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Abstract

This paper studies the fractional differentiation of generalized Mittag-Leffler functions using the
Atangana—Baleanu Riemann-Liouville (AB-RL) operator. Exact series representations are derived for
the AB-RL derivative of these functions, including some special cases. The analysis leads to a compact
reformulation involving a two-variable function, termed the Generalized—Two—Variable-Mittag—Leffler
(GML) function, which includes several classical Mittag-Leffler families. We establish its structural
properties and limiting cases, and provide graphical illustrations to demonstrate the impact of key
parameters such as the memory index p. These results enrich the analytical structure of fractional
calculus involving generalized special functions and highlight the relevance of the GML function in
memory-influenced systems.
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1 Introduction and preliminaries
Mittag-Lefler functions appear naturally in the solution of fractional differential equations and have
applications across viscoelasticity, anomalous diffusion, epidemiology, control theory and related fractional
derivative studies [1, 3, 5, 6, 8, 14, 15]. Recent developments in fractional calculus have led to new derivative
definitions involving non-singular and singular kernels. One such approach is the AB-RL type derivative
with a non-singular Mittag-Leffler kernel, introduced in [2]. This operator captures non-local effects with
fading memory in a smooth and physically consistent manner, making it suitable for modeling complex
fractional dynamics.

In this paper, we explore the action of this operator on the generalized Mittag-Leffler function introduced
by Shukla and Prajapati [13]:
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where Re(a) > 0, Re(p) > 0, and (p)qr = T is the generalized Pochhammer symbol. As shown
p

n [13], this function includes several classical functions as special cases.
Exponential Function. When a =1, =1, p =1, and ¢ = 1, we recover
Eyy(2) = €.
Classical Mittag-Leffler Function. For p =1 and ¢ = 1, we obtain the Mittag-Leffler Function [9],
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Two-parameter Wiman Function. For p =1, ¢ = 1, and general 3, we obtain the Wiman function [16]:
k
z

o) = Z):kzzor(kwrﬁ)'

a,B

Prabhakar Function. For ¢ = 1 and general p, we obtain the Prabhakar function [12]:

B () = ZFka—i—B

Hence, the function EZ%(Z) serves as a unified framework encompassing these classical Mittag-Lefler-type
functions as special cases. Consequently, the derivatives of these classical functions can be directly obtained
from the derivative of the generalized function.

Definition 1.1 ([2]). Let u € (0,1) and u € C*(0,T). The Atangana—Baleanu Riemann—Liouville (AB-RL)
fractional derivative of order p of a function u(t) is defined by

B d [*

CDgu)0) = T2 [ ) B (o= ) s, (12)
1-— 12 dt 0

where E,,(-) is the one-parameter Mittag-Leffler function, p, > 0 is a constant, and B(u) is a normalization
function satisfying B(0) = B(1) = 1.

Definition 1.2. We define the generalized Mittag-Leffler-type function of two variables associated with the
AB-RL fractional derivative as
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where (p)qr is the generalized Pochhammer symbol, and E,, ,,(y) is the two-parameter Mittag-Leffler function.
The parameters p, o, B, p,x,y € C, with R(u), R(a), R(B), R(p) > 0, and g € N.

Definition 1.3. Let p,p, o, 8,2,y € C with N(p), R(p), R(a),R(B) > 0, and ¢ € N. We define the
Generalized—Two—Variable-Mittag—Leffler (GML) function as

k,m
p.q ) Yy
gGML, (@, y) = E E Tlum + ah 1 ) (1.4)
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This function arises naturally in the study of AB-RL fractional derivatives applied to the generalized
Mittag-Leffler functions.

2 Main Results

In this section, we derive the AB-RL fractional derivative of the Shukla function (1.1), which is an entire
function [4], along with its special cases. While classical fractional derivatives of generalized Mittag-Leffler
functions have been studied in [10], to the best of our knowledge, the explicit action of the AB-RL derivative
on the Shukla function has not yet been systematically studied.

Theorem 2.1. Let o, f3,p,A € C with R(a),R(B),R(p) > 0, p € (0,1) and ¢ € N. Then the AB-RL
fractional derivative of the function
u(t) = P ELT (M)

is given by the following double series representation:

F(um + ozk + ﬂ)

Proof. We start by expanding the generalized Mittag—Lefﬂer function as
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Then the function u(t) becomes

u(t) = P ELT (M) ZF ak‘f’:’\ﬂ S gakHs=L

We now apply the AB-RL fractional derivative term—by—term

qkA * MM pak+p5—1
D, .
Z I'ak+ B8)k ( of )

It follows from direct calculation that:

)
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where v = ak + 8 — 1. Hence:
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Substituting back:
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Corollary 2.1. Let a, 8, p, A € C with R(«), R(B),R(p) > 0, u € (0,1), and ¢ € N. Then the Atangana—
Baleanu Riemann—Liouville (AB-RL) fractional derivative of the generalized Mittag-Leffler function
u(t) = tP 7 EST (M)

can be expressed as:

