b.

This completes the proof. O

¢ > 0.

¢'(c) =

a>0.

Proposition 3.2. Fiz o, > 0 and let a,b,¢ > 0. Then the following hold:
(P1) (Upper bound by a distance-only gauge)

(P2) (Domination lower bound) If a® + b < 6<¢* for some 0 > 0, then

(¥
v b,¢e) > —— —.
aﬂ(aa ,C) - 1+(1+9)Ca

(P3) (Lipschitz-type sensitivity in the distance variable) For fized a,b, the function ¢ — U, g(a,b,c) is
continuous on [0,00) and satisfies

1' \POL ) ) = ) 1. \POL k) ) = 1'
i Bla,b,c) =0 Jim 8(a,b,c)

Proof. Fix o, 8 > 0 and a,b, ¢ > 0. Recall that

c()(
Vas(a,6,¢) = 1+af + b8+

(P1). Since a® > 0 and b” > 0, we have
I1+a®+06% +c¢>1+ ¢

Dividing the nonnegative numerator ¢ by both sides yields

{0} (0%

C ¥
\I/a ,b, - S I
A0 = e STy

which proves (P1).
(P2). Assume a?® + 6% < ¢ for some 6 > 0. Then

T4+a? 467+ ¢ <140+ =1+ (1+6)c
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Dividing ¢* by both sides gives

(0% (0%

C C
>
I+af4+b8 +c = 14 (14 6)c>’

U,.5(a,b,¢) =

which proves (P2).
(P3). Fix a,b > 0 and consider the function
COC

:\I/a s Yy = .
SD(C) ,ﬁ(a b C) 1+aB+68+c

Since ¢ — t is continuous on [0,00) and all algebraic operations preserving continuity are involved, ¢ is
continuous on [0, 00).
For the one-sided limits, note that

lim ¢® = 0, lim ¢® = +o0.
cl0 c—00
Hence,
0
lim ¥, 5(a,b,¢) = —————— =0,
i Yas(® b0 = T F w40
and
: : ¢
cliglo qjaﬁ(a’ b, C) o cliglo 14+ a8 + b8 + ¢ =1
which completes the proof. O

Example 3.1. Each of the following mappings sends [0,00)? into [0,1) and is a particular instance of the
displacement—distance gauge in Definition 3.1 (possibly after a harmless regularization by a parameter € > 0).
For a,b,¢ > 0, define

2

[

¢

v 7b; T v ub7 = T
(e b0 = T 21(®0.0) = T T e
Uralab e — Wb
N WP PR T T r e 42 4
cl/2 2
\J be) = —n— ——— v b¢)=——5—5—
%Vl(a, ,C) 1—|—a—|—b—|—c1/27 2,2(‘17 ac) 1+ﬂ2+b2+c2,
(¥ C
Us(a,b,0) = —— > 0), v o) = ———7,
(et e) = o 620 13(8:0:0) = T
c4
Ui(abe)=—
(00,0 = A

In particular, each displayed function is obtained by fixing («, 8) in Definition 3.1, except W ; which replaces
the constant 1 in the denominator by € > 0 to allow additional scaling flexibility.

Example 3.2. Let (a,b,¢) = (1,3,2). Then
2 2

B e T e 4

Uy5(1,3,2) =

2 2
1+124+324+2 13’

which illustrates that increasing the displacement exponent 8 reduces the value of the gauge and hence

weakens the contractive decrement for fixed «¢.
If (a,b,¢) = (0,0,5), then

¥54(0,0,5) =

25 25

T140+0+25 26

which is close to 1 and reflects a strong distance-driven contractive effect when the self-displacements vanish.

174



4 Main Results

We now establish a purely contractive fixed point theorem governed by the displacement—distance gauge
U, 3. The essential feature is that the nonlinear inequality (4.1) becomes a uniform Banach contraction
once the natural domination of selfdisplacements by the interpoint distance is imposed through (4.2).

