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Abstract

In this work, we construct fixed point theorems utilizing the extendibility of the Banach iteration
approach to specific special contraction mappings with changes in domains has been studied. More
precisely, we study an expanding sequence of subsets of a complete multiplicative metric space such that
one item of the sequence is mapped into the next member by a map such that a contraction condition
is fulfilled. Additionally, multiple fixed point findings are derived for different multiplicative contraction
maps with multiplicative closed graphs.
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1 Introduction and Preliminaries

Kirk et al. [8] proposed using a cycle of domains to develop distinct fixed point theorems for metric spaces.
A metric space (€2, ©) including progressively more subsets Q1 C Qo C --- and a map A : Q — Q that meets
a contraction requirement, such that A (€;) C Q;11,Vi, and Q = U;’;l Q; were investigated by Moorthy and
Raj in [9]. Furthermore, some works [15, 17] broaden the fixed point conclusions of [9]. The set of positive
real numbers R* is incomplete in standard metrics. In order to overcome this challenge, multiplicative metric
spaces were first proposed in the following way by Bashirov et al. [2] in 2008.

Definition 1.1 ([2, 13]). Given a function © and a non-empty set Q, let © : Q x Q — RT completing the
requirements listed below:

(i) ©(¢,n) > 1 for all {,n € Q and O(¢,n) =1 if and only if { = n;

(it) ©(¢,n) = O(n,¢) for all ¢,n € Q;

(ii1) ©(¢,n) < 6(¢, 2).0(2,n) for all {,n,z € Q (multiplicative triangle inequality).

O is called a multiplicative metric on Q and (Q, ©) is a multiplicative metric space.

Example 1.1 ([10]). Suppose R™+ be the collection of all n-tuples of positive real numbers. Suppose
O* : R™ x R™ — R be defined as follows:
al & n )

0% (¢,n) = (
m 2 Tn
where ¢ = (C1,..-,Cn)sn=(M,...,Mn) € R™and || : .Ry — R, is defined by

. a ifa>1
lal*=q ", . :
a 1fa<1

* *

This makes it clear that the multiplicative metric’s constraints are all fulfilled.
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Example 1.2 ([14]). Suppose © : R x R — [1,00) be defined as ©(¢, ) = al<~"l, where (,n € R and a > 1.
Then ©((, n) is referred to as a multiplicative metric space, and (2, ©) is a multiplicative metric. These may
be referred to as the usual multiplicative metric spaces.

Example 1.3 ([14]). Suppose (€2,0) be a multiplicative metric space . Define a mapping 6, on 2 by
04(¢,n) = a®&M where a > 1 is a real number and
04(¢,y) = a®Em = { clt llffg;é T When Q and O, are combined then O,(¢,n) becomes a discrete

multiplicative metric space .

Example 1.4 ([1]). Assume that all real-valued multiplicative continuous functions over [a,b] C R* are

collected in Q2 = C*[a,b].Then, for each f,g € 2, O(f,g) = sup,c(a) %

with © specified. For a thorough explanation of multiplicative metric topology, see ([10]).

is a multiplicative metric space

Definition 1.2 ([2]). Let (©2,0) be a metric space that is multiplicative. A sequence {C,} in Q is said to be a
(i) multiplicative convergent sequence to C, if, for any multiplicative open ball

B.(¢) ={n | O(¢{,n) < €},e > 1, there exists a natural number N such that ¢, € Be(C) for alln > N, i. e,
O ((n,¢) > 1 as n — 0.

(i) multiplicative Cauchy sequence if for all € > 1, there exists N € N such that

O (CnyCm) <€ for allm,n > N i. e, © ((n, () — 1 as n — oo.

(iii) If all multiplicative Cauchy sequences in §) are multiplicatively convergent to ¢ € ), then Q is the
complete multiplicative metric spaces.

The notion of multiplicative contraction mapping was introduced and various fixed point theorems for
these mappings in complete multiplicative metric spaces were shown by Ozavsar [10] in 2012.

Definition 1.3 ([8]). Suppose (2,0) be a multiplicative metric space. The map f : Q& — Q is called a
multiplicative contraction if there exists a real constant A € [0,1) such that

O (f(¢1),f($) €O (C,¢) forall¢,ne Q.

