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Abstract

The Griiss inequality is a well-known result in mathematical analysis that gives an upper
estimate for the difference between the integral of the product of two functions and the product of
their individual integrals. Its generalizations in various mathematical contexts, including fractional
calculus. In this paper, we present a comprehensive generalization of certain Griiss-type integral
inequalities and other related integral inequalities using the Caputo-Fabrizio fractional integral
operator. Specifically, we extend and generalize classical integral inequalities to obtain new results
within the framework of fractional calculus. Unlike traditional fractional operators, the Caputo-
Fabrizio operator is characterized by a non-singular exponential kernel that provides a more regular
and physically meaningful approach to fractional integration. By utilizing this operator into the
analysis, we derive new generalized versions of the classical Griiss inequality.
2020 Mathematical Sciences Classification: 26A33, 26D15, 26D10, 47G20, 45P05.
Keywords and Phrases: Young’s inequality, Griiss inequality, weighted Griiss inequality, pre-
Griiss inequality, Caputo—Fabrizio fractional integral operator.

1 Introduction
Chebyshev [5] introduced the well-known Chebyshev inequality

Ezigl :sﬁ(e)p(o) o > <52 igl /:YJ(G) de) <52 igl / 0(0) d9>, (1.1)

where £ and p are two Lebesgue integrable functions on [e1, €3] which are synchronous on [e1, &3], that is,

($(0) = H(e)(p0) — p(p)) 20, 0,¢ € [e1,2].
The well-known Chebyshev functional [5] is defined by

(5, p) = 52;1 /:2.6(9)p(9)d9— <€21€1 /:5'3(9)d9) <52151 / p(@)d@), (12)

where §) and p are two Lebesgue integrable functions on [e1, 2] which are synchronous on [e7, e2] then

T($,9) 2 0. (1.3)

A weighted extension of the Chebyshev functional was presented by the Chebyshev in [5], generalizing
the formulation in (1.1).

16,00 = [ u@)as [ Cuc@o@ - [ u@n@a [ oo o, (1.4)

where $) and p are two Lebesgue integrable functions on [e1,e2] and u is positive and integrable functions
on a finite interval [e1, 2]
Again Chebyshev [5] considered the extended Chebyshev functional

7, 9.0) = | w0y do / u(0)9(0)0(0) db + / () do / ~ u(0)(0)0(0) do

€1 €1 €1 €1
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_ / u(0)5(0) do /  (0)p(0) db — / " w(0)0(0) db /  0(0)9(0) db, (1.5)

€1 €1 €1 €1
where $) and p are two real-valued integrable functions which are synchronous on [e1,e2] and u,v are two
positive integrable functions on a finite interval [e1, &2].
In 1935, Griiss [15] introduced the following inequality

— :sﬁ(a)p(e)da—<€2igl /:5(9)d9> (82151 / (9)d9)‘ <to-we-0, 16

such that $) and p are integrable functions on [e1, 2] and satisfy the condition
p<9H0) <q,0<p(0) <ep,q,0,e €R, 0 € [e1, 2],
In 1999, Matié¢ et al. [21] introduced the pre-Griiss inequality

62—51/ 90 d9—(€2151 /61253(0)(%) (52151 /Efzp(o)de))‘

1
2

<l (Ezigl [ ewa- (= [ p(0>d6)2> , (17)

such that £ is integrable functions on [, £2] and satisfy the condition
p<H0) <agp,qgeR,0E€[e1,e2]
In 2018, Choi [9] proved Griiss inequality for two weighted functions.

Let 9,0 : [e1,e2] — R be integrable functions such that p < H(0) < q and 0 < p(f) < ¢ for all f € [e1, &3],
where p, 4,0, ¢ are constants. Also let u,v : [1,e2] — [0,00) be integrable functions on [e1, 2] such that

min{/:z u(6) d9,/:21)(9) do} > 0,

T p,u0)] < [(@_20,)2 +2||55||§o> ((0_26)2 +2||p|goﬂé

(/ woya) (| v(6)as). (18)

[9lloc = sup [9(0)] and [[pllec = sup |p(0)]-

0€(er,e2] 0€(er,e2]

e \

then

Fractional calculus generalizes classical calculus to derivatives and integrals of non-integer order.
Fractional integral inequalities provide bounds for fractional operators and are important tools in the analysis
of fractional differential and integral equations.

The introduction of fractional integral operators has played a significant role in extending classical integral
inequalities. In particular, Griiss inequalities and their various extensions have been established for the
Riemann-Liouville, Hadamard, Erdlyi-Kober, Saigo, Katugampola fractional integral operators, including
those involving the Mittag-Leffler kernel and the references therein [1, 8, 12, 16, 20, 25, 26, 27, 28, 29].

In recent years, fractional integral inequalities have received considerable attention in fractional analysis.
Numerous extensions of classical inequalities, including Griiss, weighted Griiss, Chebyshev, and pre-Griiss
inequalities, have been established for a variety of fractional integral operators and the references therein
[2, 11, 13, 14, 18, 19].

