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Abstract

The degree d(v) of a vertex v in a graph G has several fundamental applications in graph theory.
A new version of the degree of a vertex v in the graph G is defined as df (v) = A(G) — d (v), where
A (G) = maz {d(v)lv € V(G)}. Further, we found some results on this new degree of a vertex in the
graph G called “deficient degree”. The main object of this article is to study the new version of the
polynomial for the stacked book graph as deficient degree vertex polynomial, nbd deficient degree vertex
polynomial, deficient M-polynomial, and nbd deficient M-polynomial.
2020 Mathematical Sciences Classification: 05C07, 05C09, 05C31.
Keywords and Phrases: Deficient degree, vertex polynomial, neighborhood vertex polynomial, M-
polynomial and neighborhood M-polynomial, stacked book graph.

1 Introduction

In graph theory, several graph polynomials have been extensively explored. Among them, the chromatic
polynomial enumerates various ways to color a graph. The polynomial that lists matchings is known as a
matching polynomial. Many algebraic polynomials are utilized to make the calculation of topological indices
smoother.

The graph can be expressed algebraically with the vertex polynomial. The M-polynomial is a very useful
technique for calculating degree-based topological indices. The role of the nbd M-polynomial in the nbd
degree sum-based indices is similar to that of the M-polynomial in the degree-based indices.

Throughout this article, we consider a simple connected graph G = (V, ). d(v) is the number of edges
which are incident at v for v € V. The deficient degree of the vertex v in the graph G is defined as
dy (v) = A(G) —d(v), where A (G) = maz {d(v)|v € G}.

In 2012, Devaraj & Sukumaran [4] introduced the vertex degree polynomial of a graph G which is defined
as

A(9)

V(Giz) =Y | Vi, (1.1)
=0

where V; is the collection of the vertices of degree ¢ in the graph G. The roots of the vertex polynomial are
called vertex polynomial roots. They established the relation between the vertex polynomial of the disjoint
graphs. They had constructed some graphs namely leaf graph, max to max graph, steam graph, etc. Anto
& Hawkins [1] proved some results on the vertex polynomial of the splitting graph and the degree splitting
graph in 2019. Kattimani & Sridhara [9] discussed the vertex polynomial of the middle graph, the line graph,
and the total graph of a complete graph, star graph, path graph, cycle graph, and wheel graph, etc., in 2020.
In 2015, Deutsch & Klavzar [3] introduced the M-polynomial of a graph G defined as,
M(G) =) migr'y, (1.2)
1<
where p; ; is the number of all the edges uv such that d(u) =4 and d(v) = j.
Riaz et al. [14] derived the degree-based topological invariants using the M-polynomial of three general
classes of the convex polytopes in 2018. Basavanagoud & Barangi [2] discussed some topological invariants
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of the cactus chain using the M-polynomial in 2019. Verma et al. [16] proved properties of Bismuth tri-
iodide using M-polynomial and results are interpreted graphically in 2019. Shanmukha et al. [15] calculated
various topological indices for anti-cancer drugs and proposed several new indices in 2020 to enhance the
understanding of their physical and chemical properties. Gaur et al. [8] obtained some topological indices
of the Hanoi graph and the generalized wheel graph using their M-polynomial in 2020. Gaur et al. [7]
identified of insect’s order by estimating M-polynomial and topological indices in 2022.

In 2019, Verma et al. [16] introduced the nbd M-polynomial of a graph G defined as,

NM(Gizy)= Y, nij(@)a'y,
w<i<j<Q
where w = min{n(v) : v € V}, Q{=maz{n(v) : v € V}, and n, ; is the number of all the edges uv in the
graph G such that n(u) = ¢ and n(v) = j and n(u) denotes the sum of the degree of all those vertices of the
graph G which are adjacent to the vertex wu.

In 2021, Mondal et al. [13] computed the general form of the nbd M-polynomial for the structure of face-
centered cubic lattice and the crystallographic structure of cuprous oxide C'usO and graphical representation
of the results has also been created in order to visualize them. In 2022, Gaur & Garg [6] obtained some
topological indices that are based on the degree and nbd degree of vertices of molecular graphs of PF-00835231
and PF-07304814 drugs which are used to combat COVID-19.

Let G = (V, ) be a simple connected graph and V; be the collection of the vertices of the deficient degree
1 in the graph G. Then, the deficient degree vertex polynomial of the graph G is defined as

o(9) _
DiD(Gix) = Y Vi, (1.3)
1=0

where ©(G) = maz {ds(u) : uw € V}.
The deficient M-polynomial of the graph G is defined as

DiM(Gizy)= >, mi;(@a'y, (1.4)
9<i<j<6
where 6 = min{dy(u) : u € V}, © = max{ds(v) : v € V}. mj; is the number of edges of the graph B, ,,
that have end vertices of deficient degrees i and j.
Let ndg(u) be the nbd deficient degree (sum of the deficient degree of all those vertices which are to
adjacent to the vertex u ) of vertex w in the graph G. Then, the nbd deficient degree vertex polynomial of
the ladder graph G is

NDD(Giz) = > [Vugywle"™ ™. (1.5)
ueV(G)
The nbd deficient M-polynomial of the graph G is defined as
NDfM(Giz,y) = D> nj(G)a'y, (1.6)
o<i<j<V

where o = min{nds(u) : u € V}, ¥ = maz{nds(v) : v € V}. n;; is the number of edges of the graph G
which have end vertices of nbd deficient degree i and j.

Recall, a path with n vertices is known as a path graph and it is denoted by P,. In this graph P, there
are two sets of vertices. One of them is the set of two vertices of deficient degree 1 and the other is the set
of (n — 2) vertices of deficient degree 0. Some examples of the path graph are given in Figure 1.1.

A complete bipartite graph K ., is called a star graph of order (m + 1), and it is denoted by Sp+1.
There are two sets of vertices in the star graph S,,11. One of them contains m vertices of deficient degree m
and the other contains one vertex of deficient degree 0. Some examples of the star graph are given in Figure
1.2.
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Figure 1.2: Star graphs Spi1

The cartesian product of the star graph of order m + 1 and the path graph of order n, i.e. Sp41 X P,
is called a stacked book graph of order n(m + 1) and size (mn + (m + 1)(n — 1)). It is denoted by By, n
the stacked book graph By 4 is given in Figure 1.3. Being a cartesian product of two unit-distance graphs,
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it is also called a wunit-distance graph. It is generalization of the book graph B,, 2 which is defined by the
cartesian product of the star graph S,,4+1 and the path graph P,. Some examples of the stacked book graph
are given in Figure 1.4.