Theorem 4.1 (¥, g-contractive fixed point theorem). Let (2", d) be a complete metric space and T : X~ —
Z a self-mapping. Fiz «, 5 > 0 and assume that there exists X € (0,1] such that for all £,m € X,

(7€ Tn) < (1= AWap(d(&, 7€), dln, Tn), d(&,m) ) d(&n). (4.1)
Assume moreover that there exists 0 > 0 such that
A€, 787 +d(n, 7n)® <0d(&,n)* VEne 2. (4.2)

Then T has a unique fived point 1 € X and, for every initial point &g € Z°, the Picard iteration {ny1 = T &y,
converges to .

Proof. Let &,n € 2 with £ #n. Set
a=d(, 7¢), b=d(n, In), c=d(&,n) > 0.
The domination hypothesis (4.2) yields
a? + 6% <0
By Definition 3.1,

CO(

Va.p(a,6,¢) = 1+af + b8 ¢

Since a” + b? < 6c®, we obtain
T4+a? +6% +¢@ <140+ =1+ (1+6)c.
Dividing the positive quantity ¢® by both sides gives

\I/a’g(a, b, C)

COZ
> T 1 )
T 1+ (1460)e
which is precisely the estimate asserted in Proposition 3.2 (P2).
Substituting this bound into the contractive condition (4.1), we infer that
COL
AT ITn)<|1—-A—F—c
(7¢ 77)_( 1+(1+9)c“>c
After algebraic simplification, this can be rewritten as
IO+ 1= N

d(TE, Tn) =
(7& Tn) 1+ (14 6)c
Define the real-valued function
1+ 0+1-Mt
tHy=——— t>0.
=gy =0

Then the above inequality takes the form
d(TE& Tn) < p(c®)d(En).

Observe that ¢ is continuous on [0, c0) and differentiable on (0,00). A direct computation shows that
A
() —
o(t)=— 5 <0 YVt >0,

1+ (1+0))
hence ¢ is strictly decreasing. Moreover,
. 0+1—X
w0 =1 el = ST <,
because A > 0 and 6 > 0.
Therefore, ¢(t) < 1 for every ¢ > 0. Since ¢ is continuous and decreasing on (0,00), there exists a

constant ¢ € (0,1), depending only on A and 6, such that
pt)<g<1 Vit >0.
Consequently,

d(7&,Tn) <qd&mn)  VENEX, EF.

Thus  is a Banach contraction on the complete metric space (27, d). By Theorem 1.1, .7 has a unique
fixed point 7 € 27, and for every initial point { € 2" the Picard iteration &,+1 = J&, converges to w. [J
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We show that the classical Banach, Reich, and Kannan fixed point theorems are contained as special
cases of Theorem 4.1. We also deduce an orbitdominated version which is strictly more general than uniform
contractions.

Corollary 4.1 (Banach contraction as a consequence). Let (2°,d) be a complete metric space and let
T X — X satisfy
(7€, Tn) <kd&n)  VENE X,

for some k € [0,1). Then I has a unique fized point 7 € £ and, for every & € £, the Picard iteration
ént1 = TE&, converges to .
Proof. Fix a = = 1. Since ¥y € [0,1), choose A € (0,1) such that 1 — X > k. Then for all {,n € &,

o (4.1) holds.
Moreover,

(&, 7&) < d(&n) +d(n, Tn) < 2d(&,n),
and similarly for 7; hence (4.2) holds with 6§ = 4. Therefore Theorem 4.1 applies and yields the result. [

Corollary 4.2 (Reich-type consequence). Let (2°,d) be complete and let T : X — 2 salisfy

d(.TE& Tn) < ad&,n)+bd(§, TE) +cdn, Tn),
with a,b,c >0 and a+b+c < 1. Then Z has a unique fized point m € X and {1 = TEp — .
Proof. Since a + b+ ¢ < 1, one has
1 1
(€, 76) < 7—d(&n),  dn, Tn) < 7—d(&n).
2
1—c

Hence (4.2) holds with « = =1 and 0 = . Choosing A :=1— (a + b+ ¢) gives (4.1), so Theorem 4.1
applies. O

