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Abstract

In this paper, we investigate the growth of My (o, F) defined by Laplace-Stieltjes transforms of
proximate order which is convergent in the half plane. We obtain the error in approximating Laplace-
Stieltjes transform of finite order in the half plane by Dirichlet polynomials.
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1 Introduction
Let Laplace-Stieltjes transform

F(s) = /000 e*da(x), s =0 +it, (1.1)

where a(z) is a bounded variation on any finite interval [0,z](0 < z < o0), ¢ and t are real variables. If
a(z) is a step function and satisfies

ayt+ag+---+a, , )\n<x<>\n+1
a(x): 0, 0<z<)\

ahiao) 45
where the sequence {\,}52 is
D<A <A< <A <...,\y, >0 as n— oo, (1.2)
which satisfies the following conditions
limsup(Ap41 — An) = h < 400, limsup L B <+ (1.3)
n—oo n—oo n
Set .
4 = sup [ emaat)).
An << Apq1,—0co<t<+oo [J A,
log A
lim sup %% n _ ), (1.4)
n—oo n

In 1963, Yu [20] obtained Valiron-Knopp-Bohr formula.

Theorem 1.1 ([20]). If Laplace-Stieljes transforms (1.1) satisfies (1.3) and limsup,,_, . I%i" < 400,

logn

log A log A*
lim sup 08 ol <limsup 98 n + lim sup

)
n— oo 3 n—oo n n—oo )\n
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where of is called the abscissa of uniformly convergent.

It follows that from (1.3), (1.4) and Theorem 1.1 such that o = 0. i.e. F(s) is an analytic in the half
plane H ={s =0+t :0 <0,t € R}. Set

M(o, F) = sup

0<r<+00,—c0<t<+00

)

/x e("“t)yda(y)

0

and
(o, F) = max{A%e*} (o < +00).
neN

2 Definitions
Definition 2.1 ([18]). If the Laplace-Stieltjes transform (1.1) satisfies o =0, then

: log™ log M, (0, F)
p = limsup T
o—0— log (—g)
is called order of F(s) in Res = o < 0, where log™ 2 = max(log z, 0).
If p € (0,00), we say that F(s) is an analytic function of finite order in the left half plane. Considerable
attention has been paid to the growth and the value distribution of analytic functions defined by Laplace-
Stieltjes ([1]-[16], [19], [21]) for some results.
Let p(r) be an non-negative, continuous, monotonic function and let it have a left-hand derivative and a
right-hand derivative in every r(> ro), such that

,and

lim p(r) = p, rEToo P (r)rlogr =0, (2.1)

r—>+00

and set U(r) = rP"), which is a strictly increasing function of v in r > T(/) > rg. Let

t=1rU(r), r=Wi(t), r>0,t>0, (2.2)
be two reciprocally inverse functions. From [6], for any positive real number k, we have
U(kr) 0 W (kt) 1
= = . 2.
I Tm A ey R (2:3)

)
Definition 2.2 ([18]). If the Laplace-Stieltjes transform (1.1) of (F(s),
. log* My (0, F)
lim sup T =1,
o—0— U (_;)
p(—=21) and U(=21) are called the prozimate order and the type of (1.1) in Res = o < 0.

We denote Lg be the class of all the functions F(s) of the form (1.1) which are analytic in the half plane
Res < B(—o00 < ao < 4+00) and the sequence {\,} satisfies (1.2) and (1.3), and L denote be the class of all
the function F'(s) of the form (1.1) which are analytic in the half plane Res < 0 and (1.1) which are analytic
in the half plane Res < f(—o0 < o < +00) and the sequence {\,,} satisfies (1.2), (1.3) and (1.4). Therefore,
if —co <8< 0and F(s) € L, then F(s) € Lg; if 0 < 8 < +o0 and F(s) € Lg, then F(s) € L. If A% =0 for
n >k+1, and A} # 0 then F(s) will be called an exponential polynomial of degree k usually denoted by
Dk, 1.e. pr(s) = fo)‘k exp(sy)da(y). We denote [],, to the class of all exponential polynomial of degree n.

ie.

