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Abstract

In this paper, we introduce several classes of rational-type contractive mappings in double
controlled metric type spaces, namely rational, quadratic rational, maximum rational, interpolative
rational, and mixed rational contractions. Sufficient conditions are established for the existence of
fixed points and the convergence of Picard iterative sequences. Existence and uniqueness results are
obtained for the rational, quadratic rational, maximum rational, and mixed rational contractions,
while existence together with Picard convergence is proved for the interpolative rational contraction.
Several examples are presented to illustrate the applicability of the proposed results. Furthermore,
an application to a nonlinear Fredholm integral equation is included to demonstrate the effectiveness
of the developed theory.
2020 Mathematical Sciences Classification: Primary 47H10; Secondary 54H25, 54E50, 54E35,
45G10.
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1 Introduction
Fixed point techniques constitute a central tool in nonlinear analysis, appearing in integral equations,
equilibrium problems, and dynamical systems. Classical results such as the Banach contraction principle
rely on metric structures, where the geometry is governed by a uniform triangle inequality. However,
many nonlinear models evolve in settings where such rigid assumptions fail, motivating the development
of generalized distance frameworks.

Among the most flexible of these are double controlled metric type spaces, where the standard triangle
inequality is replaced by a two-parameter inequality. In this setting, for any ξ, η, ζ ∈X ,

D(ξ, ζ) ≤ α(ξ, η)D(ξ, η) + β(η, ζ)D(η, ζ).

The functions α and β adapt the geometry of X to the local behaviour of sequences, thereby unifying a
broad class of generalized metric constructions [1, 19].

Another major advance in fixed point theory is the use of rational contractive conditions. Unlike classical
linear contractions, rational inequalities incorporate nonlinear terms involving the defect quantities D(ξ,T ξ)
and D(η,T η). This approach, initiated by Dass and Gupta and later refined by Jaggi and Arshad, yields
convergence even in cases where standard Lipschitz conditions are not available [4, 10, 13].

The objective of this article is to combine these two directions by establishing a new rational contraction
principle in the framework of double controlled metric type spaces. Our contractive scheme simultaneously
reduces the mutual distance D(ξ, η) and controls the defect terms through a rational correction. Under
natural orbit-dependent bounds on the control functions α and β, we prove the existence, uniqueness, and
convergence of fixed points. We also derive a common fixed point theorem, a stability result for perturbed
operators, and an application to a nonlinear integral equation.

For comparison, let (M, d) be a complete metric space and let T :M→M.
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Theorem 1.1 (Banach [6]). If there exists κ ∈ (0, 1) such that

d(Tξ, Tη) ≤ κ d(ξ, η), ∀ ξ, η ∈M,

then T admits a unique fixed point ξ∗, and the Picard sequence ξn+1 = Tξn converges to ξ∗ for every initial
point ξ0 ∈M.

Theorem 1.2 (Kannan [16]). If there exists κ ∈
(
0, 1

2

)
such that

d(Tξ, Tη) ≤ κ [d(ξ, T ξ) + d(η, Tη)] , ∀ ξ, η ∈M,

then T has a unique fixed point.

Theorem 1.3 (Chatterjea [8]). If there exists κ ∈
(
0, 1

2

)
such that

d(Tξ, Tη) ≤ κ [d(ξ, Tη) + d(η, Tξ)] , ∀ ξ, η ∈M,

then T has a unique fixed point.

Theorem 1.4 (Rational Type [10, 13]). If there exist λ, µ ≥ 0 with λ+ µ < 1 such that

d(Tξ, Tη) ≤ λd(ξ, η) + µ
d(ξ, T ξ) d(η, Tη)

1 + d(ξ, η)
,

for all ξ, η ∈M, then T has a unique fixed point.

Theorem 1.5 (Double Controlled Metric Type [1]). Let (X ,D ;α, β) be a complete double controlled metric
type space and let T : X →X . If there exists κ ∈ (0, 1) such that

D(T ξ,T η) ≤ κD(ξ, η), ∀ ξ, η ∈X ,

and the control functions α and β are bounded along the Picard orbit, then T has a unique fixed point in
X .

2 Preliminaries
This section recalls the basic concepts and results on double controlled metric type spaces (DCMTS)
[1,2,18,23] used throughout the paper.

Definition 2.1 (Double controlled metric type space [1]). Let X 6= ∅ and let

D : X ×X → [0,∞), α, β : X ×X → [1,∞).

The quadruple (X ,D ;α, β) is called a double controlled metric type space (DCMTS) if, for all ξ, η, ζ ∈X ,

(DC1) D(ξ, η) = 0 if and only if ξ = η;
(DC2) D(ξ, η) = D(η, ξ);
(DC3)

D(ξ, ζ) ≤ α(ξ, η)D(ξ, η) + β(η, ζ)D(η, ζ).

Remark 2.1. If α(ξ, η) = β(ξ, η) = 1 for all ξ, η ∈ X , then (X ,D) is a metric space. If α = β ≡ b ≥ 1,
then (X ,D) is a b-metric space [9]. Thus, DCMTS generalizes metric, b-metric, and controlled metric
spaces.