In [4] Caputo and Fabrizio introduced a novel class of fractional derivatives characterized by exponential
kernels, which has been successfully applied to both time- and space-fractional models. Subsequently,[24]
in 2019 Nchama et al. derived new fractional integral inequalities using the Caputo-Fabrizio operator.More
recently, several authors have established Chebyshev, Griiss, weighted, Pélya-Szeg6, and Minkowski-type
inequalities involving the Caputo-Fabrizio fractional integral operator [6, 7, 22, 23].

Motivated by the aforementioned studies and results, the primary objective of this paper is to derive new
generalized fractional integral inequalities involving the Caputo-Fabrizio integral operator. In particular, we
establish novel inequalities based on Youngs inequality, the arithmetic-geometric mean inequality, as well as
Griss-type, weighted Griiss-type, and pre-Griiss-type integral inequalities.
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Definition 1.1 ([3] (Cauchy—Schwarz Inequality)). Let $H(a, 8) and p(«, 3) be measurable functions defined
on a product measure space D = [c1,¢3] X [b1,b2]. Then the Cauchy—Schwarz inequality states that

([ entonscs) = ([ peatocs) ([fsento). s

where c1, ca, b1, by are real numbers and measurable set D C R2.

Definition 1.2 ([10, 17]). Let $ and @ be continuous, strictly increasing and mutually inverse for non-
negative argument, with $(0) = p(0) = 0. Then

mn < /Omﬁ(m) dx + /o” p(z) de, (1.10)

equality is satisfied if and only if n = H(m). In this form, if m,n are non-negative and r,s > 1 such that
% + % =1, then

1 1 1 1

-m" + -n® > mn, m,n>0 -4+ -=1

T s r s
Definition 1.3 ([4]). Let n € R such that 0 <n < 1. The Caputo—Fabrizio fractional integral of order n of

a function | is defined by

1 4 1—m
U oT(0) = / e UmHf(¢) dg. (1.11)
0
Forn =1, we get

4 ,7(0) / i (1.12)

2  On certain fractional integral inequalities

This section explores the establishment and generalization of new fractional integral inequalities and their
extensions through classical integral inequalities such as Young’s inequality and the arithmetic—geometric
mean inequality.

Theorem 2.1. Suppose that $ and p are two positive and integrable functions on [0,00) and if r,s > 1 be
such that % + % =1. For0>0,0<n<1,0<9 <1 then the following inequalities hold:

() 4,5 (0)540°(6) + 403 ,9° (0)58 57 (9)
= 45(0)008 245(0)0(0),
() 1400 (60) + 806" (6) > 17,97 0)0 " O DO 0),
(0) %ug,ma)uo,ep (6) + 449" ()87 ()
> U7 57 (0)9° (045 45 (0)0(0),
() 14,5 000" (6) + 80 40 O)88,057 (6)
> 47,9 O T OIS 47 () (6).
Proof. We use the following Young’s inequality given by

1 1 . 1 1
-m"+-n*>mn, mn>0 -+-=1. (2.1)
r s ros
Now for m = $(a)p(8) and n = H(B)p(a), o, B > 0, we get
1 1
~@(@)p(B))" + - (B (B)p(e))” = ((a)p(B))(H(B)p(a)). (2.2)
Multiplying (2.2) by %e_l%(e_a) and integrating with respect to « from 0 to 6 and using (1.11) we have
O 57 0) + LDty 000) > (3 0(8)88,(9(0)0(6). (23)
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Multiplying (2.3) by %e_%((’_ﬁ) and integrating with respect to 8 from 0 to 6 and using (1.11) we have

L0 5 (O, 067(0) + 8 17 (185,97 (6) > 187, (9(0) o 0))15 o (9(0) (). (24)

Similarly, inequalities (b), (c), (d) can be established by substituting the following identities in (2.1),
respectively

H(a) pla)

m = Wﬁ)’ n= ma H(B), p(B) # 0, (2.5)
m=H()p”(B), n=H(B)p(w), (2.6)
m =57 (a)H(B), n=p*(a)p(f). (2.7)

O

Theorem 2.2. Suppose that $ and p are two positive and integrable function on [0,00) and if r,s > 1 be
such that % + % =1. For 0 >0, 0 <n <1 then following inequalities satisfied:

1 T 1 s 1- n
(@) F56) + 1007 (6) > | — | 4L 96008 006),
—e n

(6) 103,057 (O)86 7 (0) + 187" (0)361,9°(6) > (47,9(0)0(6))
(€) L1805 (B)80 47 (6) + 187 " (0)84],9° ()

> (4,,(59)10) (8,4(99)° 7))
(d) 43597 (O)43 07 (0) > (434 9(0)0(0) ) (L5451 (B)9* ()

Proof. (a) We use the following Youngs inequality given by
1 1 1 1

;mr + gns > mn, m,n > 0, - + 5= 1. (2.8)
Now for m = $(a) and n = p(5), o, 8 > 0 in (2.8), we get
1 1
~9 () + 2% (6) 2 H(a)p(B)- (2.9)

Multiplying (2.9) by %eil%ln(efa) and integrating with respect to a from 0 to 6 and using (1.11) we have
©°(8)
s(1—n)

Multiplying (2.10) by %6_1%(9_5) and integrating with respect to 8 from 0 to 6 and using (1.11) we
have

L5 (0) + 159 = (B8] ,<(6). (2.10)