Bg,z 83,3 83,4

B4,2 B4,3 B4,4
Figure 1.4: Examples of stacked book graph

In Table 1.1, some cases of the stacked book graph are summarized.

Table 1.1: Some special cases of stacked book graph B,,

(m,n) | Smt1 x P, | Stacked book graph B,, Graphs
(1,1) Sy X Py Bia Path graph
(1,2) So X Py By o Square graph
(1,3) Sy X Ps By 3 Domino graph
(3,1) Sy x Py Bs Claw graph
(1,n) Sy x P, By, Ladder graph
(2,n) Ss x P, By, Grid graph
(m, 1) Sma1 X Py B Star graph
(m,2) Sina1 X Py Bino Book graph
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Khalid et al. [11] analyzed the graph-theoretic invariants of the book graph and the stacked book graph
in 2019. For the book graph and the stacked book graph, they established the generalised formulae for
various topological invariants and computed the results mathematically.

In 2020, Ma et al. [12] defined the uniform subdivision of a stacked book graph by cycles of varying
lengths and the edge covering of the stacked book graph and discussed applications of graph labeling in
data science and communication networks. During this year, Khalaf et al. [10] obtained M-polynomial of
the book graph. They have discussed the graphical representation of the topological invariants of the book
graph with the help of M-polynomial.

Gaur & Garg [5] introduced the deficient degree of a vertex in a graph and the deficient degree based M-
polynomial of a graph in 2022. They have obtained some deficient topological indices using the M-polynomial
with respect to the deficient degree of the vertex of the identified graph G.

Some deficient topological indices with a formula using the deficient degree M-polynomial of graph G are
shown in Table 1.2.

Table 1.2: Deficient degree based topological indices

Topological Formula Derivation through
Index M- polynomial F(u,v)
Deficient I*! Zagreb D eyee 1dr(x) +ds(y)} (D + D) F (1, V)] mvr
Deficient 11 Zagreb S upee Ldr(x)ds(y)} [(D,D,)F (1, )]s

Deficient redefined 171" Zagreb | 35 o {d(x)df(y) (dy(x) + ds(y))} | [DuDu(Dy + Dy)F (i, V)] pmv=1

o . dy(z)ds(y) }
Deficient e S d S, JD,D,F(u,v)|,—
eficient inverse sum indeg Zzyes{ a5 (0) + 4y () [SpJ D, (11, V)] =1
Deficient forgotten Zzyeg { d;(x) + dfc(y)} [(Di + DY) F (1, )] =1
. dy(x)ds(y) ’
Deficient ted Zagreb Q-2 JD;D;
eficient augmented Zagre nygg{ dy(z) +d(y) — 2 [SMQ 2JD;, M]—"(M,l/)]ﬂzl

In Table 1.2, some operators are defined as follows:

0 0
DuFlv) = pg Flwv), DoF(pv) = varFuny), JFuv) = Flup), SpFpr) =

F(t,v
J EED 1, and e F(u.v) = o F).

2 Properties of Deficient Degree
In this section, we proved some results on the deficient degree of the vertex in a graph G.

Theorem 2.1. Let G = (V, &) be a simple connected graph. If n and e are the order and the size of the
graph G, respectively, then

> ds(v) = nA(G) — 2e.

veEVY

Proof. By definition of the deficient degree,
df(v) = A(G) — d(v)
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= dp(v) =) A(G) - d(v)

veY veEY veEY
=Y df(v) = nA(G) — 2e.
veVY

O

Proposition 2.1. If the order of a graph G is even. Then, the sum of the deficient degree of all the vertices
of the graph G is also even.

Proof. Tt can be proved easily by Theorem 2.1,

> df(v) = nA(G) — 2e. (2.1)
veVY
Since the order of the graph G is even. Therefore, the right hand side of Equation (2.1) is also even. As
aresult, the sum of the deficient degree of all the vertices of the graph G is even. O

Theorem 2.2. If A(G) is even, then the number of odd (even) deficient vertices is equal to the number of
odd (even) vertices in the graph G.

Proof. We assume that A(G) is even. By definition of the deficient degree,
dy(v) = AG) — d(v)
dp(v) + d(v) = A(G)
=dy(v) + d(v) = Even number. (2.2)

The right hand side of Equation (2.2) is an even number. Then, the both term on the left hand side must
be even or odd, to make the sum an even number. Hence, the number of odd (or even) deficient vertices is
equal to the number of odd ( or even ) vertices in the graph G. O

Proposition 2.2. If A(G) is odd, then the number of odd (even) deficient vertices is equal to the number
of even (odd) vertices in the graph G.

Proof. Proof is in similar fashion as of proof of the Theorem 2.2. O

Example 2.1. Consider a path graph P, of order n and size (n — 1). Then,

Z di(v) =2 and nA(G) —2e=2n—-2(n—1) = 2.
veV(Py)

Example 2.2. Consider a complete bipartite graph K, ,, of order (m + n) and size mn. Then,
Z di(v)=n*—nm and
VEV(Km,n)
nA(G) — 2e = n(m +n) — 2mn = n? — nm.

Theorem 2.3. A graph G is an Euler graph if and only if the deficient degree of all the vertices in G and
the largest degree A(G) of vertices in G are even.

Proof. Let the graph G be an Euler graph. Therefore, all the vertices of G are of even degree. Clearly, A(G)
is also even.

Now, we shall show that the deficient degrees of all the vertices in G are even. By definition of the
deficient degree,

ds(v) = AG) — d(v). (2.3)
The right-hand side of Equation (2.3) is even. Hence, the deficient degrees of all the vertices in G are even.
The converse part is easy to prove. O

Theorem 2.4. Let G be a simple connected graph of order n and A(G) is the largest degree of a vertex in
G. Then, the number of vertices of odd deficient degree in G is odd if and only if n and A(G) both are odd.
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Proof. Let the number of vertices of odd deficient degree in G is odd. Then, the sum of all odd deficient
degree is odd.
i.€.,

> ds(v) = odd
]
Now,

D drw) = dp(v)+ > ds(v), (2.4)
E (0]

veEV
where E and O denote set of all the vertices of deficient degree even and odd, respectively.