Remark 2.2. The control functions need not be globally bounded. In many fixed point results, boundedness
along the Picard orbit is sufficient [1, 2].

Definition 2.2 (Convergence and completeness). A sequence {ξn} ⊆X converges to ξ ∈X if

D(ξn, ξ)→ 0 (n→∞).

It is called Cauchy if
D(ξn, ξm)→ 0 (n,m→∞).

A DCMTS is complete if every Cauchy sequence converges in X .

Lemma 2.1 (Orbit telescoping estimate). Let (X ,D ;α, β) be a DCMTS and let {ξn} ⊆ X . Then, for
every m > n,

D(ξn, ξm) ≤
m−1∑
k=n

k−1∏
j=n

β(ξj , ξj+1)

α(ξk, ξk+1)D(ξk, ξk+1),

where the empty product is interpreted as 1.
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Proof. For r = n, . . . ,m, let
ur = D(ξr, ξm),

so that um = 0. Applying (DC3) to the triple (ξr, ξr+1, ξm) yields

ur ≤ β(ξr, ξr+1)D(ξr, ξr+1) + α(ξr, ξr+1)ur+1.

Repeated substitution, together with um = 0, gives

D(ξn, ξm) ≤
m−1∑
k=n

k−1∏
j=n

β(ξj , ξj+1)

α(ξk, ξk+1)D(ξk, ξk+1),

where the empty product equals 1. This completes the proof.

Comparison of Generalized Metric Structures

Structure Generalized Triangle Inequality Control Source

Metric space d(ξ, ζ) ≤ d(ξ, η) + d(η, ζ) None [6]

b-metric space d(ξ, ζ) ≤ b[d(ξ, η) + d(η, ζ)] Constant b ≥ 1 [9]

Controlled metric type d(ξ, ζ) ≤ α(ξ, η)d(ξ, η) + d(η, ζ) One function α [19]

Double controlled metric type D(ξ, ζ) ≤ α(ξ, η)D(ξ, η)+β(η, ζ)D(η, ζ) Two functions α, β [1]

Example 2.1. Let X = [0,∞) and define

D(ξ, η) = (
√
ξ −√η)2,

with
α(ξ, η) = 1 +

√
ξ +
√
η, β(η, ζ) = 1 +

√
η +

√
ζ.

Then (X ,D ;α, β) is a DCMTS.

Proof. Conditions (DC1) and (DC2) are immediate. Let u =
√
ξ, v =

√
η, and w =

√
ζ. Then

(u− w)2 ≤ 2(u− v)2 + 2(v − w)2.

Since
α(ξ, η) ≥ 2, β(η, ζ) ≥ 2,

we obtain
D(ξ, ζ) ≤ α(ξ, η)D(ξ, η) + β(η, ζ)D(η, ζ).

Hence, (X ,D ;α, β) is a DCMTS.

Example 2.2. Let X = (0,∞) and define

D(ξ, η) = (ln ξ − ln η)2,

with
α(ξ, η) = 1 + | ln ξ|+ | ln η|, β(η, ζ) = 1 + | ln η|+ | ln ζ|.

Then (X ,D ;α, β) is a DCMTS.

Proof. Conditions (DC1) and (DC2) are obvious. Setting a = ln ξ, b = ln η, and c = ln ζ, we have

(a− c)2 ≤ 2(a− b)2 + 2(b− c)2.

Since
α(ξ, η) ≥ 2, β(η, ζ) ≥ 2,

it follows that
D(ξ, ζ) ≤ α(ξ, η)D(ξ, η) + β(η, ζ)D(η, ζ).

Hence, (X ,D ;α, β) is a DCMTS.
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Example 2.3. Let X = N and define

L(n) = blog2 nc, D(m,n) = |L(m)− L(n)|+ 1{m 6=n},

with
α(m,n) = 2 + |L(m)− L(n)|, β(n, k) = 2 + |L(n)− L(k)|.

Then (X ,D ;α, β) is a DCMTS.

Proof. Conditions (DC1) and (DC2) are immediate. Moreover,

|L(m)− L(k)| ≤ |L(m)− L(n)|+ |L(n)− L(k)|,
and

1{m 6=k} ≤ 1{m 6=n} + 1{n6=k}.

Hence,
D(m, k) ≤ D(m,n) + D(n, k).

Since
α(m,n) ≥ 2, β(n, k) ≥ 2,

we obtain
D(m, k) ≤ α(m,n)D(m,n) + β(n, k)D(n, k),

which proves (DC3). Therefore, (X ,D ;α, β) is a DCMTS.

3 Rational Contractions in DCMTS
In this section, we introduce several rational-type contractive conditions in the framework of double controlled
metric type spaces. These definitions extend the classical Dass–Gupta scheme and provide flexible tools for
treating nonlinear operators whose behaviour is not captured by standard Lipschitz inequalities.