%ug,mr(e) + éugﬁps(e) > 1—1;17#]9&8’95(9) U3 99(6). (2.11)
(b) For proof of (b), put m = H(a)p(s) and n = H(L)p(a) in (2.8) we get the desired result.
(¢) For proof of (¢), put m = 25%;( a)nd n= 2%;,( p)(a) # 0, p(B) # 0 in (2.8) we get the desired result.
! ! . .
resu(lci.) For proof of (d), put m = 50 and n = %, H(B) £ 0, p(B) # 0 in (2.8) we get the des1re;
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Theorem 2.3. Suppose that $ and p are two positive and integrable functions on [0,00) and if r,s > 1 be
such that % + % =1. For 0 >0, 0 <n <1 then following inequalities satisfied:

@~ (5,0°0)) (5,5 0) + + (4,5°0) (8,0°0))

> (4,67 (0)5°0)) (,,50)0(0)) .
(42067 )) (42,0970)) + - (42,5°0)) (157,676

> (43,57 (0)510)) (4,57 0)0°(9))

w1

Lo (@)6%(8) + 6" (@)952(8) = Ha)ela)n? (B)o? (9) (212)
Multiplying (2.12) by %67%(97“) and integrating with respect to « from 0 to 6 we get
2 2
OO (g 5r)) + 2 (w,000)) 2 5 (910 (9) (41,9(0)0(0)) (213)

Now multiplying (2.13) by %6_1%(9_5) and integrating with respect to 8 from 0 to 6 we get (a).

M

2
(b) Substituting m = ﬁﬁ((;)‘),n = K;((ﬁo)‘)75§(ﬁ), ©(B) #01in (2.8), we get

(a) | @) _ H(@)pt ()
rH7(B)  sp*(B) T H(B)e((B)

which can be written as

H*(a)p*(B) | ©*(@)H"(B)

+ > H7 (a)p® ()91 (B)p* 1 (B). (2.14)

Again, multiplying (2.14) by %6—1*7”(9—&) and integrating with respect to « from 0 to 6 and using (1.11)
we have ) & (5)
o " e s 2 2
2 (1g,5%0)) + 22 (4,070) = 57 B0 (8) (97 0007 0)) (2.15)
Multiplying (2.15) by %eil_Tn(G*B) and integrating with respect to 8 from 0 to 6 we get (b). O

Theorem 2.4. Let 6 > 0, 0 < n < 1, $ and p be two positive and integrable functions on [0,00) and if
r,s > 1 be such that

1 1
S s =1
r s
Let
S = min Hla) and P = max M. (2.16)
0<a<6 p(a) 0<a<6 p(a)

Then the following inequalities satisfied:

W 0< (w,5°08,6°0) < CL2 (w,90000)

() 0< \/ (4450920 (8209%(0)) = (4365(0)6))
< Wi;glf) (43650)0(9))
(c) 0= (43,9°0)) (4,0°0)) — (4 50)0(9))

E 2 (w0000

<
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Proof. (a) From equation (2.16) and inequality

(ﬁ(a)S> (Pﬁ(a)) 0?(a) > 0,0 < a <0,

p(a)

which can be written as

it follows that

(H(e)

p(a)

= Sp(a))(Pp(a) — &(e)) = 0,

(P +S)H(a)p(a) > H%(a) + SPp?(a).

Multiplying (2.18) by %671%}(970‘) and integrating with respect to « from 0 to 6 we get
(P +S)UG g9 (0)p(6) > LG 4$H7°(6) + SP UG 4™ (6).

Now, since SP

so that

>0,

(Vug,92)

U0 yH*(6) + SPLUG ,0* (6

BP0 20,

Using equations (2.19) and (2.21) we get
2,/40 4592(6) [SPA ,02(6) < (P +S)UK ,5(0)(6),

which follows that
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(b) By using equation (2.22)

(ugﬂ@?(g)) (ﬂg,wz’(&)) < (PZS%)Q

\/ (,59%)) (45,6°0) <

Subtracting 4 ,9(0)p(0) from both sides of (2.23), we get

\/ (4692(0)) (4359°(9)) — 13 45 O)0(6) <

It follows that

\/ (47,592(0)) (45,06°(0)) = 41 ,H(O)(0) <

(c) By using equation (2.22)

(46,,9%0)

It follows that

(P+S)2

84, 697 ( ) (ﬂgeﬁﬁ(e)) < ISP

Subtracting (ﬂgﬁ.ﬁ( )p(@)) from both sides of (2.24), we get

(45,69%(0)) (845 09°(9)) —

(45,697 (0)) (85 09°(9)) —

(U5,65(0)0(6))* <

(U5,65(0)0(6))* <

P+S
2vSP

(VP —V/S)?
2V/SP

(45,0900

P+S
2\/* 09'6

(44,0900

(,62®) - (,90)00))" < E52

(P-5S)

4SP

(P-S)

4SP

) 2 2[4 ,52(0)/SPAT 0 (0).

ol6)

(@)p(0).

5/ep J0.09(O)(0) =15 pH(0)0(6).

€,95(0)6(0).
o))

(42,5000
(42,50)0(0)) "

(42,5000

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)



Theorem 2.5. Suppose that $ and p are two positive and integrable functions on [0,00) and if r,s > 1 be
such that % + % =1. For0>0,0<n<1,0<9 <1 then following inequalities satisfied.