H = {Z biexp(sA); (b1, ba,...,b,) € C"}
n 1=1

For F(s) € Lg, —00 < 3 < +00, we denote E,(F, /) the error in approximating the function F(s) by
exponential polynomial of degree n in uniform norm as

E,(F,5) = inf ||F — P|s, n=12,...,
(R.)= int |IF =Pl

where
|F—Pllg= max |F(B+it)— P(B+it)l.

—oo<t<+00
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3 Lemmas
To prove our results we use the Lemmas [17];

Lemma 3.1 ([17]). Let a and X be any positive real numbers,then
1
¢(o) =alU (—) — Ao, o<0
o
obtained the minimum,

1 1 p+1
am'w;m/?)\)(l—ko(l)),)\%oo in o= (ap)7
pp+1

Lemma 3.2 ([17]). Let b and X be any positive real numbers, then

x
A7) = Wiy T
obtained the maximum,
p* 1 o 1 p e+1l 1 B
b(p + 1)(p+1)U <_J> (I+0(1),0 =07 in z= borl ~U(==) @ +o(1),0 =0

Lemma 3.3 ([17]). Let A > 0 and {\,,} be a strictly increasing sequence tending to co(v — 00) and satisfy
A, > Ar U(r))}. If lim, o0 % = 1, then there exists a monotone decreasing positive sequence {o,}
convergent to zero satisfying

1 1
Ay (1 (=) v (-)
An U ( ) . lim = SRV
(=) ()
We investigate the approximation of analytic function defined by Laplace-Stieljes transform and obtain

the relations between the error E, (F, 3) and the growth order of F(s).

4 Mains Results
Theorem 4.1. Let the Laplace-Stieljes transforms (1.1) of finite order p(0 < p < 00) satisfies (1.2), (1.3),
(1.4) and

Jr
log 1ogn< p

lim . 4.1
n—oo logt A, ~— p+1 (4.1)
Then N N
1 M, F 1 A
limsupOg—u(lg’) =1 <= limsup % M 1, (4.2)
o—0~ U (*;) n—oco  BU (log)‘\*nA* )

where B = (14 p)*P) p=r and U(r) are defined by (2.3).
Proof. We prove the sufficient part of the Theorem, for any € > 0, there exist Ny € N, as n > Ny, we have

log™ A < (1 +¢€)BU ( An ) ,

log™ Az
An An
i.e. A < (1+¢€)B U .
( ) logt Az (1og+ A;)
Since, r = W(t) and t = rU(r) are two reciprocal inverse functions and monotonically increasing

functions, we get

An An
w < .
(B(l + e)> ~ log" Az

i.e. log™ Al <
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Thus, there exist a positive constant D such that
i.e. Al <Dexp | ——— | ,n=0,1,2,3,...

Let -
Iy (x;it) = / eda(y), \k <o < Apg1,
A

k
for any t € R, we get
[Ty (z;it)| < Af.

Thus for any z, Ay < < Agy1, 0 >0, we get

x ) n—1 Ak+1 T
/ e+ (y) = 3 / eV, Iy it) + / eV, I (ys it)
0 A A

k=1 k

n—1
= Z [eaAk+1]k(Ak+1;it) -+ 0'/

k=1 Ak

Ak41

x

+ 7% L (x;it) + 0’/ eI, (y;it)dy.
Ak

Then for any ¢ < 0 and any ¢t € R, we get

n—1

k=1
n

E: *okk

From (4.3) and (4.6), we get

n o0 A
§ * O E n
Mu(U, F) < Ake k < D exp ﬁ +)\n0'

k=1 n=0 B(i+e)

A o0
< Dsuplexp | —r——~ 4+ A\ (1 +€)o E e7An
n>0 W (Ai) =

B(1ro n

From (4.1) there exist p; € (0, p) such that

. loglog™ n 1
lim sup .
n—o00 10g )\n 1+ P1
Thus there exist N7 € N such that

p1t+1

An > (logn) > >1,n> Nj.