Definition 3.1 (DC –rational contraction). Let (X ,D ;α, β) be a DCMTS and let T : X → X . We say
that T is a (λ, µ) double-controlled rational contraction if there exist λ, µ ∈ [0, 1) with λ+ µ < 1 such that,
for all ξ, η ∈X ,

D(T ξ,T η) ≤ λD(ξ, η) + µ
D(ξ,T ξ)D(η,T η)

1 + D(ξ, η)
. (3.1)

Definition 3.2 (DC –quadratic rational contraction). Let (X ,D ;α, β) be a DCMTS and let T : X →X .
We say that T is called a (λ, µ) DC –quadratic rational contraction if there exist λ, µ ∈ [0, 1) with λ+µ < 1
such that, for all ξ, η ∈X ,

D(T ξ,T η) ≤ λD(ξ, η) + µ
D(ξ,T ξ)2 + D(η,T η)2

1 + D(ξ, η)
. (3.2)

Definition 3.3 (DC –max rational contraction). Let (X ,D ;α, β) be a DCMTS and let T : X → X . We
say that T is called a (λ, µ) DC –max rational contraction if there exist λ, µ ∈ [0, 1) with λ + µ < 1 such
that, for all ξ, η ∈X ,

D(T ξ,T η) ≤ λD(ξ, η) + µ
max{D(ξ,T ξ),D(η,T η)}

1 + D(ξ, η)
. (3.3)

Definition 3.4 (DC –interpolative rational contraction). Let (X ,D ;α, β) be a DCMTS and let T : X →
X . Then T is called a (λ, µ, θ) DC –interpolative rational contraction if there exist λ, µ ∈ (0, 1) and
θ ∈ (0, 1) such that, for all ξ, η ∈X ,

D(T ξ,T η) ≤ λD(ξ, η)θ + µ
D(ξ,T ξ)1−θD(η,T η)1−θ

1 + D(ξ, η)
. (3.4)

Definition 3.5 (DC –mixed rational contraction). Let (X ,D ;α, β) be a DCMTS and let T : X → X .
Then T is called a (λ, µ) DC –mixed rational contraction if there exist λ, µ ∈ [0, 1) with λ+µ < 1 such that,
for all ξ, η ∈X ,

D(T ξ,T η) ≤ λmax{D(ξ, η),D(ξ,T ξ)}+ µ
D(η,T η)

1 + D(ξ, η)
. (3.5)

Remark 3.1. Inequalities (3.2)–(3.5) generalize the basic rational contraction model (3.1) by modifying
the defect terms through quadratic, maximum, interpolative, and mixed rational structures. Each of these
contractive conditions reduces to the Banach contraction whenever the rational term vanishes, and all are
compatible with the main fixed point theorem under suitable parameter bounds.
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4 Main Results
Throughout this section, let ξ0 ∈X be an arbitrary initial point, and let {ξn}n≥0 denote the corresponding
Picard sequence defined by

ξn+1 = T ξn, n ≥ 0.

For convenience, we write
δn := D(ξn, ξn+1), n ≥ 0.

Throughout this section, we assume the following orbit-control boundedness condition:

αpha∗ := sup
n≥0

αpha(ξn, ξn+1) <∞, β∗ := sup
n≥0

β(ξn, ξn+1) <∞. (4.1)

We also assume that, for every ω ∈X ,

sup
n≥0

αpha(ω, ξn) <∞, sup
n≥0

β(ξn, ω) <∞. (4.2)

Theorem 4.1. Let (X ,D ;α, β) be a complete DCMTS, and let T : X → X satisfy the DC–rational
contractive condition (3.1). Fix ξ0 ∈X , and define the corresponding Picard sequence {ξn}n≥0 by

ξn+1 = T ξn, n ≥ 0.

Assume that the conditions (4.1) and (4.2) hold. Suppose, in addition, that

qr :=
λ

1− µ
∈ [0, 1), β∗qr < 1. (4.3)

Then T has a unique fixed point ξ? ∈X , and the Picard sequence {ξn} converges to ξ?.

Proof. For each n ≥ 0, set
δn := D(ξn, ξn+1).

Applying the DC –rational contractive condition (3.1) to the pair (ξn, ξn−1), where n ≥ 1, and using

T ξn = ξn+1, T ξn−1 = ξn,

we obtain

δn = D(T ξn,T ξn−1)

≤ λD(ξn, ξn−1) + µ
D(ξn,T ξn)D(ξn−1,T ξn−1)

1 + D(ξn, ξn−1)

= λδn−1 + µ
δnδn−1

1 + δn−1
. (4.4)

Since
δn−1

1 + δn−1
≤ 1,

inequality (4.4) yields
δn ≤ λδn−1 + µδn.

Consequently,
(1− µ)δn ≤ λδn−1,

and hence, by (4.3),
δn ≤ qrδn−1 ≤ q nr δ0, n ≥ 1. (4.5)

Since qr ∈ [0, 1), it follows that
δn −→ 0 as n→∞.