Corollary 4.3 (Kannan-type consequence). Let (Z,d) be complete and let T : ' — Z satisfy
d(TE Tn) < w(d(€, TE) +d(n, Tn)),
with k € [0, %) Then 7 has a unique fived point © and Epyy = T &, — .
Proof. From the inequality,
A 76 < rd&m),  din, Tn) < - d(En),
s0 (4.2) holds with « = 8 =1 and § = +2-. Taking A = 1 — 2« yields (4.1), and the conclusion follows from

1—-k"

Theorem 4.1. ]

Theorem 4.2 (Orbitdominated ¥, g contraction). Let (2", d) be a complete metric space and let T : & —
2. Fiza, >0 and X € (0,1]. Assume that for all {,mn € 2,

A(TE Tn) < (1= N p(d(€, 7€), d(n, Tn), (€, ) ) d(&,m). (4.3)
Let & € 2 and define the Picard orbit £,41 = T &,. Suppose there exists 0 > 0 such that
d(gna yfn)ﬁ + d(§n+17 yfn-ﬁ-l)ﬁ < 9d(€n7£n+l)a vn > 0. (44)

Then {£,} converges to the unique fized point m of .

Proof. Let {41 = T&, and set 7, = d(§n7£n+1)' Applying (43) to (§n,Eny1) gives
Tn+1 S (1 - )\‘Ila,5<7-na7-n+17 Tn)) Tn-
By (4.4) and Proposition 3.2(P2),

«

Tn

>
T 1+ (14601

7_&
<|({1- D ——" .
it = ( 1+ (1 +9)Tﬁ) T"

As in the proof of Theorem 4.1, this yields 7,41 < ¢ 7, for some ¢ € (0,1). Thus 7, < ¢"79, and {§,} is
Cauchy. Let 7 = lim&,,.
Passing to the limit in &, = J&, gives 7 = 7. Uniqueness follows as in Theorem 4.1. O

\I]a,ﬁ?(Tna Tn+1, Tn)

Hence
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Theorem 4.3 (Orbitdominated ¥, g contraction). Let (Z',d) be complete and let T : X — Z . Fix
a,f >0 and X € (0,1]. Assume that (4.3) holds for all §,m € Z .

Let &1 = TE&,. If there exists 0 > 0 such that (4.4) holds for all n, then {£,} converges to the unique
fized point w of T .

Proof. Set 1, = d(&y,&n+1). From (4.3) and Proposition 3.2(P2),
T

<(1-r—T ),
T"“—( ’\1+(1+0)73)T"

As in Theorem 4.1, this implies 7,41 < g7, for some ¢ € (0,1). Hence 7,, — 0, {&,} is Cauchy, and &, — 7.
Passing to the limit gives Z 7 = 7, and uniqueness follows. O

Remark 4.1. The class of mappings covered by Theorem 4.1 is a strict superset of the classical Banach
contraction class.
Indeed, if 7 is a Banach contraction, that is,

d(7¢& Tn) <kd&mn)  (0<k<1),
then, for any choice of o, 5 > 0 and for A :==1—k, one has
1-AT,4(a,b,0)>1—-A=k Ya,b,c>0,
because Wo g € [0,1). Consequently,
d(TETn) <kd(&n) < (1-AWqp(a,b,0))dE n),

so every Banach contraction satisfies the U, gcontractive inequality (4.1). Moreover, in this case the
domination condition (4.2) is automatically satisfied on bounded subsets, in particular along the Picard
orbit. Hence Banachs theorem appears as a special case of Theorem 4.1.

The converse, however, is false: there exist mappings that satisfy the hypotheses of Theorem 4.1 but are
not Banach contractions.

Example 4.1. Let
1
n

%Z{O}U{ :nEN}CR, dg,m) =1& —nl.