The first sum on the right hand side of Equation (2.4) is even, because each term in this sum is even.
The second sum on the right hand side is odd, because the number of vertices of odd deficient degree in G
is odd.

= Z(A(g) —d(v)) = even + odd

veEV
= Z A(G) — Z d(v) = even + odd
veY veY
=nA(G) — 2e = even + odd
=nA(G) = 2e + even + odd. (2.5)
The sum on the left hand side of Equation (2.5) must be odd.
= nA(G) = an odd number. (2.6)

Clearly from Equation (2.6), n and A(G) both are odd, to make the product an odd number.

Conversely, let n and A(G) both be odd. Again Equation (2.4),

Do dp(w) =) d(v) + ) ds(v)
E O

veY

=D (AG) —d(v) =) ds(v) + Y ds(v) (o dp(v) = A(G) = d(v))
veY E o]

=Y AG) =D dv) =D ds(v)+ D dr(v).
veV veV E o

By Handshaking lemma,
nA(G) — 2e = de(v)—l—de(v), (2.7)
E 16)

where e is the total no. of edges in the graph G. The first term on the left-hand side of Equation (2.7) is
odd, because n and A(G) both are odd. The second term is even. The first sum on the right hand side is
also even, because each term in this sum is even. Hence, the second sum on the right-hand side must also
be odd. i.e.,

Z d¢(v) = an odd number. (2.8)
o

Since each term df(v) in Equation (2.8) is odd, the total number of terms in the sum must be odd, to make
the sum an odd number.
O

Theorem 2.5. If a graph G has exactly two vertices of odd deficient degree and A(G) is even, then there
exists a path joining these two vertices.

Proof. Let u and v be only two vertices of odd deficient degree and A(G) is even. Then, by Theorem 2.2,
u and v are of odd degree in the graph G. Therefore, u and v must belong to same component in graph G.
Hence, there exist a path joining » and v. O
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3 Deficient Polynomials of Stacked Book Graph
In this section, we derive the deficient degree vertex polynomial, the nbd deficient degree vertex polynomial,
the deficient M-polynomial, and the nbd deficient M-polynomial for the stacked book graph.

Recall, a stacked book graph is the cartesian product of the star graph of order (m + 1) and the path
graph of order n. i.e., Sp41 X P, and it is denoted by By, . It is of the size (mn+ (m+1)(n —1)) and the
order n(m + 1).

Theorem 3.1. Let B,, ,, be a stacked book graph. Then, the deficient degree vertex polynomial of the graph

B i

DfD(Bm,n§37) =
4 + (2n — 4), m=1n>3,
mx™ 41, m>1n=1,
2ma™ 1 + 2, m>1,n=2,

2ma™ +m(n —2)a™ 1 +22+n—-2, m>2n>3.

Proof. The set of vertices V(B ), contains (m + 1)n vertices. From Equation (1.3), the deficient degree
vertex polynomial of the stacked book graph B, ,, is
DiD(Bpmiz)= >, [Vilz® ™. (3.1)
wEV(Bm,n)
We considered the four cases of the stacked book graph B,, ,, as follows:
Case(i) m =1, n > 3.

The set of vertices of the graph B, contains 2n vertices. There are two types of subsets of the set of
vertices of the graph B ,,. Let Vj and Vj be the sets of vertices of the deficient degrees 0 and 1, respectively.
Then,

V5| =2n—4 and |V] = 4.
Using the Equation (3.1), the deficient degree vertex polynomial of the ladder graph By ,,(n > 3) is

DyD(Binix) = Z |V§f(u)|l’df(u)

ueV
= Vila + V3
=4z + (2n—4).

Case(ii) m > 1, n = 1.

The set of vertices of graph B,, 1 contains (m + 1) vertices. There are two types of subsets of the set
of vertices of the graph B,, ;. Let V§ and V! _; be the sets of vertices of deficient degrees 0 and deficient
degrees m — 1, respectively. Then,

Vil=1and |V;,_{| =m.

The deficient degree vertex polynomial of the graph By, 1(m > 1) is

DyD(Bp1;2) = Z \V;f(u)|$df(u)
uw€EV(Bm,1)

= Vioala™ ™+ V5 l2?

=maz™ 4 1.

Case(iit) m > 1, n = 2.

The set of vertices of the graph B, 2 contains 2(m + 1) vertices. There are two types of subsets of the
set of vertices of the graph B,, 2. Let V) and V},_; be the sets of vertices of deficient degree 0 and deficient
degree m — 1, respectively. Then,

Vil =2and |V),_4] = 2m.
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The deficient degree vertex polynomial of the graph By, 2(m > 1) is
DyD(Bp2;z) = Z \V;f(u)|$df(u)
u€V(Bpm,2)
= [V _ala™ ™+ Vg la?

=2mz™ ' + 2.

Case(iv) m > 2, n > 3.

The set of vertices of the graph B, ,, contains (m + 1)n vertices. There are four types of subsets of the
set of vertices of the graph B, ,. Let Vi, Vi, V) _;, and V}, be the sets of vertices of the deficient degrees
0, 1, m — 1, and m, respectively. Then,

Vil=n—=2, Vi|=2, [Vi_1| =m(n—2), and |V} | = 2m.
The deficient degree vertex polynomial of the graph By, ,(m > 2,n > 3) is
D¢D(Bmn;x) = Z ‘Vc}kf(u)|xdf(U)
wEV(Bm.n)
= Vnla™ + Vg2 Vet + Vg2
=2ma™ +m(n —2)2™ " + 2 +n — 2.

Theorem 3.2. The nbd deficient degree vertex polynomial of the ladder graph B ,, is
2n, m=1n=12,
ND¢D(Bi,;x) =< 222 + 4z, m=1,n=3,
8z +2(n—4), m=1n>4

Proof. In the graph By ,, the set of vertices V(B ) contains 2n vertices . Let [V,q, ()| be the number of
the vertices of the nbd deficient degree ndy(u). Then, from Equation (1.5), the nbd deficient degree vertex
polynomial of the ladder graph B ,, is

NDyD(Bip;z)= Y Vaayla"™.
UEV(BI,H)

There are three cases of ladder graph B ,, as follows:
Case(i) m =1, n = 1,2.

In both graphs By ; and B, >, all vertices have nbd deficient degree zero. Let Vy be the set of all these
vertices. Then,
|V0‘ = 2n.

