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Abstract

In this paper, we study some growth properties of composite analytic functions of several complex
variables in the unit polydisc. This paper establishes new results concerning the relative (p, g)-th
order, relative (p, g)-th type and relative (p, ¢)-th weak type of an analytic function with respect to
an entire function, where p and q are any two positive integers.
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1 Introduction

Let A(K) represents the set of analytic functions. So it is formed K-algebra of analytic functions in K i.e. the
set of power series with an infinite radius of convergence. For more details on the study of analytic functions
inside a disk or in the whole field K, we can read the following articles [1, 7, 8]. Suppose f € A(K) and r > 0
then |f|(r) = sup{|f] : |z| = r} represents the multiplicative norm on A(K). Moreover, for a non-constant
analytic function f, |f|(r) is strictly increasing function of r and tends to 400 whenever r tends to +oo.

Therefore, its inverse function exists, and we can define it in the following way \/f\| : (] £(0)],00) — (0,00)
with limg_; e |/f\|(s) = 0.

For z € [0,00) and k € N, we define log[k] x = log (log[k_l] z) and exp® 2 = exp(expl*~1 z), where N
denotes the set of all positive integers.

To start our paper we just recall the following definitions:

2 Definitions
Let f(z) = > .7~ anz" be analytic in the unit disc D = {z : |z| < 1} and M (r, f) be the maximum of | f(z)|
on |z| = r. Sons [9] defined the order p(f) and the lower order A(f) as

) loglog M(r, f) ..
p(f) = 111:1_?}1pm and A(f) = hgl_)l{lf Tlog(i=1)
Considering the unit polydisc D = {(z1,22) : |2;| < 1,7 = 1,2}, Banerjee and Dutta [2] introduced the
definition of order and lower order of functions of two complex variables analytic in the unit polydisc, which
are as follows:

Definition 2.1. Let -
f(zh 22) = Z aﬂﬂlzz?lzém

nl,TLQZO

be a non-constant analytic function of two complex variables z1 and zo in the closed unit polydisc
D= {(2’1,2’2) : |Zz| S l,i = 1,2}
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and let
My(r1,72) = max{|f (21, 22)| : |z < 7ii = 1,2}
Then order and lower order of f(z1,22) are denoted by p(f) and \(f) respectively and defined as

loglog My(r1,72) loglog My (r1,72)

p(f) = limsup ; and A(f) = lim infi ) .
o T1,r2—>
121 log ((1_r1)(1—r2)) v log (‘(1—r1)(1—r2))

Generalising this notion, Dutta [6] introduced the definitions of (p, ¢)-th order and (p, ¢)-th lower order
of functions of two complex variables analytic in the unit polydisc in this way:

Definition 2.2 ([6]). Let f(z1,22) be a non-constant analytic function of two complex variables z1 and zo
in the closed unit polydisc

D = {(21,22) : |Zz‘ < 171 = 1,2},
then (p,q)-th order p®D(f) and (p, q)-th lower order NP9 (f) of f(z1,2) are defined as:

log®! M log®! M1
p PO (f) = limsup %8 s(r1,r2) and AP9(f) = liminf o8 srir2)

X 1 ra—1 1 ’
r1,r2—>1 log[Q] (m) r1,re— log[’ﬂ (m)
where p and q are positive integers with p > q > 1.

Extending this notion, one may introduce (p,¢)-th order and (p,q)-th lower order for functions of n
complex variables analytic in a unit polydisc as follows:

log”! M T
p(PaQ)(f): lim sup og F(r1,7m25 - Th)
T1,72 e Ty —>1 log[‘I]

)

1
((1—r1)(1—r2)~-(1—rn))
and
log[p] My(ri,72,...,19)

(p,q) = imi
D= B g

)

(1—7«1)(1—7}2).--(14”))
where p,q € Nand f(z1, 22, . . ., 2) i a non-constant analytic function of n-complex variables 21, 29, ..., z,—1, 25,
in the unit polydisc
D={(z1,22,---,2n) 2| <1,i=1,2,...,m;71 > 0,70 > 0,...,7, > 0}.
Define
My(ri,79,. .. ) =max {|f(z1,22,...,2n)| 1 |2 <1, 0=1,2,...,n; 71 > 0,72 > 0,...,7, > 0}.