(a) rﬂg’(,f)(ﬁ)ug,ap(ﬁ) + 583 p0(0 )116979.6(9)
> U5 o (97 ()9 (0)) 15,4 (H" (0)0°(8)) .

(b) ruz,m“l(9>u3,e(ﬁ(9) *(0)) + s 45 o0° 1 (0) U5 o (0° (0)5(6))
> 43 49" (0) 4g,05" (0),

ORERUPLICHR oe@ "0 )+5ﬂ09@() —00 9% (0)
> 43 (57(0)0°(0)) 45,6 (07 (0)9%(9)) ,

(@) rug, (97 wnuw¢1wrmuwp ROIAE
238,0@2(9)110,05 (0).

Proof. (a) From the arithmetic mean and geometric mean inequality (AM-GM) given by

2
s

(0)57(0))

rm+sn>m'n®, mmn>0, r+s=1 (2.25)
Now putting m = H(a)p(B) and n = H(B)p(a), a,f > 0 in (2.25), we get
rH(a)p(B) + s9H(B)p(a) = (H(a)p(B)" (H(B)p(a))”. (2.26)

Multiplying (2.26) by %eil%tn(g*“) and integrating with respect to « from 0 to 6 and using (1.11) we
have

rp(B)Ug g9(0) + sH(B)LG o 0(0) > H7(8)p° (B)LUF 4 (H"(0)0"(0)). (2.27)

Multiplying (2.27) by %e’%w’m and integrating with respect to 5 from 0 to 6, and using (1.11) we
have

TG oD (O)UF 40 (0) + UG 4 0(O)UF 45(0) > LG 4(97(0) 9" ()15 (7 (0)5°(6)),

which is the required inequality.
Other inequalities can be arrived by substituting identities in (2.25), respectively

_9B) sl

(b) - .6(0() an n= m7 5’)(04), p(ﬁ) 7é 0) (2'28)

() m=9(a)p?(f) and n=9%(B)p(a), (229)
= Sjé (a) an n ﬁ% (6) «

O

3 Griiss-type fractional integral inequalities

This section presents new generalized forms of Griiss-type fractional integral inequalities formulated via the
Caputo-Fabrizio fractional integral operator.

(H)Assume that $,p : [e1,e2] — R are two integrable functions on [e1,es] for which there exist
constants p, q,0, ¢ € R such that

p<9H0)<q, 02<p(0)<e,  0€le,e] (3.1)

Lemma 3.1. Suppose §) is integrable function on [0,00) satisfying the condition H on [0,00). Then for
0<0<eq, 0<n <1, we have:

o [T w70 - (uge00))

= (b= [1- ) - 0 (80,90 - ar= [1- 7))

— [T W (- 90)(5(0) - 0)). (3:2)
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Proof. Suppose $) is integrable function on [0, o) satisfying the condition H on [0, c0). For any «, 5 € [0, 00),
we have

(r = 9H(B) (@) =) + (p = H(@)(H(B) — a) = (b = H())(H () —q)
— (P =H(B)H(B) —a) = H(a) +H°(8) — 295(2)$H(H). (3-3)

Multiplying (3.3) by %6_%(9_00 and integrating with respect to « from 0 to 6 we get
1 _1-n
(p—9(8)) (%77955(9) 9, [1—6 "70D

+ <p1i [1 - 6_14;7[9} —ﬂg,aﬁ(9)> (H(8) —a)

n
1 _lon
=4, ((p = SE)SE) ~ ) ~ (b= HENGE) ~ )= [1 - 7]
1 1-n
= 15,09%(0) + (B L= ¢ 7]~ 29(9)45,9(0) (3.4)
Now, multiplying (3.4) by%e_%(a_ﬁ)and integrating with respect to 8 from 0 to 6 which gives (3.2)
and proves the lemma. O

Theorem 3.1. Suppose that $ and  are two integrable functions on [0,00) satisfying the condition H on
[0,00). Then for 0 < 0 <eg and 0 < n <1, we have the inequality
1 _lon
1-7 [1 —e 0] 116’79(56(0)@(9)) _ug,o(ﬁ(a)) ug,e(@(e))
1 1 2

<(——|1—e 7 - —e). .
(15[ ) eoae-9 35)
Proof. Let $ and p be two integrable functions on [0, 00) satisfying the condition H on [0, c0). Define

J(e, B) = (5(e) = H(8)) (p(a) — p(B)). (3.6)

Multiplying (3.6) by #67%(07Q)67%(975) and integrating with respect to o and 3 over (0,0)2, we
get

T
[ [T O (5(0) = 5(8)) (ole) - o(9) daras
0o Jo
1 _1-n
=27, (1= 7] 400,(5(0)p(0)) — 2403 4(5(6)) 143 o((0)). (3.7)
Applying the Cauchy—Schwarz inequality, we have

(5 1 7] hlo01000) - 50 630000 )

L—n
< (15 [ [ o) - (s50)]
< (2 [ 7)) [t - (o) ] 55)
Since (5 = 5(0))(360) =) >0 0= p(6)(5(6) =) > 0 we e
T [T (0 - 50)(5(60) ~ ) 2 (3.9)
" = [1- g (0 = 0O 0(0) — 0) 2 0 (3.10)