Let m > n ≥ 0. By Lemma 2.1,

D(ξn, ξm) ≤
m−1∑
k=n

k−1∏
j=n

β(ξj , ξj+1)

α(ξk, ξk+1)δk, (4.6)

where an empty product is understood to be equal to 1.
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Using (4.1) and (4.5), we obtain

D(ξn, ξm) ≤ α∗
m−1∑
k=n

(β∗)k−nδk

≤ α∗δ0
m−1∑
k=n

(β∗)k−nq kr

= α∗δ0q
n
r

m−n−1∑
r=0

(β∗qr)
r

≤ α∗δ0q
n
r

1− β∗qr
. (4.7)

Since β∗qr < 1, the right-hand side of (4.7) tends to zero as n→∞, uniformly with respect to m > n. Thus,

D(ξn, ξm) −→ 0 as m,n→∞.
Therefore, {ξn} is a Cauchy sequence in X . Since (X ,D ;α, β) is complete, there exists ξ? ∈X such that

ξn −→ ξ? as n→∞.
It remains to prove that ξ? is a fixed point of T . By (DC3), with ξn+1 as the intermediate point, we

have

D(T ξ?, ξ?) ≤ α(T ξ?, ξn+1)D(T ξ?, ξn+1)

+ β(ξn+1, ξ
?)D(ξn+1, ξ

?). (4.8)

Since ξn+1 = T ξn, we have
D(T ξ?, ξn+1) = D(T ξ?,T ξn).

Applying (3.1) to the pair (ξ?, ξn) gives

D(T ξ?, ξn+1) ≤ λD(ξ?, ξn)

+ µ
D(ξ?,T ξ?)D(ξn,T ξn)

1 + D(ξ?, ξn)

= λD(ξ?, ξn) + µ
D(ξ?,T ξ?)δn
1 + D(ξ?, ξn)

. (4.9)

Because
D(ξ?, ξn) −→ 0 and δn −→ 0,

inequality (4.9) implies that
D(T ξ?, ξn+1) −→ 0 as n→∞.

By (4.2), applied with ω = T ξ? and ω = ξ?, respectively, the sequences{
α(T ξ?, ξn+1)

}
and

{
β(ξn+1, ξ

?)
}

are bounded. Letting n→∞ in (4.8), we obtain

D(T ξ?, ξ?) = 0.

By (DC1),
T ξ? = ξ?.

Hence, ξ? is a fixed point of T .
To establish uniqueness, suppose that υ,$ ∈ X are two fixed points of T . Applying (3.1) to the pair

(υ,$) yields

D(υ,$) = D(T υ,T $)

≤ λD(υ,$) + µ
D(υ,T υ)D($,T $)

1 + D(υ,$)

= λD(υ,$).

Therefore,
(1− λ)D(υ,$) ≤ 0.
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Since qr < 1, we have
λ

1− µ
< 1,

and hence
λ < 1− µ ≤ 1.

Thus, λ < 1. Since D(υ,$) ≥ 0, it follows that

D(υ,$) = 0.

By (DC1), we obtain υ = $.
Therefore, T admits a unique fixed point ξ? ∈X , and the Picard sequence {ξn} converges to ξ?.

Theorem 4.2. Let (X ,D ;α, β) be a complete DCMTS, and let T : X → X be sequentially continuous
and satisfy the DC–quadratic rational contractive condition (3.2). For ξ0 ∈ X , define the Picard sequence
by

ξn+1 = T ξn, n ≥ 0,

and set
δn := D(ξn, ξn+1), n ≥ 0.

Assume that (4.1) and (4.2) hold, and that

∆∗ := sup
n≥0

δn <∞. (4.10)

Suppose, in addition, that

µ∆∗ < 1, qq :=
λ+ µ∆∗

1− µ∆∗
∈ [0, 1), β∗qq < 1. (4.11)

Then T has a unique fixed point ξ? ∈X , and ξn → ξ? as n→∞.

Proof. For n ≥ 1, applying (3.2) to (ξn, ξn−1) gives

δn = D(T ξn,T ξn−1)

≤ λδn−1 + µ
δ2
n + δ2

n−1

1 + δn−1
. (4.12)

By (4.10),
δ2
n ≤ ∆∗δn, δ2

n−1 ≤ ∆∗δn−1.

Since 1 + δn−1 ≥ 1, inequality (4.12) yields

δn ≤ λδn−1 + µ∆∗
(
δn + δn−1

)
.

Hence,
(1− µ∆∗)δn ≤ (λ+ µ∆∗)δn−1.

Therefore, by (4.11),
δn ≤ qqδn−1 ≤ q nq δ0, n ≥ 1. (4.13)

In particular, δn → 0 as n→∞.
For m > n ≥ 0, Lemma 2.1, together with (4.1) and (4.13), gives

D(ξn, ξm) ≤ α∗
m−1∑
k=n

(β∗)k−nδk

≤ α∗δ0q nq
m−n−1∑
r=0

(β∗qq)r

≤
α∗δ0q

n
q

1− β∗qq
. (4.14)

Since β∗qq < 1, the right-hand side tends to zero as n → ∞, uniformly for m > n. Thus, {ξn} is a Cauchy
sequence. By completeness, there exists ξ? ∈X such that

ξn −→ ξ?.
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Sequential continuity of T gives
T ξn −→ T ξ?.