Definition 1.4 ([10]). Suppose that A : (Q,0,s) = (2,0, 5) is a self-mapping on a b— multiplicative metric
space (2,0, ). If whenever k, — ko and Ak, — 1o for some sequence {k,} in Q and some kg, g in Q, we
have 1y = Akg, then A is said to have a multiplicative closed graph.

2 Main Results
Theorem 2.1. Let (2,0) be a complete multiplicative metric space and suppose that the multiplicative closed
graph of A : Q2 — ) exists. Let 23 C Qo C -+ be subsets of ) such that Q@ = U2,Q;, A (%) C Qiq1, for all
i, and
O(Ar,Az) < O(k,2)% - (O (Az t) ) (An z))< - (@(Az,z))di
O(z,Az)0(k, Ak) (K, An)
O(k, 2) (z,Az)

for all k,z € Q;, for all i, where a;,b;,c;,d;,e;, fi € (0, 2) are real positive constants such that a; + 2b; +
2¢;i+di+e; + f; <1, for alli, and > 0 p1p2 - .. pn < 00, where p; = npitens b1 —fnts - fop gl g,

l1—cny1—€ent1—2fnt1

Then A has a unique fized point in Q.
Moreover, for any fixed k1 € Q,{A"k1} multiplicative converges to the unique fized point.

Proof. Fix k1 € 1, and set kpt1 = Ak, = A"kq,Vn=1,2,3,... Then we have
@ (AnJrlIil, Anlil) S @ (Anlfh Anillil)awrl . (@ (Anlil, Anlil))bn_H
. (@ (A"+1/€1, An_llﬂ))cwr1 . (@ (An/ﬂ, An_llﬂ))d"H .

O (A" 1y, A1) © (A%ky, A1) |77 [0 (A7 1y, A1) © (A%y, ALy ) ]
O (Amky, An—1ky) | O (Amky, AP 1k1) O (AP Tky, Anky)
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Since © (A"k1,A"k1) = 1, we get
O (A" k1, A1) < O (A1, A" V)T (O (A Ry, AT Ry )
(O (A"k1, A”’lm))d"+1 :
O (A" ky, Ay ) © (A%, A" Lkp) © (A%y, AP L) ]
O (A"k1, A" k1) © (An "1k, A"Ky)
O (A" ky, A”ry) <O (AT, A"y )T (O (A" Ry, A ) © (AR, ARy )T
(0 (A"ky, A’““l/@'l))d"+1 .

(@ (A”Hl,A"'H/il))Q frta
© (An_IKhAnI{l)

[© (A™k1, An“m)]e"+1 .

(O (A", An“m)]en+1 .

Now, we get

antitentitdnyi—Fnga )

@ (AnJ"l/{l’ Anlil) g @ (Anﬂl, Anilﬁl)( 1_Cn+1_€n+1_2fn+1
i.e. @ (An:‘il, An_l,‘il)p"-'—l S @ (Aﬁly Kl)PnJrlpnpn—Lan .
Further, for 1 < n < m, we have

@ (Am/il, A”Iil) < (__) (Am Am—l )m,1 9 (Am—ll‘{17 Am—Qﬁl)m72 L @ (An+1:‘€17 An:‘il)n

O (Ak1, K1) (Z D2p3 - pi+1>-

Therefore, © (A™k1, A"k1) — 1(m,n — 00). Then {A™k;} -_, is an multiplicative Cauchy Sequence in
Q. Consider that {A™k;}°_, in Q, which is multiplicative complete,multiplicative convergence to x*.In
addition, the multiplicative Cauchy sequence { Am“m}:zl multiplicative converges to £* in Q.
Further, Ax* = k*is obtained from the multiplicative closed graph of A
Thus, k* represents a fixed point for A.
The general scenario, where k1 € €,,, for some n, may be handled by these procedures.
If Ak* = k*, Az* = z* in A, then let k*, z* € Q,,, for some n, so we have
1 <O (k" 2%) = O (AK*, Az") <O (k*,25)% - (O (Az*, k")) .
* * d;
(©(Ax™,27)" - (© (AZ %))
O (2%, Az%) O (k*, Ar*) % [O (2%, Ar*) O (k*, Ar*) ]
O (k*, 2z ) O (k*,2*) O (2%, Az*)
=0k, 2" - (07w
dn
o ) - (O(2", 2 ))
{ (2*,2%) O (k*, K )rn {@( )@(n*,ﬁ*)}f"
© (k*,2%) © (k*,2*)© (2%, 2%)