Using (3.2), (3.9) and (3.10), we have

a i m [1 — e—(l%")ﬂ o« 92(0) - (ugﬁg(@))

2
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< (o= [1- O] - g090)) (3090 a2 1= 1)) ey

n
and
= (1= g0 - (Wha0t))
( 1i [1 —e (“T")"] —ugﬂp(ao (ugﬂp(e) — e i g [1 - e(ln”)"D . (3.12)
By using (3.2) and inequalities (3.8), (3.11) and (3.12), we have

( S (90(0)) —u&g(ﬁ(e))ug,e(pw)))Q
< (plin [1 - e—(l%")ﬂ — 4! 95(9)) (ug H(0) — qﬁ [1 - e—(ln")e])

: (plin [1- (5] - a3 (0 ) ( 3o9(0) — e e . [1- e(l;n)aD . (3.13)

Now using the elementary identities 4ab < (a +b)?, a,b € R, we can state that

< <1i77 {1 - e*(l%,")ﬂ (p— q)>2 , (3.14)
1 (oli [1-e (5] - a3 9.6(9)> <ug p9(0) — e [1- e—(%,")eD
< (1;7 [1—6*(1%’7)9] (a—e)>2. (3.15)
Again using (3.13), (3.14) and (3.15), we get the desired result. O

Lemma 3.2. Suppose that ) and @ are two integrable functions on [0,00). Then for 0 < 0 < e9, 0 <n <1,
0 <9 <1, we have the inequality

<1in {1 B e_(l%")e} o« 9 (0) + ﬁ [1 _ e—(%ﬁ)e} U0 5 Co(0) — UG pH(0)L 0 (6)

2
— 45 o9 (0)415 @(9)>

< (1;7 [1- e (5] y20) + 12 [1 - e (509 3 9%0) - 2113795(0)113735(9))

1 _1-n 1 _1-9
(1_,7 (1 T o0 + 7 [1 -7 G}Ltg,ep?(e)2u8,ap<e>u3,gp<9>>. (3.16)

1 g
Proof. Multiplying (3.7) by 76_7(9 a)ﬁ =52
n

and applying Cauchy-Schwarz inequality for double integrals, we get the desired result. O

(6=68) and integrating with respect to a and S over (0,6)?

Lemma 3.3. Suppose that ) be an integrable function on [0,00) satisfying the condition H on [0,00). Then
for0< B <ey, 0<n<1,0<9 <1, we have:
1
1-—
(1-9) {

_ <p(1_1m 1] — g (0 )) <ug,m(a)—q(1iﬁ) [1-e

g -

0] 4 992(0) — 296, 5(0) 45 45(0)

1—9
a- )9D
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- [ T (e - 90)(50) - )

- ﬁ 1= 7720 43 (0~ 5(0)(5(0) — ). (3.17)

Proof. Multiplying (3.5) by %e*%(efﬁ) and integrating with respect to 8 from 0 to 6 which gives (3.17)
and proves the lemma. O

Theorem 3.2. Suppose that $ and p are two integrable functions on [0,00) satisfying the condition H on
[0,00). Then for 0 <0 <es, 0<n<1,0<¥ <1 we have the inequality

1 _(-n) . 1 _a-9
<(177) [1 —e 9} 45 9H0(0) + -9 [1 —e T )9} HPGISIC))

2
- ﬂg}oﬁ(ﬂ)ﬂg,@ p(0) — ug,eﬁ(o)ug,e @(9)>

| (e

3 [1_6 agm } 8 9 (0 )) (ugﬁg(g)_q(l_lﬁ) {1_6_

1—9
a- >9D

=
gl som) (a0l
X [(a(l m {1_6 “7,77)0} ugﬂp(@)) (ug’w(g)_e(llﬁ) [1_6_0191»9})
# (o [1- 7]~ o00)) (Wha900) = e [1-75]) 1 o9

Proof. Since (p —$H(0))(H(0) —q) >0 and (0 — p(0))(p(f) —¢) >0,
Therefore we write

o [ g 500506 0)

1 [ (1719)9'

Taog LT T (= H@)(0) — ) <0. (3.19)
and _

-y [T 8 (0 - 0O 616) - )

- qug) :1 - 67(157%: U3 5 ((0 = p(0))(p(0) —¢)) < 0. (3.20)

Now applying (3.17) to $ and p we get
1 =00 (n &2 Y =2 1 _ 5] o¢m 9
5 1= e 01 ,52(0) + 40,69%(9) (1= 5] = 20,5 (0)38] 65(0)

(1-mn) )
< p(l i n) [1 — e‘%g] _218195’)(9)> (ﬂg’eﬁ(g) B q(l i 5 [1 B 6_119199}>
# (g - 00 (1090 a1, (321)

and
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L e 7 _ 1 )
+ <D(1 —9) [1 e v } uo,e@(@) (11079@(9) 9(1 ) [1 e }) . (3.22)
Using (3.21) and (3.22) in (3.16) we get the desired result. O

4  Gruss-type fractional integral inequalities for two weighted functions

This section is devoted to the study of generalized versions of Griiss-type fractional integral inequalities for
two weighted functions involving the Caputo—Fabrizio fractional integral operator.