Hence
p1+1
Zeae)\n <Ny +1+ Z O'€(10gn) P1
n=N1+1
T
dx
<D +/ —eo
N, T

1
< D Tl+60’
>~ 2 + (1 ¥ 6(7) )

where T = e and D, ,Dsy are two real constant by Lemma 3.2, we get

M, (0, F) < Dexp [(1 +e)U ((1+16)0> (1+ 0(1))} (D2 + (1+16(7)T1+m) .

e?Y I (y; it)dyl

/ (a+zf)yda ‘ Z A* OAk+1 + |e¢7)\k+1 _ eaAk D + A:l(eoz + |eam _ eoAnD
0

(4.3)

(4.7)
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Thus

logt My (0, F) < (1 + 26)U <i> (14 o(1)). (4.10)
Hence N
lim sup w <1.
o0 U(=5)
Suppose that
lim sup M =p<1. (4.11)

R =y

Set n > 0 and B + 21 < 1 then there exists o9 > 0,

logt My(0,F) < (B+n)U (—i) (0 <0 < ay).

Let .
I(z;0 +it) = / " da(y).
0

From (1.3), there exists K > 0 satisfying 0 < A\pp1 — Ay < K(n=1,2,...).
For o(< 0) sufficiently tending to zero, it follows that e =57 < %,

/ eWda(y) = / e 7Yd,I(x;0 + it)
A A

n n

x

= {I(J;;G—Fit)e*”y}i —|—a/ e VI (x;0 +it)dy.
n .

For any o < 0 and any = € (Ay, Ant1], we get

| emaa@)] < Mo F) [l e e - ]
An
< 3M, (0, F)e . (4.12)
From (4.10), we have
1
logt™ A% < (B +2n)U (—) + Ao (4.13)
o)

When n is sufficiently large from Lemma 3.1, we get
p+1 Ay

logt A% < (84 2 2L _An

(1+n)

= (B(3 +20)" 55 1+ 1),

Qe W(hy) < (B(B+2n))"T' (1 + 7).

~ logt Ax

For x > 29 = 14U (ry), the function W (z) is monotonic increasing, we get

A A
A < —2 (B 2m))(1 rHL(1 1)U ° .
< S BE ) o) ()
Therefore,
+ *
_LogT A (Bt 4 o1)).
BU (2 )
logt Ax
Thus,

logt A7,
lim sup %8 n

=S <<l
w BU (e )



Theorem 4.2. Let F(s) € L be of the finite order p(0 < p < 00) and —oo < 8 < 0, then

log™ M, (o, F log™ A*
lim Og—(f’) =1 << 1imsuph =1; (4.14)
o—0~ U (—*) n—oo BT ( An )
g logt A%
there exists a increasing, positive integer {n,} satisfying
log™ A An
lim sup —— " =] lim 2t g, (4.15)

Proof. We prove the sufficient part of the Theorem 4.2, and sufficient large value of v, we have

A
logt A* > (1— e)BU | —2m | |
0og n ( E) <10g+A;§V>

A"L >\7l >\/I'Z,
L— > ~—U £ :
(L—€)B " log* Az <1og+ A >

Ny

Since r = W (t) and t = rU(r), are two reciprocally inverse functions and monotonically increasing

function, we get
An An
w “ > —,
<(1 e)B) log™ A
An,
Y
w ( B(1—e¢) )

i.e., log™* Ay >

We take a positive real sequence {0, } satisfying

An, = (pil)pﬂ (1-€)BU (_01,,) Jiu(l +e)
=p(1— 62)0%U (—Gly) .

From Lemma 3.3, we have the sequence {0, } monotonically decreasing to zero, then for any sufficiently
small o < 0, there exist v € N such that 0,41 <0 < 0,. By Lemma 3.2 and Lemma 3.3, we get

log* (o, F) >1log™ A%+ A\n,0 —log A
> log™ AL+ A0, —log A
An,

w (Bz\fﬁe))

> (14 o(1)U (— ! )

Op+1

>

+ Ap, 0, —logA

> (14 o(1)U (1) .

g

From (4.12), we have log™ M, (o, F) > log™ u(o, F) +log 5. Then from this and the above inequality, we
can get

log" M, (o, F log* p(o, F
liminf 108 MulF) g log m@ )
o—0~ U (7;) o—0— U (*;)

Using Theorem 4.1, we get
+
lim 108" Mulo, F) )

o—0- U (=1)

o

We prove the necessary part of the Theorem 4.2 in the following way.
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logt M, (o,

gv(% == 1by
prove (4.15) of Theorem 4.2 in the following. We take a positive decreasing sequence {n;}(0 < n; < 1),
n; — 0(1 — 00). Let

If lim,_,o- Theorem 4.1, we can easily get (4.14) of Theorem 4.2. Then we will

Si=(n:——2 51 b (4.16)

For all i, S; # 0, S; C S;_1. For each i, we arrange n € S; in an increasing sequence {n?}5° , then we

consider two cases as follows.