The above definition avoids the restriction p > ¢ > 1 from the original definition of the (p, ¢)-th order

(respectively (p, g)-th lower order) of functions of two complex variables holomorphic in the unit polydisc,

as introduced by Dutta [6].
In this connection, we recall the following definition:

Definition 2.3. A non-constant analytic function of n-complex variables f(z1,za,...,2,) is said to have
index-pair (p, q) if
b<pPI(f) <oo and pPHIV(f)
is not a nonzero finite number, where b =1 if p=q, and b = 0 otherwise.
Moreover, if 0 < pP9(f) < oo, then:
pP~(f)y =00  forn < p,
PP () =0 forn<g
pPEmatn)(fy =1 forn =1,2,....
Similarly, for 0 < A\P9(f) < 0o, one can easily verify that:
AP=d(f) =00 forn <p,
Apa=n) (£) =0 forn <gq,
Aptmatn)(£y =1 forn=1,2,....
If p@ D (f) = XD (f) then f(z1,20,...,2,) is of reqular growth; otherwise, this function is of irregular
growth.
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Somasundaram and Thamizharasi [10] introduced the notions of L-order and L-lower order for entire
functions of a single variable, where L = L(r) is a positive continuous function increasing slowly, i.e.,
L(ar) ~ L(r) as r — oo for every positive constant a. In the line of Somasundaram and Thamizharasi, one
may introduce the definition of the (p, ¢,t)L-th order and (p, q,t)L-th lower order for functions of n complex
variables analytic in a unit polydisc:

log[p] Me(ri,re,...,Ty)

PaL (£ —  lims

P (f)= limsup
T1,T2yeee,T 1 1 1 1
1,725 Tn—>1 log[q] ((177‘1)(177‘2).“(177””)) + exp[t] L (177‘17 Torgr oo 177‘7,,)

and

[p]
)\(p7q7t)L(f) —  liminf log®” My(ri,7r9,...,7)

1,72,y T — 1 1 1 1 1
P12, T IOg[q] ((1_“)(1_7“2)”.(1_%)) + expltl L (1_“, T 1_7,71)

where p,q € N, t e NU {-1,0}.

Definition 2.4. If f(z1,22,...,2,) is an analytic function in D and g(z1, 22, ...,2n) 18 an entire function
of n complex variables, then the relative (p,q)-th order of f(z1,z2a,...,2,) with respect to g(z1,2a,...,%n),
denoted by pgp’q)(f), is defined by:

[pl 71
) = sy I Ol )

roreern ol logt ((1—n><1—r2>~-(1—rn>>

where p and q are any two positive integers.

Similarly, for any two positive integers p and q, the relative (p, q)-th lower order of f(z1,22,...,2,) with

)

respect to g(z1,z22,...,2,), denoted by )\_gp’Q)(f), is given by:
log”! MY (M4 (ri, 7o, ... 10
APD(f) = liminf s g (My(ri,rs )
9 T1,72,...,"p—1 o lq] ( 1 )
& \a=a=ra)—i=rm)

We now introduce relative (p, g)-th type and relative (p, ¢)-th lower type in the unit polydisc as follows:

Definition 2.5 ([3]). Let f(z1,22,...,2,) is an analytic function in D then (p,q)-th type and the (p,q)-th
lower type of f having finite positive order are defined by

log[pfl] Myg(ri,72,... 1)

oP:9) (f)= limsup

Pa)(f)’
1372wy —>1 [q—1] 1 ’
log™ ((141)(142)»--(17”))
and
1 [p—1] M T
P9 (f) = liminf = AuHC AR )(p«n(f),
71,72, —1 o lq—1] ( 1 )p
g A—r)(1—r2)-(1—70)
respectively.

Definition 2.6 ([3]). Let f(z1,29,...,2,) is an analytic function in D then (p,q)-th weak type of f having
finite positive lower-order is defined by

log[p_l] Mf(rlv T2, .. arn)

PO (f)y = liminf )wfq)(f)’

(r1,72,...,7n)—1 log[q_l] (

1
(1—r1)(1—r2)-+(1—ry)
and (p, q)-th lower weak type of f, having finite positive lower order is defined by
log[pfl] Myg(ri,72,... 1)