Moreover, T ξn = ξn+1 → ξ?. By (DC3),

D(T ξ?, ξ?) ≤ α(T ξ?, ξn+1)D(T ξ?, ξn+1)

+ β(ξn+1, ξ
?)D(ξn+1, ξ

?). (4.15)

The control sequences in (4.15) are bounded by (4.2), while

D(T ξ?, ξn+1) = D(T ξ?,T ξn) −→ 0

and
D(ξn+1, ξ

?) −→ 0.

Letting n→∞ in (4.15), we obtain
D(T ξ?, ξ?) = 0.

Thus, (DC1) implies
T ξ? = ξ?.

For uniqueness, let υ and $ be fixed points of T . Then (3.2) gives

D(υ,$) ≤ λD(υ,$),

since
D(υ,T υ) = D($,T $) = 0.

Furthermore, qq < 1 implies
λ+ µ∆∗ < 1− µ∆∗,

and hence λ < 1. Therefore,
D(υ,$) = 0,

so υ = $ by (DC1). This completes the proof.

Theorem 4.3. Let (X ,D ;α, β) be a complete DCMTS, and let T : X → X be sequentially continuous
and satisfy the DC–max rational contractive condition (3.3). For ξ0 ∈X , define the Picard sequence by

ξn+1 = T ξn, n ≥ 0.

Assume that (4.1) and (4.2) hold. Suppose, in addition, that

qm := λ+ µ ∈ [0, 1), β∗qm < 1. (4.16)

Then T has a unique fixed point ξ? ∈X , and ξn → ξ? as n→∞.

Proof. For n ≥ 1, applying (3.3) to (ξn, ξn−1) gives

δn ≤ λδn−1 + µ
max{δn, δn−1}

1 + δn−1
. (4.17)

If δn ≤ δn−1, then

δn ≤ λδn−1 + µ
δn−1

1 + δn−1
≤ (λ+ µ)δn−1.

If δn > δn−1, then

δn ≤ λδn−1 + µ
δn

1 + δn−1
≤ λδn−1 + µδn,

and hence

δn ≤
λ

1− µ
δn−1.

Since λ+ µ < 1,
λ

1− µ
≤ λ+ µ = qm.

Thus, in either case,
δn ≤ qmδn−1 ≤ q nmδ0, n ≥ 1. (4.18)
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Consequently, δn → 0.
For m > n ≥ 0, Lemma 2.1, together with (4.1) and (4.18), yields

D(ξn, ξm) ≤ α∗
m−1∑
k=n

(β∗)k−nδk

≤ α∗δ0q nm
m−n−1∑
r=0

(β∗qm)r

≤ α∗δ0q
n
m

1− β∗qm
. (4.19)

Since β∗qm < 1, the right-hand side tends to zero as n → ∞, uniformly for m > n. Hence, {ξn} is Cauchy.
By completeness, there exists ξ? ∈X such that

ξn −→ ξ?.

Sequential continuity of T implies
T ξn −→ T ξ?.

Since T ξn = ξn+1 → ξ?, it remains to show that these limits coincide. By (DC3),

D(T ξ?, ξ?) ≤ α(T ξ?, ξn+1)D(T ξ?, ξn+1)

+ β(ξn+1, ξ
?)D(ξn+1, ξ

?). (4.20)

The control sequences in (4.20) are bounded by (4.2), whereas

D(T ξ?, ξn+1) = D(T ξ?,T ξn) −→ 0

and
D(ξn+1, ξ

?) −→ 0.

Letting n→∞ in (4.20), we obtain
D(T ξ?, ξ?) = 0.

Therefore, (DC1) gives
T ξ? = ξ?.

For uniqueness, let υ and $ be fixed points of T . Then (3.3) gives

D(υ,$) ≤ λD(υ,$),

because
D(υ,T υ) = D($,T $) = 0.

Since (4.16) implies λ < 1, we obtain
D(υ,$) = 0.

Thus, υ = $ by (DC1), which completes the proof.

Theorem 4.4. Let (X ,D ;α, β) be a complete DCMTS and let T : X → X satisfy the DC–interpolative
rational contractive condition (3.4). For an arbitrary ξ0 ∈ X , let {ξn}n≥0 be the corresponding Picard
sequence.

Assume that (4.1) and (4.2) hold. Suppose that there exists qi ∈ [0, 1) such that

δn ≤ qiδn−1, n ≥ 1, β∗qi < 1. (4.21)

Then {ξn} converges to a fixed point ξ? ∈X of T .