. (1) . . . ;
Case I Suppose that lim, _, ;V(_J)rl = 1, for any ¢. Then there exist N; € S;(i € N), when nt) > N;, we

have )
()
et < gy, (4.17)
n{
Note S;+1 C S;, take N; 11 > N;, denoted by S;, the subset of S,
S;:{nESlNZSnSNHl},
thus the element of S; satisfies (2.16) and (2.17).
Let S =J°, S; and arrange n € S; in an increasing sequence {n,}, (2.15) is proved.
A0 14
Angh)

Case II If there exist ¢ € N satisfying lim, . # 1, then since )\an > A, we get

A G ) .
lim, 00 % > 1. Hence, there exist {n}, } C {nl} and 6 € (0,1(1 + %)—P) and it follows that

A
LA S ) v=1,2,3,....

Let
nh=n nh=n$) . onl =nl) ..
n’l',:néi),ng :ng),...,n;’ :ngiy),...,
where {n,}, {n)} are two increasing sequences of positive integer, and n; < n;,;, Apr > (1 + )\ ,n =
1,2,.... Take v = n; > 0 and from (4.17), for any sufficiently large v, when n > S; satisfies n}, < n < n,
we get
log* A
Ogi/\n <1l-m<1l-7,
BU (longnA;*1 )
+ A* An
thus log™ A}, < : ,
(B(liw)
. + * oA >‘7l
i.e. logT (AL e < — 0t oAn
w (B(l"—'v))
For o sufficiently reaching to zero and from Lemma 4.2, we get
1
log T (A%e) < (1 —)(1 +o(1)U(--), n, <mn<mn. (4.18)
o
Take p > 0
1+p
SRy 0<np<l
140 ! !
A1t -1
Let 0, = {W ( B(ln_;’u))} , then we have the sequence {0, } monotonic decreasing to zero,

= nit e (L) u (L), o)

v UV
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From (2.19) g > 0 and from (2.14) there exist a positive integer ng € N,
Ar
log™ (A% e < }
o)
B(1+w)
When n > nj; > ng, then A\, > A,». Since W(t) is an increasing function, from (4.19) and (4.20), we
have

+ Ao, n > no. (4.20)

1
W ()

From Lemma 3.2 and for sufficiently large v when ng < n < n/, there exist \,, < Any, < ?15)\7#,’ then we
have

log T (A%e™ ) < \, +o,] =0. (4.21)

1
7)\ " 1
logt (Afe?Mn) < —LH 7T

+ /\n” v
W(ﬁa@;) T+0o7 "7

B(1+p)

<a-ou+omu (-1).

Oy

where n > ng. From (4.17), (4.20) and (4.21), we get

log™ (A%e) < (1 —a)(1 + o(1))U (—1> ., 0<a=min(e,y) <L

Oy

o 100, F) < Cexp {(1 — )1+ o(1)U <1)] , (4.22)

where C is a positive real number.
From (4.10) and for any € > 0, we have

[ee]
My(0,,F) < Ane™
n=0

< u((1- 6oy, F) Y e, (4.23)
n=0
Making an appeal to process of proving Theorem 4.2, (4.23) and (4.22), gives
1
My (o, F) < Cyexp {(1 —a)(1+0(1))U (—ﬂ {C’g + T”“”} ,
oy 1+ €0,

where T = {e(%)pl} and Cq, Cy are two constants. Thus, when v is sufficiently large, we get

log " Mo, F) £ (1= ) +o0)0 (-2 )+ 1= () 4

oy €0y,

< (1 - %) (1+o(1))U (—01) :

where C3 is a constant.
Thus

lim sup ———~——
V—00 U (_L)

which gives the contradiction of the Theorem.
Thus, the necessary part of the Theorem is proved. O

We establish some relation between error E,(F, 3) and growth of F(s).
Theorem 4.3. Let F(s) € L be of the finite order p(0 < p < 00) and —oo < 8 < 0, then

lim sup 10g+ [En(F, B) exp(—BAni1)]

n—oo Ant1
— BU (log+[E,L(F,,3) exp(fﬁ,\,wrl)])