(a,Hrbn+cn —en)

*

/—\

K" 2z

O (k*,2")

Then, © (k*,2*) < O (k*,z*) @ Tboten=e)™ v ¢ N, Since (an+bn+cn—e)™ — 0 as m —
00,0 (k*,2z*) = 1 and k* = 2*. Hence, A has a unique fixed point. O

Corollary 2.1. Putting b; = ¢; = d; = e¢; = f; = 0 in Theorem 2.1 gives Banach-contraction [11] in
the sense of multiplicative metric spaces. Suppose that (Q,0) is a complete multiplicative metric space,
and A : Q — Q have a multiplicative closed graph. Let Q3 C Qo C --- be subsets of € such that Q =
U;O:1 Q5,A(Q) C Qiq1,Vi, and O(Ak,Az) < O(k, 2)* for all x,y € Q. for all K,z € Q;, for all i, where
€ (0,1) and Zzozl P1P2 - .. Pp < 00. Then A has a unique fized point in ).
Moreover, for any fixed k1 € Q,{A"k1} multiplicative converges to the unique fixed point.
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Corollary 2.2. Putting b; = ¢; = d; = f; = 0,a; = e; in Theorem 2.1 gives Kannan-contraction [11]
in the sense of multiplicative metric spaces. Suppose that (2,0) is a complete multiplicative metric space,
and A : Q — Q have a multiplicative closed graph. Let Q3 C Qo C --- be subsets of Q0 such that Q =
U72195, A () € Qiya, for all i, and O(Ak, Az) < (O(Ak, £)O(Az, 2))%, for all k,z € i, for all i, where
a; € (0,1) are real positive constants such that ZZO:1 P1P2 - . . Pp < 00, where p; = lfiai,Vi.

Then A has a unique fized point in Q.

Moreover, for any fixed k1 € Q,{A"k1} multiplicative converges to the unique fized point.

Corollary 2.3. Putting a; = d; = e¢; = f; = 0,b; = ¢; in Theorem 2.1 gives Chatterjea-contraction
[11] in the sense of multiplicative metric spaces. Suppose that (2,0) is a complete multiplicative metric
space, and A : Q — Q have a multiplicative closed graph. Let Q1 C Qo C --- be subsets of Q2 such that
Q= U;}i1 Qj, A () C Qiga, for all i, and O(Ak, Az) < (O(Ak, 2)O(Az, k)%, VK, 2 € Q, for all i, where
b; € (O, %) are real positive constants such that > >~ pip2 ... pn < 00, where p; = lﬁ—ibi, for all i.

Then A has a unique fized point in €.

Moreover, for any fived k1 € Q, {A"k1} multiplicative converges to the unique fixed point.

Corollary 2.4. Putting b; = ¢; = f; = 0 in Theorem 2.1 gives Kholi results [7] in the sense of multiplicative
metric spaces as follows: Suppose that (2,0) is a complete multiplicative metric spaces, and A : @ — Q have
a multiplicative closed graph. Let 3 C Qo C --- be subsets of Q such that Q = U;’il Q;, A () C Qiqa,

for all i, and O(Ar,Az) < O(k,2)*(O(Az, 2))% [W] ei, for all k,z € §y, for all i, where

a;,d;, e; € (0,1) are real positive constants such that a; + d; + e; < 1,Vi, and Zzozlplpg ... pn < 00, where

_ Gnyitdaga .
pi= T , Vi

Then A has a unique fized point in Q.
Moreover, for any fixed k1 € Q,{A"k1} multiplicative converges to the unique fized point.

Corollary 2.5. Puttingd; = e; = f; = 0 in Theorem 2.1 gives Isufati results [5] in the sense of multiplicative
metric spaces as follows: Suppose that (2,0) is a complete multiplicative metric spaces, and A : Q — Q
have a multiplicative closed graph. Let Q3 C Qo C -+ be subsets of ) such that Q = U‘;’;le,A () C Q441,
for all i, and ©(Ak, Az) < O(k, 2)% (O(Az, 1)) (O(Ak, 2))%, for all k,z € Q;, for all i, where a;,b;,c; €
(0,1) are real positive constants such that a; + 2b; + 2¢; < 1, for all i, and .7 pip2...pn < 00, where

__ Gnyi1tCny1 .
pi= T , Vi

Then A has a unique fized point in Q.
Moreover, for any fixed k1 € Q,{A"k1} multiplicative converges to the unique fized point.