Then (£, d) is complete since it is a closed subset of R. Define J : 2" — 2 by

7(0) =0, 9<1) _ (neN),

Forgn:%andn:(),

AT, Tn) w1 n
B L e A % o B S 1
d(&n,m) L 4l e
and therefore >Te T
sup W87 _
(X))

Thus 7 is not a Banach contraction.
Forfz%andn:%withn<m,

1 1 m-—n
d(&, 7€) = dn, In) = —— d = .
(& 7€) nm D)’ (n, Tn) 1) (&m) =~
Using 7n(n1+1) < n% and 77"(7?}&“) < # < ﬁ, one gets
1 1 m+n
< — — = .
Since m —n > 1, d(¢,n) > - and hence
m-+n
d(&, 7€) +d(n, Tn) < ——d(&n).

Asm+n <2m and m < 2n(m —n) for m —n > 1, it follows that
(&, 7&) +d(n, Tn) < 4d(&,n).
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Thus the domination condition (4.2) holds globally with («, 8,6) = (1,1,4).

Moreover,
1 1 m—n
d(yﬁayﬁ)— n+1 _m+1'_ (n+1)(m+1)7
o)
d(T€, Tn) nm

1
N <5 wh > 2n.
d(gan) (n+ 1)(m+ 1) =9 whenever m > 2n

For the finitely many pairs with m < 2n, this ratio is still strictly less than 1, hence there exists a uniform
constant p € (0,1) such that
d(TE& Tn) <pd&n)  VEF.
Fix \:=1—p € (0,1). Since ¥;; € [0,1),
1-ATq1(a,b,¢0) >1—-A=p,
and therefore

d(TE& Tn) < (1—=AVy4(a,b,c))d(,n),

so (4.1) is satisfied.
Consequently, all assumptions of Theorem 4.1 hold on (£, d) and 7 has the unique fixed point 7 = 0.
Moreover, for every & € £, the Picard iteration &,,1 = 7§, converges to 0.

Therefore, Theorem 4.1 constitutes a genuine and strict extension of the Banach contraction principle,
providing fixed point existence and convergence for a substantially larger and more flexible class of mappings.

Example 4.2. Let 2" = [0, 1] with the usual metric d(§,n) = | — 7| and define

_ &
Te= e (€.
Then J(Z2) C Z and (2, d) is complete.
For § # 1),
3 U §(1+n) —n(1+¢) € =l
d(TE, Tn) = - = = )
N e e B (e ceer Rl e
hence
(7€, Tn) _ 1
d€m) 1+ +n)
Since m — 1las &n | 0, no constant k& < 1 satisfies d(7&, Tn) < kd(&,n) for all £,y € [0,1].

Therefore .7 is not a Banach contraction.
Fix & € [0,1] and define the Picard orbit &,11 = J&,. Then

&
S

so {&,} is decreasing and bounded below by 0. Hence it converges to some 7 € [0, 1].
Moreover, for every n,

é g’ﬂv

& &
1+&  1+&,

d(gm ygn) = |fn - §n+1| =& —
In particular,
d(fn, yfn) = d(fnué-'nrl»l) vn.
Let o, 8 > 0 and take (a, 8) = (1,1). Then for all n,

A(ény T€2)? + d(Ens1s TEni1)’ = d(€n Enir) + d(Enss Ensa) < 2d(Ens Entr),

so the orbit-domination condition (4.4) holds with § = 2.
Now we verify the ¥-contractive inequality (4.3). Fix £ # 7 in [0, 1] and set

52 ,,72
a:d(&ﬁf)zlJrf, b:d(n,ﬁn):“rn, c=d(&n) =l
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Then

c
d(TETn) = —c—.
eI = g0
Choose A = 1. Since ¢
v S S—
(@60 =o€ O
we obtain ltath
a
1-2\¥ = ¢
( (a,8,¢)) ¢ 1+a+b+cc
Thus (4.3) holds once
l4+a+b

14+&1+n) ~ l+a+b+c
This is equivalent to
T+at+b+c<(1+&1+n) (1+a+b).
Since (14+&)(1+n)>landec=|{—n| <{+n<(1+&)(1+n)— 1, we obtain
I+a+b+c<(1+H)A+n)+a+b<(1+EA+n)(1+a+b),

which proves (4.3).
Therefore all hypotheses of Theorem 4.3 are satisfied. Hence 7 has a unique fixed point 7 € [0, 1] and
&n — m for every &y € [0, 1]. Finally,
T

1+7

ITr=n — 7=

som = 0.
Example 4.3. Let 2" = C([0,1],R) endowed with the supremum metric d(u,v) = ||u — v||oo. Then (2, d)
is complete.