=1
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Theorem 4.4. Let F(s) € L be of the finite order p(0 < p < 00) and —oo < < 0, then
10g+ Mu(ga F) 10g+ [En (Fa 5) exp(fﬂAn+1)]

lim U( 1) =1 <= limsup 3 =1;
o—0— —_—= n—oo nt1
g = BU (g =)
there exists a increasing, positive integer {n,} satisfying
log® [E,, (F —BA A
lim og" [En, (F, B) exp(—BAn, +1)] -1 lim 2retl — g

v—00 )\nu+1 ’ V—00 )\nl,
BU (logﬂEnu(Fﬁ) eXp(_rB)‘nu+1)])

Theorem 4.5. If F(s) € L is of finite order then for any fixed real number, —oo < 8 < 0 we have

log™ M(o, F
limsupOgi(f") =1 < limsupy,(F,5,\n) = 1;
o—0t U(—;) n—+oo
where N i
log™ (E,_1(F,B)e P n
Un(F, B, An) = g ( 1( ) )

BU (

An
log* (En—1(F,B)eFAn) )

Proof. We prove the sufficient part of the Theorem. For convenience, let E,_1 = E,_1(F, ). Suppose that

log™(E,,_je BAn
lim sup ¥, (F, 8, \,,) = limsup o8 ( 1€ )
n—-+o0o n—-+oo BU

N =1 (4.24)
(long(En,nl e~ BAn) )
Then for sufficiently large positive integer n, we have

A
log™ (Ep_1e7 ) < (1 + BU< n )
o ( L )<+ log™ (B, _1e=BA»)

An U ( An )
log ™ (E,_1e=Pn) " \log* (E,_1e=F ) )
Since r = W (t) and t = rU(r) are two reciprocal inverse functions and monotonically increasing functions,
therefore

i.e. A < (1+¢€)B

W ( An ) < An
(1+€)B) ~ logt(E,_1e=Br)’
Hence
log ™ (E,_1e” ") <

Then there exists a positive constant G, such that
An
A?’T,
w ((1+6)B)
For any 3 < 0, then from the definition of Ey (3, F)), then exist P, € [],,_,, satisfying
|F' = Pif| < 2E;-1. (4.26)

En_1e7P < Gexp (4.25)

Since

Al exp (BA\,) = sup
Ap<z<Ap41,—00<t<+00

/ exp{ (6 + it)y}da(y)‘

exp(BAn)

/ ' exp{ity}da(y)
An

< sup
Ap<x<Ap41,—00<t<+00

A " exp{(6 + it)y}daly)

n

< sup

— )
—oco<t<+00o

then for any P € [] we get

n—17

A exp (BAn) < |F(B +it) — P(B + it)|
< |[|F = Pllg. (4.27)
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set,

Hence for any 3 < 0, and F(s) € Lg, it follows from that (4.26) and (4.27),
A exp(BA,) < 2E,_1, i.e A} <2FE,_1exp(—FA,)
i.e,AfLe_a)‘" < 2E,_1el7 A, (4.28)
Now from (4.25) and (4.28), we get

A} exp(BAn) < Gexp (

So by Lemma 3.2 and follows that from (1.4), we get

M, (0, F) < Gexp {(1 + U ((1 - 6)g> 1+ 0(1))} :

log™ M, (0, F) < (14 26)U <> (1+0(1)). (4.29)

As e > 0, we get
logt M, (o, F)

lim sup =1.
omo-  U(=3)
Suppose that
log™ M, (o, F
lim sup Og—(f’) =T <1 (4.30)

omo-  U(=73)

Then, there exists any real number > 0 and T + 4n < 1 and for any sufficiently small o < 0, we get
1
logt My(0, F) < (T +n)U (—0> . (4.31)
Since,

En 1(B,F) <||F = Pauills
< |F(B+it) — Po_1(B8 +it)|

+oo
< ‘ /A exp{(p +¢t)y}da(y)‘~ (4.32)
For 8 < o <0 and
+oo b
A - b—+oo | [ '
/ exp{ (B + zt)y}da(y)‘ lim / exp{ (8 + it)y}da(y)

k k

b
Lissit) = [ expl(-itydaly), (e <5< Ayiinn)

Ajt

then, we have |I;4x(b ;it)| < A7, .. Thus,

b
| /A exp{(B + it)y}da(y)

n+k—1 b

Aj+1
= > /A exp(By)dyl;(y ;it) + /A exp(By)dyln+i(y ;it)
=k N

n+k
n+k—1
< Z [A;’fe)\j+16 + A; (e/\j+15 _ e)\jﬂ)] + 9eBAntit1 A;‘;Jrk _ eBAHJrkA;kLJrk
=k
n+k
<2 Z A;feﬁ)\j-%—l.