B
(Dpu0) = L) e O ), (22)
Proof. We begin from Theorem 2.1, which yields the double-series representation:
A (=)™
Dli qk t,um—&-ozk—l—ﬁ—l.
¢ 1— sz'f‘um—i—ak—kﬁ)

Rewriting the inner summation as a Mittag-Leffler function:

p :u;ttlu‘
By akts(—put!) Z C(pm + ak + B)’

we regroup terms:

o k
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Finally, factoring out t?~!, we obtain:

)\t
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which matches the definition of waﬁ (z, ). O

Remark 2.1. The result of Theorem 2.1 also generalizes the case of a polynomial multiplier. For any v € C,
one can write:

B() <= (p)ge A
u(t) =" EfE(AY) = ("Dhu)(t) = -5 > ]il M By gyt (= t®).
k=0 ’

In particular, setting v = f — 1 recovers the main result.

198



Corollary 2.2. Let a, 8, p, A € C with R(a),R(B),R(p) > 0, u € (0,1), and g € N. Then the Atangana—
Baleanu Riemann—Liouville (AB-RL) fractional derivative of the generalized Mittag-Leffler function

u(t) =" BN (M)
can also be represented using the Generalized—Two—-Variable-Mittag—Leffler (GML) function as:

CDpu(0) = T GMEL, (0 ), (23)

Proof. From Theorem 2.1, we have the double series expression

M (=)™
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This can be factored as:
B(u) k ) (=pt)™
*DM t) = q . a4
("Dyu)(t) = kZOmX:O um—i—ak‘-i-ﬂ)
which is exactly the definition of the GML function. O

Corollary 2.3. Let p,a, p, A € C with (), R(a), R(p) > 0, and q € N. Consider the generalized Mittag-
Leffler function:

u(t) = ELT(AtY).
Then its Atangana—Baleanu RL-type fractional derivative is given by:

(* D) (t) = f (p ; GMLL, | (M, — 1, 1), (2.4)

i.e., a direct expression in terms of the GML function with 8 = 1.
Remark 2.2. Corollary 2.3 shows that setting 5 = 1 in the general AB-RL derivative of u(t) =

tﬁflEZ:%()\ta) directly yields the AB-RL derivative of the generalized Mittag-Leffler function E2Y, which
appears naturally in the GML framework with the parameter § = 1.

a17

Remark 2.3. The GML function provides an alternative representation to the compact form involving
the two-variable Mittag-Leffler-type function g/’aﬁ gwen in Corollary 2.1. Both representations are
mathematically equivalent:

0,q - (p)quk. - ym _ P
GME, o p(@0y) = I;) k! %F(um+ak+ﬁ) Eiras (@),

Remark 2.4. An important advantage of expressing the AB—RL derivative in terms of the GML function is
that it enables compact analytical manipulation. For instance, the difference between two AB-RL derivatives
of distinct orders py and po applied to the same function can be written as:

Ty R ~1 [ B(pa) B(p2)
(* Dl u)(t) — (* DE=u) () = 7~ [1 GMELT gl ) = T2 GMEE ()|
where x = X%, y1 = —p,, t", and yo = —uuzt‘”. This expression shows the structural advantage of the

GML formulation in representing operator differences in a unified analytic framework.

Theorem 2.2. If p =1 and g = 1, then the generalized Mittag-Leffler function reduces to the two-parameter
Mittag-Leffler function E, g, and:

\ _ o B(1) N~ gkt
(DY B g (MOD(O) = T2 3 A, (i, t) (2.5)
k:

Proof. We begin from Corollary 2.1, which states:

. B(1) ~=~ () gk A anis
("Dyu)(t) = 1£,1)LZ( Jak Xy “By,aktp(— ).

k!
k=0
Now substitute p = 1,¢ = 1, so that:
(P)gk = (L)k = k!,
which cancels the denominator. Hence:
) B(1) o= \k okt
( Dgu)(t) = m Z/\kt hHp lEu,ock-i-B(_:uut#))
k=0
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Theorem 2.3. If A =0, then u(t) = T3 and:
B
(Dju)(®) = T 9 By ). (2.6)

Proof. Set A =0 in the generalized Mittag-Leffler function:
1
')

p-q

1
EFT(0) = ——
Now, from Corollary 2.1 the AB-RL derivative is:
B(p) = (0N anase
("Dyu)(t) = 1_MZ ot ML Bk s (—put™).
k=0 ’

Since A = 0, all terms with k£ > 1 vanish, and only the £ = 0 term remains:

= u(t)=t""1.

(Dpu)(®) = T 0 ).