Fix ¢ € C([0,1],R) and define . : 2" — 2" by

1
(Fu)(t) = ult) +¢(t),  te[0,1].

For any u,v € Z°,

1
) d(u,v).

oo

d(Tu, Tv) = H;(uv)

Thus 7 is a Banach contraction with k& = % and therefore has a unique fixed point, which is the unique

2
solution of u = %u + ¢, namely u* = 2.
We now verify compatibility with (4.1). Fix any «, 8 > 0. Since ¥, () € [0,1), we have 1 — AU, g(-) >
1 — X for every A € (0,1]. Choose A € (0,1]. Then 1 — X > 1 and hence

A Tu, Tv) = %d(u,v) < (1 =N d(u,v) < (1= AVq 5(d(u, Tu),d(v, Tv),d(u,v)))d(u,v),

0 (4.1) holds. The domination condition (4.2) can be enforced by restricting to bounded subsets where
|lu — T || is controlled by ||u — v||e, or by simply invoking Theorem 4.1 with any @ that dominates the
displacements on the considered range. In any case, Theorem 4.1 confirms the fixed point u* = 2¢ and
Picard convergence.

Example 4.4. Let 2" = C([0,1],R) with d(u,v) = ||u—v||e. Fix a continuous kernel K : [0,1] x [0,1] = R
and assume

1
M := sup / |K(t,s)]ds < 1.
tel0,1] JO

Define  : & — 2 by .
(Fu)(t) = / Kt ) u(s)ds + g(0),

where g € C([0,1],R) is fixed. Then for any u,v,

1 1
[(Tu)(t) = (T0) (@) S/O (K (¢, 8)] [u(s) —v(s)|ds < IIU*UIIDO/0 |K(t, )| ds,
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so taking the supremum over ¢ yields
d(Tu, Tv) < M d(u,v).

Thus .7 is a Banach contraction. The fixed point is the unique solution of the integral equation u = Ju.
Moreover, for any «, 5 > 0, choose A € (0,1] with 1 — A > M. Since ¥, () € [0,1), we have

1-AU,5()>1—-X>M,
and therefore
d(Tu, Tv) < Md(u,v) < (1= A4 g(d(u, Tu),d(v, Tv),d(u,v))) d(u,v),

0 (4.1) holds. Under standard boundedness constraints on the orbit, one can also ensure (4.2). Hence
Theorem 4.1 applies and produces the same unique solution and convergence of successive approximations.
Example 4.5. Let 2" = {p,q,r} and define a metric d by

dp,q) =1, d(p,7)=2, d(g,r)=2, d(§§) =0,
extended symmetrically. Then (27, d) is complete.

Define . : 2 — 2 by
Tp)=p, T@=p, T(r)=q
Compute the displacements:
d(p, Tp) =0, d(q, 7q) =d(q,p) =1, d(r, Ir)=d(r,q) = 2.
We verify (4.2) for (a, ) = (1,1). For each unordered pair {£,n}:
{&nt=1{p.¢}: dlp,7p)+d(q, 7¢)=0+1<1-d(p,q),
{&nt=_{p.r}: dp,Tp)+d(r,7r)=0+2<1-d(p,r),
{&nt=Ha.rt: dlg, 7q)+d(r,Ir)=1+2<2-d(qr).

Thus (4.2) holds with 6 = 2.
Now verify (4.1) for («, 5,\) = (1,1,1). For each pair (£, 7):

&n)=@aq: dTp,Tq) =dp,p)=0<(1-¥(0,1,1))-1,
&n)=(qr): dTqIr)=dpq=1<1-9(1,22)- 2.