Lemma 4.1. Assume Q) is an integrable function on [e1, €3] satisfying the condition p < () < q on [e1, 2]
and suppose u and v are two positive functions on [e1,e2]. Then for 0 < 0 < &3, 0 <n <1, we have:

(ug,g[@—sz(e)) (0 )]) (4 o12(0) — pyue))
+ (47,000 - )(uge (66) - a)e(0 )1)
— (43 4lp — 20))(2(6)
— (882,010 — 20)(206) -

2 (1, [02(0))) (ugye[usz(eﬂ) . (4.1)

Proof. Let Q be an integrable function on [e1, g9] satisfying the condition p < Q(0) < q on [e1,¢e3]. For any
a, 8 € [e1,e2], we have
(b — €2(8)) () — q) + (U — Q())(2B) — a)
— (p = Q(a))(a) —q) — (b — 2(B))(2B) —q)

= Q%(a) + Q*(B) — 22(a)Q(B). (4.2)
Multiplying (4.2) by n%e_%(e_a)e_an(e_ﬁ)u(a)v(ﬁ) and integrating with respect to a and 3 over (0, 6)2,
we get the required lemma. O

Theorem 4.1. Suppose that $ and p are two integrable functions on [e1, 2] satisfying the condition H
and suppose u and v are two positive functions on [e1,e2]. Then for 0 < § < g2, 0 < n < 1, we have the
inequality:

468 4 (06)) 63,5 (6CO(0)) + 85 o (w(6))85 o (v536(0))

— U3 (uH (0D (v6(6)) = L (05 (04 o (ur(6))

< [(“"2‘” i 2||ﬁ§o> (<°—2> i z||p||§o)] U (w08, (0(0)) )
where $, 9 € Looler, €2].

Proof. Let $ and p be two integrable functions on [e1, £] satisfying the condition H. Define the functional

J(e, B) = (9(a) = H(8))(p(a) — p(B)). (4.4)

Multiplying (4.4) by n%efl;nw*a)efl%(e Au(a)v(B) and integrating with respect to o and 8 over
(0,0)% we get

o 0 -
= [ [ T RO u@)u(3)(Cle) - () 6e) - 5(8)) dads

=15 (v(0))8lg 4 (uH(0)) + 415 5 (u(0))85 4 (vHP(0)) — 415 5 (uH(0))Ug o (v(0))

— Ug 5 (V9 (0))LU5 o (up(9)). (4.5)
Applying Cauchy—Schwarz inequality for double integral and using Lemma 4.1 and using the result
4ab < (a +b)?; a,b € R and utilizing the two inequalities

(4 5 (u(B))uf o (v53(8))]* < 19112 [L 5 (u(@)L] 4 (v(6))]7,
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(847 5 (0(0)847 4 (us3(8))]% < (195112 [ (w(8) )62 4 (0(8))], (4.6)

we get
(85,6 [u(O)])) (L5 5[0 (O)]) + (U5 6 [v(O)]) (815 o [u$* (0)])
= 2(8g o [vH(0)]) (U5 o [uH(6)])

< (252 20l ) 4 u(0) 81 0000 @)
Similarly, we obtain
(860, [(8)]) (4] [P (B)]) + (8] [0 ()] (142 o [ur?(6))
— 2(Ug 6[vp(0)]) (Lg 4 [up(9)])
< (S5 +alolz,) 86,0000 830000 (@8)
Using (4.5), (4.7) and (4.8) we get the desired result. O

Corollary 4.1. Suppose that $) is integrable function on [e1, 2] satisfying the condition H and suppose u is
positive functions on [e1,€2]. Then for 0 < § < eq, 0 <n < 1, we have the inequality:

S w05} (057(0)) — (81, (u90))7] < (P 4 012, ) @)’ w9
where $) € Loo[e1, €2].
Proof. Applying Theorem 4.1 for $(0) = p(6) and u() = v(0), we get (4.9). O

Lemma 4.2. Suppose that $ and © are two integrable functions on [e1,€2] satisfying the condition H and
suppose u and v are two positive functions on [e1,e2]. Then for 0 <0 <e9, 0 <n<1,0< 9 <1, we have
the inequality:

(42,0 (0(0)) 42, (u0(6) + 12,5 (0(6)) 48,0 (uDp(6)) + 8 5 ((6)) 83 (v50(6)
105 (0(0)) 40, (059(0)) — 20,0 (uH(0)) 88 (0(0)) — 425 (u5(6)) L1 4 (v (6))
5 (p(0)) 50,5 (055(0)) — 88 (uo(0)) L2 4 (05(0))]
< (425 0(0)) 85, (092(0)) 13, (u(6)) 855 (05°(0)) + 187 (0(6)) 13 (u* ()
100 (00)) 41 (4 (8)) — 211 5 (uSH(6)) 583 (05(6)) — 21885 (uH(6)) 4], (v5(6)
s (887, ((6)) .0 (0(0)) + 48,0 ((0)) 411 (0(6)) + 41 5 (0(6)) 83 (2 (6))
100 (00)) 41 (w2 (0) — 2883 ((0)) 85 (00(6) — 2883 ((0)) ] (0(6))) . (4.10)
Proof. Let us consider the functional
J(@. 8) = (%) — H(8))(o(a) - p(8)). (4.11)