The nbd deficient degree vertex polynomial of the graph B; ,,(n =1,2) is
NDiD(Biwiz) = > [Vaa,(lz"™
’U.GV(BLTL)

- |V0|QCO

= 2n.
Case(4) m =1, n = 3.

In the graph By 3, the set of vertices V(B 3) contains 6 vertices. There are two types of sets of vertices.

The first of them is V;, the set of vertices of deficient degree 1 and the other is Vs, the set of vertices of

deficient degree 2. Then,
‘V1| =4 and |V2| = 2.
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The nbd deficient degree vertex polynomial of the graph B 3 is
NDyD(Bigiw)= Y Vaasqle"™
ueV(By,3)
= |V2|$2 + |V1\m1
= 222 + 4.

Case(iit) m =1, n > 4.

There are two types of subsets of the set of vertices of the graph By ., i.e., Vo and V; are the set of
vertices of the nbd deficient degrees 0 and 1, respectively. Then,

Vol =2(n —4) and V1| = 8.
The nbd deficient degree vertex polynomial of the graph By ,(n > 4) is
ND¢D(Bypiz) =Y [V ulz? ™

ueV
= Vi|z! + [Vola®
=8z +2(n —4).

Theorem 3.3. The nbd deficient degree vertex polynomial of a graph Bs ,, is

n(xz? + 22" 1), m=2,n=1,2,

ND¢D(Bs,;x) = bat + 422, m=2,n=3,

224 +62° + (3n — 8)a%, m=2,n>4.
Proof. The set of vertices V(Bs,,,) contains 3n vertices. Let [V,,q, ()| be the number of vertices of the nbd
deficient degree ndy(u), then the nbd deficient degree vertex polynomial of the graph By ,, is

NDfD(BQ,nvx) = Z |Vndf(u)|‘rndf(u)'
UEV(BZ.n)

We considered three cases of the graph By ;, as follows:
Case(i) m = 2, n = 1,2.

There are two sets V,,_1 and Vs of the vertices of the nbd deficient degrees n — 1 and 2 of the graph
By (n =1,2), respectively. Then,
[Vi—1] = 2n and V2| = n.
The nbd deficient degree vertex polynomial of the graph Bs ,,(n = 1,2) is
NDfD<B27na q;) = Z |Vndf (w) |xndf(u)
UGV(BQ",L)
= |V2|£E2 + |Vn,1|x”_1
= na? 4 2nz" !

=n(z® +2z"").

Case(ii) m = 2, n = 3.

The set of vertices of the graph Bs 3 contains 9 vertices. In this case, there are two sets of vertices of the
graph B 3. The first of them is Vs, the set of vertices of deficient degree 2 and the other is Vy, the set of
the vertices of deficient degree 4. Then,

‘V2| =4 and |V4| =5.
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The nbd deficient degree vertex polynomial of the graph Bs 3 is
ND;D(By3;x) = Z |V, (uy 247 @)
u€V(B2,3)
= V4|2t + [Voz?
= 5t 4 422,

Case(iit) m = 2, n > 4.
There are three types of subsets of the set of the vertices of graph Bs ,(n > 4). Let Vs, V3 and V4 be the
set of vertices of the nbd deficient degrees 2,3, and 4, respectively, in the graph Bs ,,(n > 4). Then,

|V2| =3n — 8, |V3| = 6, and ‘V4| = 2.
The nbd deficient degree vertex polynomial of the graph Bs ,,(n > 4) is

NDD(Boiz) = S |Vayula™®
u€V(Ba,n)

= |V4|174 + |V3|1‘3 + ‘V2|332
=2z2* + 62° + (3n — 8)2”.

Theorem 3.4. The nbd deficient degree vertex polynomial of a graph B3, is

ND;D(Bs,,;x) =

2%+ 3, m=3,n=1,
228 + 622, m=3n=2,
2% 4+ 28 + 325 + 623, m=3,n=3,

22° + 227 + (n — 4)25 + 62° + 3(n — 4)2* +62°, m=3,n > 4.

Proof. The set of vertices V(B3 ) contains 3n vertices. Let |V,4,(u)| be the number of the vertices of the
nbd deficient degree nd¢(u). Then, the nbd deficient degree vertex polynomial of the graph Bs ,, is

NDfD(BS,n;x) = Z |Vndf(u)|xndf(U)'
u€V(B3,n)
There are four cases of the graph Bs ,, as follows:
Case(i) m =3, n = 1.

There are two sets Vy and Vg of the vertices of nbd deficient degrees 0 and 6, respectively in the graph
Bg’l. Then,
Vol =3 and |Vs| = 1.
The nbd deficient degree vertex polynomial of the graph Bs ; is
NDyD(Bsp;w)= Y Vadsqla"™
uw€V(B3,1)
= |V6|$6 + |V0‘.’EO
=25 + 320
=20 +3.
Case(it) m = 3, n = 2.

There are two sets Vo and Vg of the vertices of the nbd deficient degrees 2 and 6, respectively. Then,
‘V2| =6 and |V6| = 2.
The nbd deficient degree vertex polynomial of the graph Bs o is

ND;D(Bsz;z) = Z Vid; (w24
u€V(Bs,2)
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= |V6|.’L'6 + |V2‘.’L‘2
= 215 + 62°.

Case(iit) m = 3, n = 3.

The set of vertices V(B3 3) contains 12 vertices. There are four sets of vertices Vs, Vg, Vs, and Vo of nbd
deficient degrees 3, 6, 8, and 9, respectively. Then,

[Vs| = 6,|Vs| =3,|Vs| =1, and |Vy| = 2.
The nbd deficient degree vertex polynomial of the graph Bs 3 is
ND;D(Bs3;x) = Z Vi, (w24 @)
u€V(B3,3)
= Vol + [Vs|2® + |Vs|2® + |V3|2?
=22 4+ 2% + 32° + 623
Case(iv) m = 3, n > 4.

There are six types of subset of V(Bs,,). Let Vs, V4, Vs, Vs, V7, and Vy be the set of vertices of nbd
deficient degrees 3, 4, 5, 6, 7, and 9, respectively. Then,

[Vs| =6, [Val = 3(n—4), V5| =6,[Ve| =n —4,[Vr| = 2,
and |Vy| = 2.
The nbd deficient degree vertex polynomial of the graph Bs ,(n > 4) is
NDyD(B3 ;1) = Z Vi, (w2 )
u€V(Bs,n)
= [Vol2® + [Vr]z” + [Vs|2® + [Vs]a® + [Val2* + [Vs]a®
=22+ 22" + (n — 4)2° + 62° + 3(n — 4)z* + 6.