*(p,q)(f) = 1
T im sup .
(r1,r2,...,rn)—1 lo l[g—1] 1 AP D (f)
g O—r)(A—r2)(1—rn)
Definition 2.7. If f(z1, 22, ..., 2n) be an analytic function in D and g(z1, za, . .., zn) is an entire function of
n complex variables, then the relative (p, q)-th weak type of f(z1, 22, ..., zn) with respect to g(z1,22,...,2n),

denoted by T;p’q) (f), is defined by:
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log? " MY (M (r1, 72, ... 70))
)/\.57”’“>(f) ’

Tg(p’q) (f)=liminf

1,720, T —1

l[q—1] 1
log ((1—701)(1_7,2)...(1_”)

where p and q are any two positive integers.
Similarly, for any two positive integers p and q, the relative (p, q)-th lower weak type of f(z1,22,...,2n)

with respect to g(z1, 22, ...,2,), denoted by ?ép’q)(f), s given by:
loglP~ Y Mg_1 (Mg(r1,72, ... ,70))
)Aé“‘“m '

?ép"n (f)= limsup

T1,72,..., T —1

l[g—1] 1
log? ((l—rl)(l—rg)---(l—r")

3 Known Results
In this section, firstly, we present some known results which will be needed in the sequel.

Theorem 3.1 ([2]). Let f,g and h be the analytic functions in the unit polydisc D such that the relative
index pair of f with respect to h and the index pair of g are (p,q) and (m,n) respectively. Then

(i) The relative index-pair of f o g is (p,n) when ¢ = m and either )\gp’q)(f) >0 or A™™)(g) > 0. Also
(a) APD(F)p™ (g) < ™ (F 0 9) < pP V(NP (g) if MV (f) = 0 and

(6) DA™ (g) < ™ (f 0 ) < iV ()™ ™ (g) if APD(f) > 0.
(ii) The relative index-pair of f o g is (p,q +n —m) when ¢ > m and either \,(f) > 0 or A™™(g) > 0.
Also
(a) )\ELP,Q)(JP) < p(p-,tﬁ*n*m)(f og) < P%)’q)(f) if )\glp,q)(f) >0 and
(6) o T (f o g) = pi T (f) if A (g) > 0.
(i4i) The relative index-pair of fog is (p+m —q,n) when ¢ < m and either /\gpﬂ)(f) >0 or A" (g) > 0.
Also

(a) pFT I (f o g) = pmm (g) if APV (f) > 0 and
(b) P\ (g) < pPETEM (0 g) < p(mm) (g) if AT (g) > 0.

Theorem 3.2 ([2]). Let f,g and h be the analytic functions in the unit polydisc D such that the relative
index pair of f with respect to h and the index pair of g are (p,q) and (m,n) respectively. Then
i) A9 (£ )\ (mn) < )\(n) < min{ oD ( £Y\m1) A\ (P9 (m,n) e A\ (P2 0
(1) A7 (f) (9) <A (fog) < min{p, " (f) (@), A (NP ™ (9)} if ¢ = m, AT(S) >
and ™™ (g) > 0;
(i1) )\,(f’qun*m)(f 0g) = XPU(f) if ¢ > m, Agp’q)(f) >0 and \(™™)(g) > 0, and
(iii) AP (fog) = A (g), if ¢ < my ALI(f) > 0 and A (g) > 0.

4 Main Results
In this section, we present the main results of the paper.

Theorem 4.1. Let f,g,h and k be the analytic functions of several complex variables such that the index
pairs of f,g,h and k are (p,q), (m,n), (a,b) and (c,d) respectively and

. logM (ry,ra, ) _
hmﬁﬁz""ﬂ‘n%l logl™(ryiry-ry) L

(i) If either (g = m,a = c = p,q >n) or (¢ < m,c=p,a=p+m—q,q>n) holds and \P9(f) > 0,
0 <A™ (fog) < py™(fog) < oo then

A (Fog) lim inf log! M Moy (ry,ra, )
pl(cd,q) (f) T or,re,,rn—1 ]Og[d] Mk_l(Mf exp[q—n] (Tla To, - ,rn))

< min { M og) py™(fog) }

B N )

{/\ff”")(f og) p™(fog) }
N )

< max
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log® MM, e,
< limsup = o8 - h Myog(risr2, - 7n)
1,72, Tn—>1 log[ ]M]; (Mf eXp[q*n](Tl”rZ’. .. 7TTL))
d,
MY (F)