Multiplying (4.17) byn%efl%(e*a)e—%(9—3)11(0[)1)(6) and integrating with respect to « and 3 over
(0,0)2, we get

6 r0O
niﬁ / / (5(a) — H(B))(p(a) — p(B))e~ O e~ C=Ny(a)o(8) dadp
= 4, (0(0)) 42,5 (uH(0)) + K24 (0(0)) K, (uSH(6)) + Lo (u(0)) 4 4 (153(6))
A (0(0)) L o (96(6)) — L2 (uS)(0)) 18 o (v(0)) — L10,5(uH(0)) L1, (v (0))

— g o (up(0)) U5 5 (v53(0)) — L5 5 (up(6)) Ug o (v5(0)).- (4.12)
Applying Cauchy—Schwarz inequality for double integral, we get the lemma. O
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Lemma 4.3. Assume Q) is an integrable function on [e1, &3] satisfying the condition p < Q(0) < q on [e1, &3]
and suppose u and v are two positive functions on [e1,e3]. Then for 0 < 0 <e3, 0<n<1,0< 9 <1, we
have:

— (86 u(0)]) (42, [0 — 20))(2(0) — a)u(6)])

= 43 [0 (0)] 4 0(0)] + 880 [ (0)] 84, [0(6)]

13 o 1(0)] 40 [0 (6)) + 48 g u(0)] 63, [O2 (6)]

— 2400, [uS2O))8 o [02(0)] — 24 [ D)1 [092(0)] (413)

1 —n 1 —
Proof. Multiplying (4.2) by Ee_lT(G_a)56’%(0’[5%(&)@(6) and integrating with respect to « and 3 over
(0,0)? we get the required lemma. O

Theorem 4.2. Suppose that $ and @ are two integrable functions on [e1,e3] satisfying the condition H and
suppose u and v are two positive functions on [e1,e3]. Then for 0 <0 <e9, 0 <n<1,0< 9 <1, we have
the inequality:

480 (OS] o (uHp(8)) + £ (v(O))4F 4 (up(0)) + 47 5 (w(9))387 o (v84(9))
41 (u(0)88] 5 (99(68)) — S0 o (uH(0)) 43 6 (0(0)) — 45y (S (O))UF 5 (09(0))
— 4 (uSH(O))LE 5 (v5(0)) — 147 4 (uH(9)86] , (5(0))|

< (S5 wainiz) (5L walolz )] [t @ o) + 82 @) o@)] . (210
where 9, o € Log[e1,€2].

Proof. Since

therefore we write

— UG 4 [v(0)]8 5[(p — H(6))(H(0) — q)u(6)]
— 40 [(O)]445 (P — H(6))($(8) — a)u(®)]
— U 4 [w()]LUS o[(p — H(0))(H(0) — 9)v(0)]
— 45 5 [u(B)147 o[ (0 — H(6)((8) — a)u(6)] <0, (4.15)
and
— 42, [0(6))562 4 [(b — 9(6)) (9(6) — e)u(6))
— 45 5 [0(0)]LF 6[(2 — 9 () (9(8) — €)u(B)]
— 43 o [u(B)]445,[(® — 0(6)) (0(6) — e)u(6)]
— 447 [u(O) [0 — 9(6))((0) — e)o(6)] <0, (4.16)
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Now applying (4.13) to $ and p and using the result 4ab < (a + b)?, a,b € R and utilize the two
inequalities

(475 u@)2 5 (09(0))] < 912 [857 (u(@)s5], (0(6)]

42,0055, (e8] < 1912 [8575 (02, 0(0))] (4.17)
we get

JUG o [0(0)] + 418 5 [uH* ()IUF 5 [0(0)] + L5 o [u(O)]LUG [vH*(0)]

< (BT 2191 )[4 a0 Fo0)] + 43 (6118 00N (18)
Similarly, we obtain
uzg[up (60183, [0(0)] + 43, [ )84 o [0(6)] + 53 u(O)}18 o (0]
2 lu(O)88] 5 [0 (8)] — 207 up(B)117 [0 (6)] — 2083 (D)1 o (0)]
< (< Lol ) [ a0 o(0))+ 4 08 0] (4.19)

Using (4.10), (4.18) and (4.19) we get the desired result. O

Corollary 4.2. Suppose that $) is an integrable function on [e1,¢e2] satisfying the condition H and suppose
u and v are two positive functions on [e1,e3]. Then for 0 < 0 < ey, 0 <n < 1,0 < ¥ <1, we have the
inequality

42 5(08)) 85 o (6)) + 86 (1(6)) 865 o(052(6)) + U3 o(0(8)) 4] (u5*(6)
15 o(u(0)) UF o(057(0)) — 243 o(uH(0)) UF o(v5(6)) — 248 o(u(6)) L (v5(0))|

_ ~\2
< ((";') + 2||sazo) [ 5(1(9)) 18 o(0(6) + 983 (0)) 17 5(0(6) | (4:20)

where §) € Looler, €2].