Corollary 2.6. Putting b; = ¢; = d; = f; = 0 in Theorem 2.1 gives Jaggi results [6] in the sense
of multiplicative metric spaces as follows: Suppose that (2,0) is a complete multiplicative metric spaces,
and A : Q — Q have a multiplicative closed graph. Let Q3 C Qo C --- be subsets of Q such that Q =

U;‘;l Q5,A(Q) € Qiq1, for all i, and O(Ak, Az) < O(k, 2)" 9(2:82)0(x,Ak) i, for all k,z € Q;, for all i,

O(k,z)
where a;,e; € (0,1) are real positive constants such that a; + e; < 1, for all i, and 2211 P1P2 ... Dn < 00,
where p; = 127::1,%.

Then A has a unique fized point in Q.
Moreover, for any fixed k1 € Q,{A"k1} multiplicative converges to the unique fized point.

Corollary 2.7. Putting d; = e; = f; = 0,b; = ¢; in Theorem 2.1 gives Reich results [12] in the sense
of multiplicative metric spaces as follows: Suppose that (Q,0) is a complete multiplicative metric spaces,
and A : Q — Q have a multiplicative closed graph. Let Q3 C Qo C --- be subsets of Q such that Q =
U;ozl Q, A(Q;) C Qipr, for all i, and O(Ark, Az) < O(k, 2)% (O(Az,t)O(Ak, 2))%, for all k,z € Q;, for all
i, where a;,b; € (0,1) are real positive constants such that a; +2b; <1, for all i, and >~ | pip2 - . . pn < 00.
Then A has a unique fized point in ).

Moreover, for any fived k1 € Q, {A"k1} multiplicative converges to the unique fixed point.

Theorem 2.2. Suppose that (2, 0) is a complete multiplicative metric space, and A : Q@ — Q have a
multiplicative closed graph. Let Q1 C Qg C -+ be subsets of Q such that Q) = U;’;l Q;, A(;) C Qiqq, for

d;
all i, and O(Ak,Az) < [O(t, Ak) - O(z, Az)]% - [O(t, Az) - O(z, Ak)]Pi - [O(t, 2)] - [% :
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{max {@(t, Ak),0(z,Az2),0(t, Az),0(z, Ak), O(t.Ar)-O(z,82)-O(z,A1). }}e’i, for all k,z € Q;, for all i, where

O(t,z)
ai,b;,ci,di,e; € (0, %) are real positive constants such that 2a; + 2b; + ¢; + d; + 3e; < 1, for all i, and
> P1p2 ... Do < 00, where p; %, for alli. Then A has a unique fized point in €.

Moreover, for any fized K1 € §, {A"m} multzplzcatwe converges to the unique fixved point.
Proof. Fix k1 € Qq, and set kp41 = Ak, = A&y, for all n =1,2,3,.... Then we have

© (AnJrlf{l, Anlﬁl) S

[@ (Anlil, An+1,€1) .0 (Anillﬁh Anlil):lan+l. [@ (Anlﬁll, Anlil) .0 (Anillﬁl, An+11$1):|bn+l.

Q(A”/ﬁl,A"‘*lm)@(A"*lfil,A”;-gl) dnt1

[6 (An"il’ An_ll{l)]c”ﬁl . |: O(A"k1, A"~ 1K)
[ { @(Anlﬁ,AnJrllﬁ),@(Anfllﬁ,Anﬁ:l),@(Anlﬁzl,Anlﬁ),9(An71,‘{17An+1I€1) }~| €n+1
max .