9

and
(ii) If (¢ > m,a=c=p), \PD(f) >0 and 0 < )\glb’q+n7m)(f 0g) < oo, then

A2b7q+n_M)(f © g) log[b] Milefog (Th T, Tn)

<  liminf

() ~ roraen =L logh M (M expla(ry g, - 1))
. )\S’,QZ‘H’L*m) (f ° g) p;lb,q+n7m) (f o g)
< min D 7 o
A () e (f)
Agb,q+nfm) (f ° g) p;lb,tﬁ»nfm) (f o g)
< max D 7 o
A () e (f)
[b] 71 ...
< limsup z log th Myog(r1,72,- - 70)
LT, Tl log[ ] Mk}_ (Mf CXp[q_n] (le T27 o ’TTL))
< Y
(d,q) )
Ak ()

Proof. Suppose either (g = m,a = c=p,q > n)or (¢ < m,c=p,a=p+m—q,q > n)hold and A\P9(f) > 0.

Then in view of Theorem 3.1, the index-pair of fogis (p,n) or (p+m — ¢q,n) respectively and therefore by

above definitions, pgbb’")(f og) and A;Lb’")(f o g) respectively exist.

Since the index-pair of f and k are (p,q) and (¢, d) respectively,

log® (r1,72,+ ,7n)
a1 logld (ryra---1y)

Now from the definition of )\éb’")(f 0g), péb’")(f og), /\](gd”n(f) and p,(cd’q)(f); for arbitrary positve € and for

and lim,, ,, .. = 1. Therefore, the relative index-pair of f with respect to k is (d, q).

all values of (1,72, -+ ,7,) in the unit disc; we obtain the following
10g™ M Mipog(ry, 72, 10) = AP (f 0 g) — €)logl (rymy - - 1y), (4.1)
log!"! M Myog (11,72, 1) < (pgb’")(f og) +e)log™(rirg - 1y), (4.2)
log M (M explt ™ (4,3, 7)) = AL () = ) logl (rara -+ 7). (4:3)
log!) M1 (My expld=")(r1, o, 1)) < (0" () + €) logl™ (ryr 7). (4.4)
When (ry, 79, ,r,) — 1 then
log® My (Mog(ri, 2, m)) < (™ (f 0 9) + ) log™ (rarz - 1), (45)
lool® A7=10s > (,m) — loa™ 4.6
0g h fog(r1,m2, 1) = (py, 7 (f 0 g) — €)log™ (117 -+ 1), (4.6)
log! M (M explt=)(ry,ra, -+ 1)) < AP (f) + ) log (ryry 1), (4.7)
log! M (M explt™ (4,75, 7)) = (0" (F) = €) log (rars - 72), (4.8)
Now, from (4.1) and (4.4), and for all values of (ry,r2, -+ ,r,) in the unit disc, we obtain the following
inequality-

A" (fog) — ¢
(" () +©)

IOg[b] Ml;l(Mfog(rlﬂ T2, rn))
1og[d] Mk_l(Mf expl=(ry, 79, ,1y))
As e > 0 is arbitrary, we obtain that
bomint 08 M (Mo () AP (fog)
R S | log[d] Mk_l(Mf expla=rl(ry, g, -+ ,70)) p,(ﬁd’q)(f)

>

. (4.9)
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Similarly, from (4.3) and (4.5), we get
log" My (Myog(ri,ray-1a)) A" (fog)

lim inf 4.10
71,72, 1 log[d] M,;l(Mf exp[q*”] (r1,m2, 7)) - )\](Cdvfl)(f) ( )
From (4.1) and (4.7), we derive
log" M (M, ey Albm)
limsup dog - h ( f g(T17T2; rl)) Z h d(fog) (411)
1,72, T —1 IOg[ ] M,; (Mf eXp[Q—n] (7‘1,7"2, - 7rn)) )\](c ’Q)(f)
From (4.2) and (4.3), we obtain
log® MY (M, ey, (b,n)
lim sup dog n n (Myoy(ri;ra, 7)) < Ph 5 (fo9) (4.12)
rira, rn—1 log[ | M (My expla=n)(ry, 7, -+ ,1rp)) )\](C ,q)(f>
From (4.2) and (4.8), we establish
log® M=Y(M . . (b,n)
lim inf log " M, (Myog(riore, = 7a))  pu(F09), (4.13)
rira,e e =1 Jogl ]Mk_ (M expla=nl(ry, 79, ;1)) Pl(c ’Q)(f)
While from (4.4) and (4.6), we derive the following
1 [b] M—1 M o T (bﬂl)
limsup dog T h ( f Q(Tl’r27 T )) 2 ph d(fog) (414)
PR | IOg[ ] M]: (Mf exp[qfn] (r177-2’ o 7Tn)) p](c vfI)(f)
Thus, the first part of the theorem follows from (4.9), (4.10), (4.11), (4.12),(4.13) and (4.14).
Similarly, we can prove the second part of the theorem. O