Theorem 3.5. The nbd deficient degree vertex polynomial of the stacked book graph By, is
ND¢D(By, n; ) =

gm(m=1) 4 m, m>4,n=1,
2 (m=1) 4 omgm—1, m>4,n=2,
2™ 4 gMM=2 | pg?m 4 2max™, m>4,n =3,

20™° 4 2™ —mHL 4 (n — 4)gm M

+2ma?m =t o m(n — 42?72 4 2ma™, m >4,n > 4.

Proof. The set of vertices V(B ») contains (m + 1)n vertices. Let [V,,4; ()| be the number of vertices of the
nbd deficient degree ndys(u). Then, the nbd deficient degree vertex polynomial of the graph B, , is
ND¢D(Bpn;w) = Z |Vndf(u)‘xndf(").
UEV(Bm,n)

We considered the four cases of the graph B,, , as follows:
Case(i) m > 4, n = 1.
There are two sets Vo and Vp, (;,,—1) of the vertices of the nbd deficient degrees 0 and m(m—1), respectively.
Then,
[Vim(m—-1)l = 1 and V| = m.

The nbd deficient degree vertex polynomial of the graph B, 1(m > 4) is

NDfD(Bm,l;I) = Z |Vndf(u)|xndf(U)
u€V(Bm,1)

= Vinm- ™™ 4 Vo
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_ xm(’m—l) + me

_ xm(mfl) +m.

Case(ii) m > 4, n = 2.

There are two sets V,,(;,,—1) and Vy,, _1 of vertices of nbd deficient degrees m(m—1) and m—1, respectively.
Then,
|Vm(m,1)‘ =2 and |Vm,1| =2m.

The nbd deficient degree vertex polynomial of the graph B, o(m > 4) is
NDfD(Bm,Q; 'T) = Z |Vndf(u) |xndf(u)
uEV(Bmyz)
= Vinm=p 2™ 4 [V |2
=2z 4 ot
Case(4it) m > 4, n = 3.
The set of vertices V(B 3) contains 3(m + 1) vertices. In this case, we get four types of sets of vertices.
Let Vi, Vam, Vin2 —ma2, and V2 be the set of vertices of nbd deficient degrees m, 2m, m2-m+2, and m?,

respectively. Then,
‘Vm| = 2m7 ‘V2m| =m, |Vm2,m+2‘ = 17 and |Vm2| = 2.

The nbd deficient degree vertex polynomial of the graph B, 3(m > 4) is
ND{D(Bmg;iz) = > [Viayla™™

w€EV(Bm,3)
= V2 |2™ + [Vinz o™ 72 4 Vo |22 + [V |2™
=27 4™ T2 M | oma™,
Case(iv) m > 4, n > 4.
There are six types of subsets of V(B ). Let Vi, Vam—2, Vam—1, Vim2—m, V2 —m+1, and Vp,2 be the set
of vertices of nbd deficient degrees m, 2m — 2, 2m — 1, m2-m, m2-m+1, and m?, respectively. Then,
Vil = 2m, |[Vam—2| = m(n — 4), Vo —1| = 2m,
Vimz—m| =n—4,Vim2_my1| =2, and |Vp2] = 2.
The nbd deficient degree vertex polynomial of the graph B, ,(m > 4,n > 4) is
ND¢D(Bp, n; )

- Z |vdf(u)‘zdf(u)

uEV(Bm,n)
= |Vm2|.%‘m2 + |Vm2,m+1|$m2_m+l + |Vm2,m|.%‘m2_m + |V2m_1|$2m_1 + |V2m_2|$2m_2 + |Vm|l‘m

= 22™ 4 2gm Ml 4 (n— 4)zm27m + 2ma®™ ! £ m(n — 4)2*™ 2 + 2ma™.

Theorem 3.6. Let By, ,, be a stacked book graph. The deficient M -polynomial of the graph By, is

DfM(Bm,nvxvy) =

mymila mzlvnzla
14 2my™ ' + ma™ ly™ 1, m>1,n=2,
(n—3)+2y +m(n—2)y™ ! + 2mazy™

+m(n — 3)zm lym=L 4 2mam—tym m>1n>3.
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Proof. The stacked book graph B,, , has (m + 1)n vertices and (2mn 4+ n —m — 1) edges. Let d¢(u) be
the deficient degree of a vertex u in the graph B, .. m; ; is the number of edges of the graph B,, , that
have end vertices of deficient degrees i and j. Then, from Equation (1.4), the deficient M-polynomial of the
graph By, ,, is

DfM(Bm,n;$7y) = Z m;‘k,j(Bm,n)xiij
0<i<j<©

where 0 = min{d;(u) : u € V}, © = maz{ds(v) : v € V}.

There are following three cases as follows:
Case(i) m > 1, n = 1.

The graph B,, 1 has m edges with § = 0 and © = m — 1, i.e., m{,,_y = m. Now, we get deficient
M-polynomial of the graph By, 1 by

D¢M(Bp1;2,y) = Z m;j(B,ml)xiyj
0<i<j<m-—1

_ * 0, m—1
- mO,m—lx Y

=my™ L.

Case(ii) m > 1, n = 2.