O(A" k1, A" k1 )-O(A™ M hy, Ak )-O(A™ Tk, A" Ry )
O(A"k1,A" 1K)

Since O (A"k1, A"k1) = 1, we get
O (A" gy, Aky) < [O (ATky, A" k) .0 (A" Lk, Alky )]
(O (A™H iy, ATy ) - © (ATky, AP 15y )] [0 (A% ky, A1k )] [© (Anky, AT g, )]
© (Anlil, AnJrlKZl) ,@ (Anilﬂl, An}ﬁll) , 1, entt
max (S (AnJrlK/l, Anlil) -0 (Anlil, Anilﬂl) s
© (A"Kq, An—Hﬁll) -0 (An—HKZl, Anlﬂl) -0 (Anlﬁl, An_llﬁl)
Now, we get

apt1tbpnyitentyitent )

© (An+1fgl, An/gl) <O (Anﬁ;h Anfllgl) (1*an+1*bn+1*dn+1*2en+l
) (Anlﬁ, An_lﬁl)p"'+l < ) (Aﬁlv K/l)pn#»lpnpn—ln-p2.
Further, for 1 < n < m, we have

O (A™ k1, A™ky) < O (AT ky, AT iy )" 1O (A iy, AT 2,) "

O (Aky, k1) (Z P2p3 - pz‘+1>-

Therefore, © (A™k1, A"K1) = 1(m,n — 00). Then {A™k;},°_, is an multiplicative Cauchy Sequence in .
Let {A™k,},_, multiplicative converge to £* in , which is multiplicative complete. Also, {Am“m}:zl
is an multiplicative Cauchy Sequence and it multiplicative converges to £* in 2. Also, multiplicative closed
graph of A gives Ax* = k*. Hence, we obtained a fixed point £* of A. These processes can be extended to
the general case: k1 € 2, for some n.

If Ak* = k*, Az* = 2* in A, then let k*, 2* € Q,,, for some n, so we have

1< O (k"2") =0(Ar", Az*) < [O(t, Ak™) - O(2", Az¥)]|*
O(t, Ar*)O(z*, Az*) %
O(t, z*)

{max{@(t,AR*),G(z*,AZ*),@(t,AZ*),e(z*VAKJ*), G(tyAIi )@(Z@(,tAZi)) @(Z 7A:‘€ )}} ' .

—2 n

..0 (An+1l€1, Anﬁl)

(O, A2%) - O, Ax™)]" - [O(t, 2%)] -

Then, © (k*,2%) < © (k*, z*)ZnTen=dnFen)™ “for all m € N.
Since (2b, + ¢p — dy, +€,)" — 0 as m — 00,0 (k*,2*) = 1 and £* = z*.
Hence, A has a unique fixed point. O

Corollary 2.8. Putting b; = ¢; = d; = e; = 0 in Theorem 2.2 gives Kannan-contraction [11] in the sense
of multiplicative metric spaces.

Corollary 2.9. Putting b; = d; = e; = 0 in Theorem 2.2 gives Fisher-contraction [4] in the sense of
multiplicative metric spaces.

Corollary 2.10. Putting a; = ¢; = d; = e; = 0 in Theorem 2.2 gives Chatterjea-contraction [11] in the
sense of multiplicative metric spaces.
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Corollary 2.11. Putting a; =b; = d; = e; = 0 in Theorem 2.2 gives Banach-contraction [11] in the sense
of multiplicative metric spaces.

Corollary 2.12. Putting d; = e; = 0 in Theorem 2.2 gives Ciric-contraction [3] in the sense of multiplicative
metric spaces.

Corollary 2.13. Putting a; = d; = e; = 0 in Theorem 2.2 gives Reich-contraction [12] in the sense of
multiplicative metric spaces.

Corollary 2.14. Putting a; = b; = e¢; = 0 in Theorem 2.2 gives Jaggi-contraction [6] in the sense of
multiplicative metric spaces.

Example 2.1. Let = = H,oo) and O(¢,n) = al=" where ¢, € R and a > 1. Then O((,7) is referred to
as a multiplicative metric space, and (£, ©) is a complete multiplicative metric. Assuming that =,, = [%, n],
and &, = ﬁ € [i,l), for n =1,2,3,.... Then > °7 &€ ... &, < co. Define P: E — = by Pu = u%,
if u € 5, for n € N.Then all hypotheses of Theorem 2.1 and Theorem 2.2 are satisfied. Moreover, A has a
unique fixed point 1 .

3 Conclusion

Equations like differential, integral and algebraic equations are typically solved using fixed point iteration
techniques. Thus, with relation to fixed point iteration techniques, we must discover all possible fixed point
results.
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