=k
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Because b — +o0 as n — +o0, it follows that

k

+o0 +oo
| et it)y}da(y)\ <23 A5 expl B} (133)
n==k

From (1.3), there exists € > 0 satisfying 0 < Apy1 — A, =€ (n =1,2,3,...,). When o is sufficiently close
to 07, it follows thate™¢” < 2. When x > \,,, it follows that

| ewlitnda) = [ e 1o+t
A

n A n
x

= (e77(y; 0 +it))3 + a/ e~ YI(y; o + it)dy.
An

Then for o < 0, we get
’/ exp{ity}da(y)‘ < My(o,F) (|le 7" + e 7| + e 7" — e M)
An

< 2M, (o, F)e 7.

Then for any o < 0 and any = € (An, Any1), we have

/ exp{ity}da(y)| < 2M, (o, F)e 7Te™
An
<4M,(o, F)e 7.
i.e. (o, F) < AM, (o, F). (4.34)
Now from (4.32), (4.33) and (4.34), we get
+o00 +o0
E,1<2 Z Ay _qexp{fAr} < 8M,(0, F) Z exp{(8 — o)A} (4.35)
k=n k=n

From (1.3) we take h'(0 < b’ < h) such that (A,—1 — Ay,) > A/ for n > 0. Then from (4.35) for o > g, we
get

+oo
En_1 <8M,(o,F)exp{(8 — o)\, } Z exp{(8 — o)A — A\n)}
k=n
B\
< 8Mu(07 F) eXp{(B - J))‘n} 1- eXp §h
i.e. En_1 < KM,(o,F)exp{(8—o0c)\n}, (4.36)
where K is constant. Thus for sufficiently small ¢ < 0 and —oco < 8 < 0 < 0, we get

My(0,F) > K\E,_1(F, ) exp{—(8 — 0)\n} = K1E,,_1(F, B) exp{—£\, }e*". (4.37)

Where Ky = (1 — exp gh’). Hence it follows that from (4.31) and (4.37),

log+[En_1(F, 8) eXp{—ﬁ)\n}e‘”‘"] <log* My(o,F) < (T +n)U (—i) .

1
08" [, A(F B exp{-30, ] < (T4 )0 (=1 )~ o (439
When n is sufficiently large from Lemma 3.1, we get
1 A
log* (B 1 (F, 8) exp{—BAn}] < (T + )77 s 20 (1 + )
prt W(An)

= (BO+ )" G5+

WA < An

p+1
S g Eas(F, B exp{—pang] LT (L4 )
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For © > xoy = ryU(r(), the function W (x) is monotonically increasing, we get
An
n< —F
log™ [En_1(F, B) exp{—5An}]

A (B(L+n)""" (1+1)

An
v (logJr [En-1(F, B) exp{=BAn}]

(B(L+mn) (14" (1+0(1))

(BO 4+ m)) (1 + m))

< An
= logt [En_1(F, B) exp{—BA,}]

v (logJr [En1(F,A5) exp{—ﬂkn}}> ‘

Therefore 4
log™ [En—1(F, B) exp{=fAn}] _ (T + 57)7F2(1 + 0(1)).
Ay -
BU (10g+ [Enfl(F!B) exp{—B)\n}]
Thus

logt[E,_1(F, B) exp{—Bn}]

lim sup S <T<1,
" BU (logﬂEnfl(F,B") xp{—Fn }])
which gives the contradiction.
Thus the sufficient part is proved. O

5 Conclusion

In this paper, we investigate the growth of M, (o, F) defined by Laplace-Stieltjes transforms of proximate
order which is convergent in the half plane. We obtain the error in approximating Laplace-Stieltjes transform
of finite order in the half plane by Dirichlet polynomials.

Acknowledgement. We are very grateful to the editor and referees for their useful suggestions in bringing
the paper to its present form.
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