The graph B,, 2 has 3m + 1 edges with § = 0 and © = m — 1. There are three types of edges of the
deficient degree of end vertices (0,0); (0, m — 1); (m — 1,m — 1). Then,

myo=1,mg 1 =2m, and my,_ 1, 1 =m.
Now, we get the deficient M-polynomial of the graph B,, » by
Dy M (Bp,2;7,y) = Z m; ;(Bm,2)x'y’
0<i<j<m—1
= maoxoyo + mam_lxoym—l + m:n—l,m—lxm_lym_l

=1+ 2my™ ' +ma™ tym L

Case(4ii) m > 1, n > 3.
In this case, the graph B,, , has 2mn +n —m — 1 edges with § = 0 and © = m. There are six types of
edges of the deficient degree of end vertices (0, 0); (0,1); (0,m —1); (1,m); (m —1,m —1); (m — 1,m). Then,

* _ * _ * _ * _
Moo =N — 3, Mo = 2, mom—1 = m(n — 2), mym = 2m,

My 11 =m(n—3), and my, ;. = 2m.
Now, we get deficient M-polynomial of the graph B,, , by
Dy M (Brmn;x,y)
= Z mZ,j (Bm,n)mi?/j
0<i<j<m
= m(*),oxoyo + 7”(*),19503/1 + m(*),mflmoym_l + mik,mxlym + m:zq,mflmm_lym_l + m:nfl,mxm_lym

=(n—3)+2y+m(n—2)y" " +2may™ +m(n — 3)z™ y™ " + 2ma™ ty™.
0

Theorem 3.7. Let By, ,, be a stacked book graph. The nbd deficient M -polynomial of the graph B,y is
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NDfM(Bm,nvxay) =

7,ny'm(m—1)7 m>1n=1,
mxm—lym—l + zmxm—lym(m—l)

+zm(m71)ym(m71)’ m>1,n=2,
2xy + dxy? + 2292, m=1n=3,
2ma™y?™ + 2mamy™

+mx2my 2_m+2 + 2™ —m+2ym2’ m Z 2),”‘ =3,

2max™y?m ol 4 2m3:mym2

+mx2m71y2m71 +2mz2m71ym27m+1

_i_ggcm"’—m+1ym2 + me—m+lym2—m+17 m>1,n=
2ma™y?m ol 4 memme

+m(n _ 5)x2m—2y2m—2 + 2mm2m—2y2m—1

+m(n — 4)x2m72ym2’m + 2mx2m*1ym2*m+1

—|—(n — 5)xm2*’mym2—m + me2*mym2fm+1

2 2

42 Tmlym® m>1,n>5.

Proof. The stacked book graph B, ,, has (m + 1)n vertices and (2mn +n — m — 1) edges. Let nds(u) be
the nbd deficient degree of vertex u in the graph By, . n; ; is the number of edges of the graph B,, , which
have end vertices of nbd deficient degree ¢ and j. Then, from Equation (1.6) the nbd deficient M-polynomial
of the graph B,, ,, is

NDfM(Bmmamvy) = Z n;‘k,j(Bm,n)xiij
0<i<j<W
where 0 = min{nd;(v) : v € V}, ¥ = max{nd;(v) : v € V}.

There are following six cases as follows:
Case(i) m > 1, n = 1.

The graph By, 1 has m edges with 0 = 0 and ¥ = m(m — 1). i.e., n m(m—1) = M- Now, we get nbd
deficient M-polynomial of the graph B, 1 by

NDiM(By,1;2,y) = > n; ;(Bma)z'y
0<i<j<m(m-—1)

Om(m 1)x0ym(m 1)

_ mym(m 1).
Case(i) m > 1, n = 2.

The graph B,, 2 has 3m + 1 edges with 0 = m — 1 and ¥ = m(m — 1). There are three types of edges of
nbd deficient degree of end vertices (m — 1,m — 1); (m — 1,m(m — 1)); (m(m — 1), m(m — 1)). Then,

*
nmfl,mfl =m, n

m—1m(m—1) — = 2m, and nm(m 1),m(m—1) — L.

Now, we get nbd deficient M-polynomial of the graph B,, 2 by
NDyM(Bp,2;2,y)
= > n;(Bma2)a'y’
m—1<i<j<m(m—1)

= n;knfl,mflxm_lym_l + n:zfl,m(mfl)xm_lym(m_l) + n:m(mfl)ﬁm(mfl)xm(m_l)ym(m_l)

_ mmmflymfl + 2mxm71ym(mfl) + xm(mfl)ym(mfl).
Case(4it) m = 1, n = 3.

The graph B 3 has 7 edges with 0 = 1 and ¥ = 2. There are three types of edges of nbd deficient degree
of end vertices (1,1);(1,2);(2,2). Then,

* _ * _ * _
nip=2,ni,=4, and ny, = 1.
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Now, we get nbd deficient M-polynomial of the graph B 3 by

NDyM(Bygiz,y) = > nj;(Bia)z'y’
1<i<5<2
= ”’f,lxlyl + nT,2xlyQ + ”;,21'292
= 2zy + dxy® + %>,
Case(iv) m > 2, n = 3.

In this case, the graph By, 3 has (5m +2) edges with 0 = m and ¥ = m?. There are three types of edges
of nbd deficient degree of end vertices (m,2m); (m,m?); (2m,m? — m + 2); (m? — m + 2,m?). Then,
n;kn,Qm = Qm? ’n’:m,mz = 2m7 n;m,m2fm+2 =1m, and n;kn27m+2,m2 =2
Now, we get nbd deficient M-polynomial of the stacked book graph B,, 3 by
NDyM(Bugiz,y)= > nl;(Bns)z'y’

m<i<j<m?
2

2m m27m+2 * m27m+2 m
Y T N2 _go m2 T Y

:n:n,memymn + n:n,m2xmym2 + n;m,mQ—m+2x
=2ma"y?" + 2macmym2 + mgc2mym2_m+2 + 2xm2_m+2ym2.
Case(v) m > 1, n = 4.

The graph By, 4 has 7m + 3 edges with ¢ = m and ¥ = m?. There are six types of edges of nbd deficient
degree of end vertices (m,2m —1); (m,m?); 2m —1,2m —1); 2m —1,m? —m+1);(m? —m+1,m? —m+
1); (m? —m +1,m?). Then,

nfnszl = 2m7n:‘n’m2 = 2m7n§m71’2m71 =1m,

* _ * _
n2m—1,m2—m+1 - Qm’ an—m+1,m2—m+1 - 17

and np2 g e = 2.
Now, we get nbd deficient M-polynomial of the graph B, 4 by

ND¢M (B a;2,y) = g n; ;(Bma)z"y’
m<i<j<m?
ok m, 2m—1 * m, m> * 2m—1_2m—1
- nm,melx Y + nm,mz‘r Y + n2m71,2m711’ Yy
* 2m—1 m27m+1 * m27m+1 m27m+1 * m27m+1 m?2
+ Nom—1,m2—m+1T Y + M2 —mt1,m2—m+1% Y + N2 _m41,m2T )