Since (p)o = 1, we get:
* B —
CDfwE) = LU By ()

3 Special Cases and Properties of the Generalized-Two-Variable-Mittag-Leffler Function
The Generalized—Two—Variable-Mittag—LefHler function

Sy O e

gML? () .

N

k=0 m=0 I(um + ok + B)

encompasses several well-known special functions under specific parameter settings. Table 3.1 summarizes

key special cases and their corresponding classical counterparts.

Table 3.1: Special cases of the Generalized—Two—Variable—Mittag—Leffler function QMCH ws(@y)

Conditions Reduced Form Function Name
RS (p)gr" :
w=0, ly <1 Z ' Scaled  Generalized ML
1-— y =0 F(Oék' + ,B)k 1%bjp,%(x)
y~a,
1 o (pha? ,
=0, qg=1, <1 Scaled Prabhakar function
n=0a=1 1 1 fy;)F(aknLB)k! £ ()
— a.pB
0 1 1, |yl <1 ! ﬁ;i il Scaled t ter ML
w=0 p=1qg=1, |y cale wo-parameter
-y Tak+5) function E, g(z)
1 = zF
pw=0 p=1q9¢=1, g = Z Scaled standard ML function
1, |y <1 1-y iz Tlek+1) Eo(x)
<k
p=14¢=0 Z %Eﬂ,ak+ﬁ(y) Mittag-Leffler generating
k=0 form
x=0 E,z(y) Two-parameter ML function

Remark 3.1. The presence of the doubly-indexed gamma term in the denominator, I'(um + ak + ), makes
the GML function structurally different from standard hypergeometric, Foxr—Wright, Srivastava—Daoust, or
Lauricella-type families in their usual forms. In the limiting case p = 0, the GML function reduces to a
scaled generalized Mittag-Leffler function as:

1
7?/ : Ez:%(l‘), fOT |y| < 17

GMERS, (2y) = T+

demonstrating the internal consistency and usefulness of the GML framework in unifying these cases.
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Property 3.1. If a = u, then the GML function

oo o0

gAML, g =3 30 BT
pan W)= 20 20 T4 Dk 4 m) + )
becomes symmetric in x and y under the common fractional order p.

Property 3.2. When u=1, a =1, and 8 =2, the GML function reduces to
1
gML’ib(m,y) :/ (1) evs . (3.1)
0

Proof. We begin by considering the GML function at the given values of parameters:
1,1
gMClley ZZ k+m+2)

k=0 m=0
We aim to show that:

1
DI = [ et as
k=0m=0 k + m+ 2) 0
Now expand both exponentials as power series:
e k k & m.m
z(l—s) _ z (1 B 8) ys __ ys
€ - Z k! &= Z m!

k=0 ) m=0
Then multiply and integrate term-by-term:

1 1 >k k e m.m
z(1—s) ys _ z (1 — S) y's
/0 e eY?ds /0 ( E — g - ds.

Interchanging summation and integration:

= 2fy™ D(m+ DIk + 1)
=22 klm!  T(k+m+2)

k=0 m=0
oo oo k. m
=2 firmay) (3.2
k=0 m=0
which is exactly the form of g./\/lE}iQ(x, ). O

Before proceeding to the graphical representation, we present a few explicit examples illustrating how
suitable specialisations of the GML function relate to the two-variable Mittag-LefHler forms studied by Pathan
and Kumar [11].

3.1 Relations with Two-Variable Mittag—Leffler Structures
Pathan and Kumar [11] studied the two- Variable generalized MittagfLefHer function

(5) m+n m, n
. 3.3
B gy (%:y) = szlnlpam+5n+7)z Yy (3.3)

They analysed several important specml forms arising from (3.3), including Prabhakar-type, Wiman-
type, and hypergeometric-type reductions [7]. Since the GML function presented in this work also possesses
a two-variable Mittag—Leffler structure governed by a doubly-indexed gamma term, it is natural to examine
how its specialisations relate to the forms discussed by Pathan and Kumar. Representative examples of these
correspondences are given below.

Example 1. Prabhakar-type correspondence
Among the notable reductions examined by Pathan and Kumar is the Prabhakar-type form

o (O)n(z +y)"
Cha@) = Eoe+) = 3 et 4
For the GML function, the parameter choice p =0, ¢ =1, |y| < 1 (see Table 3.1) yields
1 1
GMLY! s(x,y) = T B 4(z) = = EY) (2,0, |yl <1 (3.5)

Apart from the natural scaling factor (1 — y)~! that arises in the two-variable GML construction, both
expressions contain the same Prabhakar-type function. Thus this specialisation of the GML function aligns
structurally with the Prabhakar-type form described by Pathan and Kumar.
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Example 2. Wiman-type correspondence
Pathan and Kumar also obtained a Wiman-type reduction by suppressing the second variable.