Proof. Applying Theorem 4.2 for $(0) = p(0) and u() = v(0), we get (4.20). O
5 n-order pre-Griiss fractional integral inequality

This section investigates generalized forms of the n-order pre-Griiss fractional integral inequality using the
Caputo—Fabrizio fractional integral operator.

Theorem 5.1. Suppose that $ and o are two integrable functions on [0,00) satisfying the condition H on
[0,00). Then for 0 < 60 < ez, 0 <n <1, we have the inequality

(5 [ 5] 90000 835008000 )

1—n

< (1 1— e—(ln")eDz (b —q)2

1—n

X <1 [1 - e—(l%’)ﬂ W ,0%(0) — (ﬂg79p(9))2> . (5.1)

1—n
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Proof. Let $ and p be two integrable functions on [0, 00) satisfying the condition H on [0, c0). Define
J(a, B) = (9(a) = H(8))(p(a) — p(8B))- (5.2)
Multiplying (5.2) byn%e_%(g_a)e_%w_ﬁ)and integrating with respect to a and 3 over (0, 0)? we get

0 0
%/0 /O e~ 551 0-2) = 510-B) (5(0) — 5(8))(p(a) — p(8)) dadB

= 20 [1 = e (Tt (9000)) — 240, (908 (010)). (5.3)
Applying Cauchy-Schwarz inequality, we have
(1;7 [1 - e—(l%")e] 47, (99(0)) — 412 (5 )
< ()b “Wﬂ@m (ﬂgm o)’
x (1177> {1 B 67(1%)0} ﬂgﬁp (0) — (uo,ep(‘g))z- (5.4)
Since (p — H(0))(H(0) — q) > 0, we have
= [1- e ] s (0 - 50)50) ~ ) = 0. (5.5)

Using (3.2) and (5.5), we have

ﬁ [1 - e*ﬁf")ﬂ U7 ,H2(0) — (ug,m(9>)2
< (plin {1 _ e—(%)ﬂ - ugﬂﬁ(e)) (ugﬂsa(e) - qﬁ [1 - e—(ln")eD , (5.6)

By using (3.2) and inequalities (5.4) and (5.6), we have

2
(1 [1- (5] w2, (50) —ugﬂ(sa(e))ugﬂm(e)))

1—n
<<’°11n [1—6‘“)9}—%,@@(9)) (ugmu [ wwD
x (11,7 (11— e (5] s, 0%(0) - (u3,9p<9>)2). (5.7)

Now using the elementary identity 4ab < (a + b)?, a,b € R, we can state that
L[ (50— 7,5(0) — 4—— [1 = (50
4(p1_n [1-e | -wom0) (45,90) T, [1-e ]
]. 1-n 2
<1 — e (520 (p = ) .
< (15 1= 6-w) (53)

Further using (5.7) and (5.8) we get the desired result. O

6 (n,9)-order pre-Griiss fractional integral inequality

In this section, we present and analyze the generalized version of the (1, )-order pre-Griiss fractional integral
inequality using the Caputo—Fabrizio fractional integral operator.

Theorem 6.1. Suppose that $ and o are two integrable functions on [0,00) satisfying the condition H on
[0,00). Then for 0 <0 <ey, 0<n<1,0<9 <1 we have the inequality

(M e

2
- Mg,gﬁ(ﬁ)ﬂgﬂp(@) - 11379.6(0)11879@(0))

n) 1-9
| i 000 + L e 7] 400 ,50(0)

=l
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1 _a-n) ” . e
< (]J (1—mn) [1 —e 9} _ Ll07957,)(9)> (ﬂgﬁﬁ(a) — qW [1 e 9} )
+ (P (1 i 19) [1 — efﬁe} ﬂgﬁﬁ(@)) <ug,a573(9) _ q(l i n) [1 7 6_@‘9} >

~Uomy 1 JRPRCE) V) )
e }uoop() 7(1_19)[1 e }uoep()

- 2u8,9p<9>u8,ep(9>> : (6.1)

Proof. Since

(b —9(0))(H(0) —q) = 0.

Therefore we write

- [ G (- 9@ 06 - 0)
- ﬁ [1 - €_<%)9} U o (0 = H(0)($H(0) — a)) < 0. (6.2)

Now applying (3.17) to $ we get

I:wfﬁ¥ﬂ%wwwﬁw%¢3bw*ﬁ}ﬂﬁmm 5(0)
< (b [1- 5] 3,50 (8090 a1y [1 - (5]

1 B 7( 1-9 )9 (0 n _ 1 . ( ; 9
+ < 1-9 {1 e’ ] Up,eH(0) | | LU 4H(0) a—, o {1 e ] . (6.3)
Using (6.3) in (3.16), we get the desired result. O

7 Conclusion

In the present study, we employ the Caputo—Fabrizio fractional integral operator to investigate several
fractional integral inequalities, utilizing Youngs inequality and the arithmetic—geometric mean inequality
to establish generalized and newly extended results. Specifically, we have derived generalized forms of
Griss-type inequalities, weighted Griiss inequalities, and pre-Griiss inequalities.The nonsingular kernel of
the Caputo—Fabrizio operator provides a useful framework for developing new bounds and has potential
applications in fractional differential equations, norm estimates, error analysis, and the qualitative analysis
of fractional models.
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