_ 2m$my2m—1 + memym2 4 mx2m—1y2m—1 + 2mx2m—1ym2—m+1 + xmz—m-l-lymz—m-i-l + 2xm2—m+1ym2.
Case(vi) m > 1,n > 5
In this case, the graph B,, , has (2mn +n — m — 1) edges with 0 = m and ¥ = m?. There are nine
types of edges of nbd deficient degree of end vertices as (m, 2m —1); (m, m?); (2m —2,2m —2); (2m —2,2m —
1);(2m — 2,m? —m); (2m — 2,m? — m + 1); (m? — m,m? — m); (m? — m,m? —m + 1); (m? —m + 1,m?).
Then,

*

_ * _ * _ * _ *
m2m—1 = 2m, Nmm2 = 2m, Ny 9 9m—_o = m(n — 5)’n2m72,2m71 = 2m, Nom—2,m2—m

_ *
- m(n - 4)7 n2m71,m27m+1
— * _ * _
= 2m, M2 —mm2—m = 0 — 5, N2 _mm2—m+1 = 2,
* p—
and g2 iq e =20

Now, we get nbd deficient M-polynomial of the graph By, ,, by
NDyM (B, y) = ngi§j§m2 n;j (Bm.n)z'y?

— ¥ m, 2m—1 *
_nm,Qm—lx Yy +n

n

2
m,m * 2m—2, 2m—2 * 2m—2,2m—1
mom2 T Y ANy 9 9 0T Yy TN2m—22m—1% Y

* 2m—2, m%2—m * 2m—1 mz—m+1
+ n2m—2,m2—mx Y +n2m—1,m2—m+1x Y

2 2 2 2 2 2
* m—m,m“—m * m—m,m“—m-+1 * m*“—m+1,m
+ n'r‘rﬂ—7n,7n2—7naj Y +nm2—m,m2—m+1x Y +nm2—m+1,m2x )

— memme—l + 27,nxmyrn2 + m(n _ 5)x2m—2y2m—2+2mx2m—2y2m—1+m(n _ 4)x2m—2ym2—m
+ 2mx2m71ym27m+1 +(n _ 5)1.m27mym27m +2xm27mym2fm+l + 21.m27m+1ym2. D

From these above polynomials, we can find some deficient topological indices of the graph B, ,. In the
next section, we will compute deficient topological indices of the graph B, ,(m > 1,n > 3) using deficient
M-polynomial of said graph.
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4 Deficient Topological Indices for Stacked Book Graph B,, ,(m > 1,n > 3)

Using the M-polynomial 3.6 case (#ii) of the stacked book graph B,, ,(m > 1,n > 3) and Table 1.2, we
compute the six deficient degree-based indices for the stacked book graph By, ,,(m > 1,n > 3) in the following
theorem.

Theorem 4.1. Let G be a stacked book graph By, .,(m > 1,n > 3). Then, the deficient degree-based
topological indices for the stacked book graph By, n(m > 1,n > 3) are
(@) deficient first Zagreb index
M;(G) =2+ 8m — 3mn — 2m? + 3m?n,
(i1) deficient second Zagreb index
M;(G) = —=3m +mn + 6m? — 2m?n — m? + m3n,
(#i1) deficient redefined third Zagreb index

ReZ3(G) =6m — 2mn — 14m? + 6m?n + 14m® — 6m>®n — 2m* + 2m*n.
Proof. From Theorem 3.6, the deficient M-polynomial of the stacked book graph By, ,(m > 1,n > 3) is
DM (G;x,y) =(n —3) + 2y + m(n — 2)y™ " + 2may™ + m(n — 3)z™ " y™ "1 4 2ma™ Ny = f(z,y).

We calculate the following expressions:

D, f(e,y) =24 f 0

9]
=T {(n=3)+2y+m(n—2)y" " +2may™ +m(n —3)z™ 'y" ' + 2ma™ 1y}

=2mazy™ + m(n — 3)(m _ 1)xm—1ym—1 + 2m(m — 1)1'm_1ym,
D, f(@.) =y~ f(z,9)
Y 'Y _yay Y

0
zya—y {(n=3)+2y+m(n—2)y" " +2may™ +m(n —3)z™ 'y" " +2mz™ "y}

=2y +m(m — 1)(n — 2)y™ ' + 2m2zy™ + m(n — 3)(m — D)a™ Ly 4 2mPam Ly,

Now,
[Dy + Dy f(z,y) =2y +m(m —1)(n — 2)y™ 1t + 2m(m + ay™ + 2m(n — 3)(m — 1)z™ tym—1
+2m(2m — 1)a™m~Lym.

0

:x% {2y +m(m —1)(n—2)y™ ' + 2m°zy™ +m(n — 3)(m — 1)z 'y~ + 2m%2™ " 1y™}

=2m2zy™ +m(n — 3)(m — 1)%2™ 1y £ 2m%(m — 1)a™ y™,
and
[DyDy(Dy + Dy)) f(z,y) = 2m?(m+ )zy™ + 2m(n — 3)(m — 1)32™ y™= 4+ 2m?(m — 1)(2m — 1)a™ " 1y™.
Using the above equations and formulae in Table 1.2, we have
(i) Deficient first Zagreb index

M (G) = [(Ds + Dy) f( )],y
=2y +m(m — 1)(n — 2)y™ * + 2m(m + D)ay™ + 2m(n — 3)(m — 1)z™ 1y™ !
+2m(2m — D™y ey
=2 + 8m — 3mn — 2m? + 3m?>n.
(ii) Deficient second Zagreb index
M3 (G) =[(DaDy) f (2, y)]w=y=1
=2m2zy™ + m(n — 3)(m — 1)22™ ty™ 4 2m2 (m — D)2ty

= —3m + mn + 6m? — 2m?*n — m® + m>n.
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(7i7) Deficient redefined third Zagreb index
ReZ3(G) =[(D2Dy(Da + Dy)) f(2,9)],—, 4
= [2m2(m + Day™ 4 2m(n — 3)(m — 1)31:m71ym71 +2m2(m —1(2m — l)xmflym} rmy=1
=6m — 2mn — 14m? + 6m>n + 14m3 — 6m3n — 2m* + 2m*n.
O

Theorem 4.2. Let G be a stacked book graph B, ,(m > 1,n > 3). Then, the deficient degree-based indices
for the stacked book graph By, n(m > 1,n > 3) are
(i) deficient forgotten index
F*(G) =2 —4m + 3mn + 12m? — 6m>n — 2m> + 3m>n,
(i) deficient inverse sum indeg index
2m?  m(m—1)(n—3) 2m?*(m—1)

IR =
ST(9) m—|—1+ 2 + 2m—1
and
(i31) deficient augmented Zagreb index
2m’* — -1)°%  2mt(m 1)
A%(G) = m 3+m(n 3)(m3 ) m*(m 3)
(m—1) 8(m —2) (2m — 3)

Proof. From Theorem 3.6, the deficient M-polynomial of the stacked book graph By, ,(m > 1,n > 3) is
DyM(G;x,y) =(n —3) + 2y +m(n — 2)y™ ! + 2may™ + m(n — 3)a™1y™ ! + 2ma™ "y = f(x,y).