1
B, 5(2,0) = B, (). (3.6)
An analogous reduction is obtained by setting = 0 in the GML function (see Table 3.1), giving
1
GMLL? 5(0,y) = Buply) = B 5(y,0). (3.7)

Thus suppressing one variable in the GML function produces precisely the one-variable Mittag—Leffler form
that appears in the Wiman-type case studied by Pathan and Kumar.
Example 3. Hypergeometric-type correspondence
Pathan and Kumar further showed that, for (o, 8) = (1,1), their two-variable function can be written in
confluent hypergeometric form )

B (a,y) = ) 1Py 2+ y), (3.8)
where 1 F} denotes Kummer’s confluent hypergeometric function [7].

A closely parallel representation arises for the GML function. Starting from the expression obtained
earlier in equation (3.1) (corresponding to the specialisation (u,, 3,p,q) = (1,1,2,1,1)), and using the
standard identity )

/ e ds = 1 Fi(1;2;)),
0

one obtains
GMLY 5 (2,) = € 1 Fi (1,2 y — ). (3.9)

Hence the GML function also admits a confluent hypergeometric representation for appropriate parameter
choices, mirroring the hypergeometric-type structure discussed by Pathan and Kumar.

These examples show that the principal special forms discussed by Pathan and Kumar, namely the
Prabhakar, Wiman and hypergeometric types, arise naturally from suitable specialisations of the GML
function developed in this work. This indicates that the GML framework fits within the same general class
of two variable Mittag-Leffler structures considered by Pathan and Kumar, and that the present GML form
itself arises naturally through the action of the AB-RL fractional derivative.

4 Graphical Representation and Parametric Behavior
To further illustrate the analytic behavior of the GML function

GMLP (m y) _ i i (p)qk . mkym
paon B el Kkl T(pm+ak+B)

we provide numerical visualizations that highlight its dependence on the memory parameter u, as well as
the local variables z and y.

GML Function Surface Plot

GML(x, y = 0.5) for varying u

00 05 10 15 20 25 30

(b) Effect of varying p € {0.2,0.5,0.8} on the GML
function for fired y = 0.5; other parameters: o = 1.2,

(a) 3D surface plot of the GML function over x € B=1,p=1,q=1.

[0,2], y € [0,1]; parameters: p=0.7, « =12, 8 =1,
p=1,qg=1.

Figure 4.1: GML function visualizations under varying parameters.
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The plot in Figure 4.1a illustrates a monotonic increase of the GML function as both x and y increase.
This reflects the joint influence of the spatial input and memory variable, suggesting the function’s relevance
in modeling long-range coupled dynamics in fractional systems.

As shown in Figure 4.1b, smaller values of u (indicating stronger memory) produce higher GML values.
This aligns with theoretical expectations: a smaller p corresponds to a heavier memory effect, amplifying
the contribution of past states. The curve becomes flatter as u — 1, consistent with convergence toward
classical (non-fractional) behavior.

These graphical results support the analytical structure of the GML function. They demonstrate its
flexibility and sensitivity to fractional parameters, justifying its role as a two-variable analytic output arising
from generalized fractional operators, and affirming its potential for modeling memory-influenced dynamics.

5 Conclusion

In this study, we analyzed the Atangana—Baleanu Riemann-Liouville (AB-RL) fractional derivative of a
broad class of functions involving the generalized Mittag-Leffler function. Explicit analytical expressions
for the AB-RL fractional derivative were derived and subsequently reformulated into more compact
representations, including a single-series form and a two-variable formulation.

A central aspect of this work is the study of a two-variable special function, referred to as the Generalized—
Two—Variable-Mittag—Leffler (GML) function. This function emerges naturally from the AB-RL derivative
structure of the generalized Mittag-Leffler function. The GML function recovers several known functions
such as the Prabhakar function, the classical Mittag-Leffler functions, and their scaled variants as limiting
cases, and thus serves as a convenient interpolating structure between fractional and classical regimes under
suitable parameter limits.

In addition, we demonstrated that important special forms appearing in the two-variable Mittag-
Leffler framework of Pathan and Kumar admit clear structural analogues within the GML setting. This
correspondence shows that the GML function fits naturally into the broader family of two-variable Mittag-
Leffler constructions. The theoretical results were supplemented by graphical illustrations highlighting the
function’s parametric sensitivity with respect to the memory index p and local parameters «, 3, p, and g,
thus providing deeper insight into its analytic behavior.

The GML function’s and the associated AB-RL derivative framework provide a useful basis for modeling

systems exhibiting nested memory and nonlocal interactions. Potential directions for future research include
investigating the GML functions integral transforms, asymptotic behavior, convergence properties, and
developing efficient numerical schemes. Moreover, its application to the solution of fractional differential
equations arising in viscoelasticity, control theory, and anomalous diffusion presents a promising avenue for
further exploration.
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