Proof. Iterating the first inequality in (4.21), we obtain

δn ≤ q ni δ0, n ≥ 0. (4.22)

Since qi ∈ [0, 1), it follows that δn → 0 as n→∞.
Let m > n. By Lemma 2.1,

D(ξn, ξm) ≤
m−1∑
k=n

k−1∏
j=n

β(ξj , ξj+1)

α(ξk, ξk+1)δk. (4.23)
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Using (4.1) and (4.22), we obtain

D(ξn, ξm) ≤ α∗
m−1∑
k=n

(β∗)k−nδk

≤ α∗δ0
m−1∑
k=n

(β∗)k−nq ki

= α∗δ0q
n
i

m−n−1∑
r=0

(β∗qi)
r

≤ α∗δ0q
n
i

1− β∗qi
. (4.24)

Since β∗qi < 1, the right-hand side of (4.24) tends to zero as n → ∞, uniformly with respect to m > n.
Hence, {ξn} is a Cauchy sequence in X .

By completeness, there exists ξ? ∈X such that ξn → ξ?. We now verify that ξ? is a fixed point of T .
By (DC3), using ξn+1 as an intermediate point, we have

D(T ξ?, ξ?) ≤ α(T ξ?, ξn+1)D(T ξ?, ξn+1)

+ β(ξn+1, ξ
?)D(ξn+1, ξ

?). (4.25)

Since ξn+1 = T ξn, applying (3.4) to (ξ?, ξn) gives

D(T ξ?, ξn+1) ≤ λD(ξ?, ξn)θ

+ µ
D(ξ?,T ξ?)1−θD(ξn,T ξn)1−θ

1 + D(ξ?, ξn)

= λD(ξ?, ξn)θ + µ
D(ξ?,T ξ?)1−θδ 1−θ

n

1 + D(ξ?, ξn)
. (4.26)

Because D(ξ?, ξn)→ 0 and δn → 0, relation (4.26) implies that

D(T ξ?, ξn+1) −→ 0 as n→∞.
By (4.2), the sequences {α(T ξ?, ξn+1)} and {β(ξn+1, ξ

?)} are bounded. Passing to the limit in (4.25),
we obtain D(T ξ?, ξ?) = 0. Therefore, (DC1) yields T ξ? = ξ?.

Hence, the Picard sequence {ξn} converges to a fixed point of T .

Remark 4.1. Condition (3.4) alone does not guarantee uniqueness. Indeed, if υ and $ are distinct fixed
points of T , then

D(υ,$) ≤ λD(υ,$)θ,

and consequently
D(υ,$)1−θ ≤ λ.

This inequality does not imply D(υ,$) = 0. Thus, an additional separation condition is required to establish
uniqueness.

Theorem 4.5. Let (X ,D ;α, β) be a complete DCMTS and let T : X → X be a sequentially continuous
mapping satisfying the DC–mixed rational contractive condition (3.5). For an arbitrary ξ0 ∈X , let {ξn}n≥0

be the corresponding Picard sequence.
Assume that (4.1) and (4.2) hold. Suppose that there exists qx ∈ [0, 1) such that

δn ≤ qxδn−1, n ≥ 1, β∗qx < 1. (4.27)

Then T has a unique fixed point ξ? ∈X , and {ξn} converges to ξ?.

Proof. Iterating the first inequality in (4.27), we obtain

δn ≤ q nx δ0, n ≥ 0. (4.28)

Hence, δn → 0 as n→∞.
Let m > n. By Lemma 2.1,

D(ξn, ξm) ≤
m−1∑
k=n

k−1∏
j=n

β(ξj , ξj+1)

α(ξk, ξk+1)δk. (4.29)
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Using (4.1) and (4.28), we get

D(ξn, ξm) ≤ α∗
m−1∑
k=n

(β∗)k−nδk

≤ α∗δ0
m−1∑
k=n

(β∗)k−nq kx

= α∗δ0q
n
x

m−n−1∑
r=0

(β∗qx)r

≤ α∗δ0q
n
x

1− β∗qx
. (4.30)

Since β∗qx < 1, the right-hand side of (4.30) tends to zero as n → ∞, uniformly with respect to m > n.
Thus, {ξn} is a Cauchy sequence in X .

By completeness, there exists ξ? ∈X such that ξn → ξ?. Sequential continuity of T yields T ξn → T ξ?,
whereas T ξn = ξn+1 → ξ?.

To identify these limits, apply (DC3) with ξn+1 as the intermediate point:

D(T ξ?, ξ?) ≤ α(T ξ?, ξn+1)D(T ξ?, ξn+1)

+ β(ξn+1, ξ
?)D(ξn+1, ξ

?). (4.31)

By (4.2), the sequences {α(T ξ?, ξn+1)} and {β(ξn+1, ξ
?)} are bounded. Moreover,

D(T ξ?, ξn+1) = D(T ξ?,T ξn) −→ 0,

while D(ξn+1, ξ
?) → 0. Passing to the limit in (4.31), we obtain D(T ξ?, ξ?) = 0. Hence, by (DC1),

T ξ? = ξ?.
For uniqueness, let υ,$ ∈X be fixed points of T . Applying (3.5) to (υ,$) gives

D(υ,$) = D(T υ,T $)

≤ λmax{D(υ,$),D(υ,T υ)}+ µ
D($,T $)

1 + D(υ,$)

= λD(υ,$).