Remark 4.1. If we replace the conditions (¢ = m,a = ¢ = p,q > n) or (¢ < m,c = p,a =
p+m=—qq>mn),q>ma=c=pand \PO(f) >00by(¢g=m=ca=p) or(g<m=
ca=p+m-—gq), ¢g>m=ca=p and )\(m’”)(g,qS) > 0 respectively and other conditions remain

same, then first part of theorem still valid for p;d’") (9), )\,(ﬂd’”) (g) and log[d] Mk_1 (Mg(r1,7e,- -+ ,ry)) instead
of p;d"n(f), /\Ecd’q)(f) and log[d] Mk_l(Mf expld="(ry,79,--- ,1y)) respectively. Similarly second part of

theorem still valid for pgcd’n)(f), )\éd’") (9) and log!¥ M (My(r1,79,- - , 7)) instead of pgcd’Q)(f), )\Ecd’Q)(f)

and log[d] Mk_l(Mfog (r1,r9, -+ ,1p)) Tespectively.

Theorem 4.2. Let f,g,h and k be the analytic functions of several complex wvariables in the unit
disc D such that the index pairs of f,g,h and k are (p,q), (m,n), (a,b) and (c,d) respectively and

Jogln—1

](7'1 Popeee
37255 Tn)
1 & —1.

=1 (ryrgery)
(i) If either (¢ = m,a =c=p,q >n) or (¢ < m,c=p,a=p+m—gq,q > n) holds and )\(p’q)(f) > 0,
0 <A™ (fog) < p™(fog) < oo, then
NFeg) ooy og M (Mo ()
pid"”(f) Torur2se =l log[d_l] Mk_1 (Mf expla=—(ry,rg, ..., rn))

(b,g+n—m) (b,gtn—m)
Smin{A}Lq M (fog) pp " m(fog)}

lim,, ..

N a0
(bgtn—m) p (b,gtn—m) p
gmaX{Ah eg) g)}
Ak " (f) P “ (f)

log!" ! Mt (M o
< limsup dogl - n (Mypog(ri,ra, .- mn))
riran a1 Logl ™ MY (M expla=rI(r1, 72, . 7))

pi " (f o g)
M)

)

and
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(i) If g >m, a=c=p, 0< AP (fog) < pit" ™ (fog) <
0 <N () < "7 (f) < 00 and p T (f o g) = i <f>, then

Agb,q—m_m)(fog) < hm nf log - 1 (MfOQ(ThTQa' yTn))
P;(cd’q)(f) T ruraera—1 Jogld s ”M (Mf expla=ml(ry, g, -+ 7))
(b,g+n—m) (b g+n—m)
Smin{)\h - (fog), N (fog)}
A (f) pr 7 (f)
(b,g+n—m) (b,g+n—m)
Smax{kh — (fog)vph o (fog)}
A () o (f)
lo {bfl]l b= pr=Y (M . Ty
< hmsup — 0g - h ( f 9(T17r2> s T ))
r1,rasee a1 logl ]Mk_ (M expla=l(ry, g, -+ 7))
Py (f o g)
) .
A
Proof. The proof can be followed as similar to Theorem 4.1. O

Remark 4.2. The Theorem 4.2 will also hold if we replace /\(b’n)(f g)s p (bn (fog), /\,(Cd’q)(f), /),(;1’(1)(]”)7

API= (o g) and p\PTTT™ (f o g) by M (F o g), U (f 0 g), “”(f) 7B (f), T (f o g)

and f}gb’ﬁn ™) (f o g) respectively.

5 Conclusion

In this paper, we established inequalities between the relative order and the relative lower order of composite
analytic functions of several complex variables in the unit polydisc.
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