We calculate the following expressions:

D.f(e,y) =2 4-F )

0
=To {(n=3)+2y+m(n—2)y" " +2may™ +m(n —3)z™ 'y" ' + 2ma™ "y}
=2may™ + m(n — 3)(m — 1)z™ y™ !t + 2m(m — 1)az™ 1y™,
0
D2 - 7Dz 5
2 f(2,) =05 Daf(w,1)
0
=5 {2may™ + m(n — 3)(m — )z™ 'y™ " +2m(m — 1)2™ 'y™}
=2may™ +m(n — 3)(m — 1)%2™ Ly™ "t 4 2m(m — 1)22x™ " 1y™,

Dy f(x,y) =ya%f(x,y)

0
zy@ {(n —3) 4+ 2y +m(n —2)y™  + 2may™ +m(n — 3™yt + mem_lym}
=2y +m(m — 1)(n — 2)y™ ' + 2m2zy™ + m(n — 3)(m — D)a™ ty™ 1 4+ 2mPz™1y™,

0
—yafyDyf(w,y)

D; f(x,y)
9 m—1 2, m m—1, m—1 2, m—1, m
:ya—y {2y + m(m —1)(n - 2)y +2mxy™ +m(n —3)(m —1)z™ 'y + 2m2z™ ty™ }
=2y +m(m — 1)%(n — 2)y™ ' + 2m3zy™ + m(n — 3)(m — 1)%2™ Ly™ "t 4 2mBxmy™,

(DD, (2) =5 Dy (,1)

d
=To {2y +m(m —1)(n = 2)y™ "+ 2m°zy™ +m(n —3)(m — 1)z 'y™ "+ 2m>2™ " y™ }
=2m2zy™ + m(n — 3)(m — 1)2z™ 1y™=t £ 2m2(m — D)™ ty™.
ID.Dyf(2,y) = [D.D, f(x.9)],._,

— [2m2xym + m(n _ 3)(m _ 1)2mm—1y7n—1 +2m2(m _ l)an—ly'rn] oy
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=2m22™ " 4 m(n — 3)(m — 1)222mY 4 2m?(m — 1)2®m L,
Now,
DiDgf(x, y) =2mray™ + m(n — 3)(m — 1)z Lyt £ 2mt (m — 1)32™ y™,
TDEDYf(e,) = [DED3 )],
= [2m*zy™ + m(n — 3)(m — 1)%2™ 'y™ ! 42m*(m — 1)%2™ 1y oy
=2miz™ L +m(n — 3)(m — 1)%22m=Y 4 2mt (m — 1)32m L
Q-2 DDy f(w,y) =2~* [JD; Dy f (,y)]

=z ? [2m4xm+1 +m(n —3)(m — 1)z~ fom*(m — 1)%2*m™ ]

=2mAz™ ! 4 m(n — 3)(m — 1)22m=2 4 2m4 (m — 1)322m 3,
1
5.Q 2P0} (@) = [ (@ 2IDIDYS )},
0

1
:/ " {2m4tm_1 +m(n — 3)(m — 1)820m=2) LomA(m — 1)32m=3} dt
0

4

6
2m® .1, m(n—3)(m—1) 22(m=2) 4 2m* (m — 1)3332
m—1 2(m —2) 2m —3

m—3

Now,
[DZ + D] f(z,y) =2y +m(m —1)*(n — 2)y™ " + 2m(m* + ay™ + 2m(n — 3)(m — 1)%a™ 1y~
+2m(2m? — 2m + 1)z™ 1y™.
1

(S:ID.D @) = | $LID.D,fw. )},

1
:/ n {2m2tm+1 +m(n—3)(m — 1)2 $20m—=1) 4 2m2(m _ 1)t2m—1} dt
0
:ﬁ L m(n = 3)(m - 1)172(’”’1) + 2m(m—1) o
m 1 2 om — 1 )

and
. 2m* . m(n=3)(m-1)° _ 2m*(m — 1)3
SS _ JDSDB —_ m—1 2(m—2) 2
[ TQ 2 T y]f(xay) (m_l)gx + 8(771—2)3 €T <2m_3)3
Using the above equations and formulae in Table 1.2, we get

(7) Deficient forgotten index
F(9) = (D + D) f(=.9)],_,_,
=12y +m(m —1)%(n — 2)y™ + 2m(m? + Day™ + 2m(n — 3)(m — 1)2zm 1ym~!
+2m(2m? — 2m + 1)2™ Yy pmy=1

=2 — 4m + 3mn + 12m? — 6m?*n — 2m> 4 3m3n.
(ii) Deficient inverse sum indeg index

_ [ 2m? 2ty m(n —3)(m — ]‘)x2(m71) 2m*(m — 1)1,2m1:|
r=1

m—3

m+1 2 2m —1
_2m? . m(n —3)(m —1) . 2m?(m — 1)
Tm+1 2 2m —1

(7i7) Deficient augmented Zagreb index

A*(G) = [(S3Q-2JD3DY)) f(x,y)] _,

[2 mt e mn = 3)m = 1)° oy 2mi(m — 1) m]
r=1

(m—1)3 8(m — 2)3 (2m —3)3
_ 2m* N m(n—3)(m—1°% 2m*(m—1)3
m—1P " 8m-2)p (2m —3)3
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5 Conclusion

In this article, we proved some graph theoretical results on the deficient degree of vertices in a simple graph.
For the stacked book graph, we calculated the deficient degree vertex polynomial, nbd deficient degree
vertex polynomial, deficient M-polynomial, and nbd deficient M-polynomial. These results can be used to
determine almost all the deficient topological indices of organic compounds in chemical graph theory.
Acknowledgement. The authors express their gratitude to the editor and anonymous referees for their
valuable suggestions to improve the paper in its present form.
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