Therefore,
(1− λ)D(υ,$) ≤ 0.

Since λ < 1 and D(υ,$) ≥ 0, it follows that D(υ,$) = 0. Thus, (DC1) yields υ = $.
Hence, T has a unique fixed point and the Picard sequence converges to it.

5 Examples
In this section, we present examples illustrating the applicability of the main results established in the
previous section.

Example 5.1. Let
X = [0,∞), D(ξ, η) = |ξ − η|2,

and define the control functions by
α(ξ, η) ≡ 2, β(ξ, η) ≡ 2.

As verified above, (X ,D ;α, β) is a complete DCMTS.
Define

T (ξ) = ln

(
1 +

ξ

2

)
, ξ ≥ 0.

Since

T ′(ξ) =
1

2 + ξ
≤ 1

2
,

the Mean Value Theorem gives

|T (ξ)−T (η)| ≤ 1

2
|ξ − η|,
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and hence

D(T ξ,T η) ≤ 1

4
D(ξ, η). (5.1)

Therefore, the DC –rational contractive condition (3.1) holds with

λ =
1

4
, µ = 0.

For the Picard sequence ξn+1 = T ξn, (5.1) yields

δn ≤
1

4
δn−1,

so that

δn ≤
(

1

4

)n
δ0.

Moreover,

α∗ = β∗ = 2, qr =
1

4
, β∗qr =

1

2
< 1.

Thus, all assumptions of Theorem 4.1 are satisfied. Hence, T possesses a unique fixed point. Since

T (0) = 0,

the unique fixed point is
ξ? = 0,

and every Picard iteration converges to ξ?.

Example 5.2. Let
X = [0, 1], D(ξ, η) = |ξ − η|,

and define
α(ξ, η) ≡ 1, β(ξ, η) ≡ 1.

Then (X ,D ;α, β) is a complete DCMTS.
Define

T (ξ) =
ξ

2
, ξ ∈ [0, 1].

Since

D(T ξ,T η) =
1

2
D(ξ, η),

the DC –quadratic rational contractive condition (3.2) holds with

λ =
1

2
, µ = 0.

For the Picard sequence ξn+1 = T ξn, we have

ξn =
ξ0
2n
, δn = D(ξn, ξn+1) =

ξ0
2n+1

=
1

2
δn−1.

Hence,

δn =

(
1

2

)n
δ0.

Moreover,

∆∗ = δ0 ≤
1

2
, α∗ = β∗ = 1, qq =

λ+ µ∆∗

1− µ∆∗
=

1

2
,

and

β∗qq =
1

2
< 1.

Therefore, all assumptions of Theorem 4.2 are satisfied.
Since

T (0) = 0,

the mapping T has the unique fixed point
ξ? = 0,

and every Picard sequence converges to ξ?.
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Example 5.3. Let
X = [0, 3], D(ξ, η) = |ξ − η|,

and define
α(ξ, η) ≡ 1, β(ξ, η) ≡ 1.

Then (X ,D ;α, β) is a complete DCMTS.
Define

T (ξ) = min

{
1,
ξ

2

}
, ξ ∈ [0, 3].

Since both ξ 7→ ξ/2 and t 7→ min{1, t} are Lipschitz continuous with constants 1/2 and 1, respectively,

D(T ξ,T η) = |T ξ −T η| ≤ 1

2
D(ξ, η).

Hence, the DC –max rational contractive condition (3.3) holds with

λ =
1

2
, µ =

1

4
.

For the Picard sequence ξn+1 = T ξn,

δn = D(ξn, ξn+1) ≤ 1

2
δn−1,

and therefore

δn ≤
(

1

2

)n
δ0.

Moreover,

α∗ = β∗ = 1, qm = λ+ µ =
3

4
, β∗qm =

3

4
< 1.

Thus, all assumptions of Theorem 4.3 are satisfied.
Finally, if ξ = T (ξ), then

ξ = min

{
1,
ξ

2

}
.

If 0 ≤ ξ ≤ 2, then ξ = ξ/2, giving ξ = 0; whereas ξ > 2 would imply ξ = 1, which is impossible. Hence,

ξ? = 0

is the unique fixed point, and every Picard sequence converges to ξ?.

Example 5.4. Let
X = [0, 1], D(ξ, η) = |ξ − η|,

and define
α(ξ, η) ≡ 1, β(ξ, η) ≡ 1.

Then (X ,D ;α, β) is a complete DCMTS.
Define

T (ξ) =
ξ

4
, ξ ∈ [0, 1].

Choose

θ =
1

2
, λ =

1

4
, µ =

1

4
.