Each inequality is readily checked by direct substitution of ¥(a,b,¢) = m. Hence all hypotheses of
Theorem 4.1 are satisfied, so 7 has a unique fixed point p and every Picard iteration reaches p in finitely
many steps.

5 Application to a Nonlinear Integral Equation
Let .# =[0,1] and 2" = C(#,R) equipped with the metric d(u,v) = ||u — v||c. Then (£, d) is a complete
metric space.

Consider the nonlinear integral equation

1
v(t) = g(¥) +/0 K(t,s) F(s,v(s))ds, te s, (5.1)

where g € C(#,R), the kernel K : .# x .# — R is continuous, and F : .# x R — R is continuous.
Define the operator .7 : 2 — 2 by

(Tu)(t) = g(t) +/0 K(t,s) F(s,u(s))ds.

Assume that there exists . > 0 such that

|F'(s,7) — F(s,q)| < Z|r—q| Vse S, Vr,q eR, (5.2)

and assume further that .
sup/ |K(t,s)|ds < & (5.3)

tes Jo

for some % > 0 satisfying # % < 1.
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Theorem 5.1. Under (5.2)—(5.3) with £ < 1, the integral equation (5.1) has a unique solution v* € X .

*

Moreover, for every initial function ug € 2, the Picard iteration un,+1 = T uy converges uniformly to v*.

Proof. Fix u,v € 2 and t € .#. By (5.2),

(Fu)®) ~ (Fo)0)] < [ 1K) F(s,u(s) = Fls o)l ds <2 [ K(t,)]u(s) - o(s)| s
0 0
Using (5.3) and taking the supremum over ¢ yields
d(Tu, Tv) < KL d(u,v).

Since ¥ < 1,  is a Banach contraction, and hence by Theorem 1.1 it has a unique fixed point v*, which
is precisely the unique solution of (5.1), and the Picard iteration converges uniformly.
We now reinterpret this conclusion within the framework of Theorem 4.1. Fix arbitrary «, 5 > 0 and set

Ai=1-HZ€(0,1).

Since ¥, g(-) € [0,1), we have
1-AU,p()>1-A=X2ZL.

Consequently,
d(Tu, Tv) < H L d(u,v) < (1= AVqp(d(u, Tu),d(v, Tv),d(u,v))) d(u,v),

which is exactly of the form (4.1).

Finally, on bounded subsets of 2  (in particular, along the Picard orbit), the domination condition
(4.2) is satisfied with some 8 > 0, because the displacements d(u,.7u) are uniformly bounded by the
contraction estimate. Hence all assumptions of Theorem 4.1 hold, and the unique solution v* follows as a
direct consequence. O

6 Conclusion

In this paper we introduced a new displacement—distance control function ¥, g that nonlinearly couples
the interpoint distance d(&,n) with the self-displacements d(§, 7€) and d(n, 7 n). Unlike classical linear or
implicit contractive coefficients, this rational gauge adapts dynamically to the geometric position of points
and to their deviation from fixedness.

Under a natural domination hypothesis that links self-displacements to interpoint distances, the ¥, g—
contractive condition is shown to induce a uniform Banach contraction. As a consequence, existence,
uniqueness, and global Picard convergence of fixed points are obtained in complete metric spaces. Several
detailed corollaries demonstrate that the celebrated principles of Banach, Reich, and Kannan are recovered
as special or limiting cases within the present framework.

The applicability of the new control mechanism is further illustrated by a nonlinear integral equation
on a space of continuous functions, where the associated integral operator satisfies the ¥, g—contractive
condition. This confirms that the displacement—distance gauge is effective in treating nonlinear operator
equations that lie beyond standard Lipschitz regimes.

The proposed control function opens several directions for future research, including extensions to
multivalued and cyclic mappings, ordered and generalized metric structures, and dynamical systems with
state-dependent perturbations. We expect that the displacement—distance paradigm will provide a flexible
and unifying tool for developing further generalizations in fixed point theory and its applications.
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