Since 0 ≤ |ξ − η| ≤ 1,
|ξ − η| ≤ |ξ − η|1/2,

and therefore

D(T ξ,T η) =
1

4
D(ξ, η) ≤ λD(ξ, η)θ.

Hence, T satisfies the DC –interpolative rational contractive condition (3.4).
For the Picard sequence ξn+1 = T ξn,

ξn =
ξ0
4n
, δn =

1

4
δn−1,
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so that (4.21) holds with

qi =
1

4
.

Moreover,

α∗ = β∗ = 1, β∗qi =
1

4
< 1.

Hence, all assumptions of Theorem 4.4 are satisfied.
Finally,

T (ξ) = ξ ⇐⇒ ξ

4
= ξ ⇐⇒ ξ = 0.

Thus,
ξ? = 0

is the unique fixed point, and every Picard sequence converges to ξ?.

Example 5.5. Let
X = [0, 4], D(ξ, η) = |ξ − η|,

and define
α(ξ, η) ≡ 1, β(ξ, η) ≡ 1.

Then (X ,D ;α, β) is a complete DCMTS.
Define

T (ξ) =


ξ

3
, 0 ≤ ξ ≤ 2,

ξ + 2

6
, 2 < ξ ≤ 4.

The mapping is continuous on [0, 4] and satisfies
T (X ) ⊆ [0, 1].

Moreover,

|T ξ −T η| ≤ 1

3
|ξ − η|, ξ, η ∈X ,

and hence

D(T ξ,T η) ≤ 1

3
D(ξ, η).

Choosing

λ =
1

3
, µ =

1

4
,

it follows immediately that T satisfies the DC –mixed rational contractive condition (3.5).
For the Picard sequence ξn+1 = T ξn,

δn = D(ξn, ξn+1) ≤ 1

3
δn−1,

so that

qx =
1

3
.

Furthermore,

α∗ = β∗ = 1, β∗qx =
1

3
< 1.

Hence, all assumptions of Theorem 4.5 are fulfilled.
Finally,

T (ξ) = ξ

gives
ξ

3
= ξ (0 ≤ ξ ≤ 2),

or
ξ + 2

6
= ξ (2 < ξ ≤ 4).

The first equation yields ξ = 0, whereas the second gives ξ = 2
5 , which does not belong to (2, 4]. Therefore,

ξ? = 0
is the unique fixed point, and every Picard sequence converges to ξ?.
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6 Application to a Nonlinear Integral Equation
Let

X = C([0, 1],R)

be the Banach space of real-valued continuous functions on [0, 1] equipped with the supremum norm

‖ϕ‖∞ = max
t∈[0,1]

|ϕ(t)|.

Define
D(ϕ,ψ) = ‖ϕ− ψ‖∞, α(ϕ,ψ) ≡ 1, β(ϕ,ψ) ≡ 1.

Then (X ,D ;α, β) is a complete DCMTS.
Consider the nonlinear Fredholm integral equation

ϕ(t) = G (t) +

∫ 1

0

K (t, s) F (s, ϕ(s)) ds, t ∈ [0, 1]. (6.1)

Define the associated integral operator

(T ϕ)(t) = G (t) +

∫ 1

0

K (t, s) F (s, ϕ(s)) ds.

Theorem 6.1. Assume that

(I) G ∈ C([0, 1],R);
(II) K ∈ C([0, 1]× [0, 1],R);
(III) F : [0, 1]× R→ R is continuous;
(IV) there exist λ, µ ∈ [0, 1) with λ+ µ < 1 such that

D(T ϕ,T ψ) ≤ λD(ϕ,ψ) + µ
D(ϕ,T ϕ)D(ψ,T ψ)

1 + D(ϕ,ψ)
, ∀ϕ,ψ ∈X . (6.2)

Then the integral equation (6.1) admits a unique solution in C([0, 1],R).

Proof. The continuity of G , K , and F ensures that T : C([0, 1],R)→ C([0, 1],R) is well defined.
Condition (6.2) is precisely the DC –rational contractive condition (3.1). Since α ≡ β ≡ 1, the control

boundedness assumptions of Theorem 4.1 are automatically satisfied. Hence, T possesses a unique fixed
point ϕ? ∈X .

Finally,
T ϕ? = ϕ?

is equivalent to

ϕ?(t) = G (t) +

∫ 1

0

K (t, s) F (s, ϕ?(s)) ds,

which is exactly (6.1). Therefore, (6.1) has a unique continuous solution.

7 Conclusion
In this paper, we introduced several classes of rational-type contractions in double controlled metric type
spaces and established fixed point results for rational, quadratic, maximum, interpolative, and mixed rational
contractive mappings. Under suitable control conditions, existence and uniqueness were obtained for the
rational, quadratic, maximum, and mixed contractions, while existence together with Picard convergence was
proved for the interpolative case. Illustrative examples and an application to a nonlinear Fredholm integral
equation demonstrated the applicability of the proposed results. Future work may focus on multivalued
mappings, graph and ordered structures, coupled and common fixed points, and applications to fractional
and nonlinear evolution equations.
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