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Abstract

This paper aims at accomplishing half companion sequence of Diophantine triples featuring Gnomonic
numbers such that the product of any two terms of the half companion sequence of the Diophantine triple
and combined by an integer or a polynomial with integer coefficients results in a perfect square.
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1 Introduction

The investigation of integers and arithmetic functions is the main of the discipline of pure mathematics
known as number theory. There are a tonne of straightforward problems regarding integers that are either
impossible to answer or are exceedingly challenging to answer because they only require the fundamental
operations of addition and multiplication [1,5,10,12,13].

A polynomial equation with two or more unknowns that only takes into account or looks for integer
solutions is known as a Diophantine equation in number theory. The word ”Diophantine” refers to the Greek
mathematician Diophantus of Alexandria, who developed the use of symbols in variable-based mathematics
and investigated the corresponding problems in the third century.

The problem of the occurrence of Dio triples and quadruples with the property D(n) for any integer n as
well as for any linear polynomial in n was studied by a number of mathematicians. In this particular
situation, one can seek a thorough review of many problems involving Diophantine triples and special
Diophantine triples [2,3,4,6-9,14,16-21]. Half companion diophantine triple sequences were studied in [11,
15]. These findings inspired us to search for Diophantine triple sequences using gnomonic number words. A
half companion sequence of Diophantine triples for gnomonic numbers with the property D(Square of the
difference of the ranks) is what this study seeks to build.

Basic Definition

A set of three different integers or polynomials with integer coefficients (s1, $2, s3) is said to be a diophantine
triple with property D(n) if s; * s; + n is a perfect square for all 1 < ¢ < j < 3, where n may be non-zero
integer or polynomial with integer coefficients.

2 Proposed Strategy
Notation
Gnoy,: Gnomonic number of rank n.
Half Companion Sequence of Diophantine triples inclusive of Gnomonic numbers
Choose s; = Gno, =2n — 1,
s2 = Gnopir =2(n+k) — 1,

the Gnomonic numbers of rank n and n + k respectively, where k = ... —2,—-1,0,1,2,3....
so that 5189 = 4n? + dnk — 4n — 2k + 1.
Property

Rank of s; = n and rank of so =n + k.
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Square of the difference of the ranks = (n +k —n)? = k2.
Property = D(Square of the difference of the ranks) = D(k?).
As a result, according to the Diophantine triples,

s182+ (Square of the difference of the ranks)

=4n? + dnk — 4dn — 2k + 1 + k2
=(2n+k—1)?
is a perfect square say A2.
If ‘s3’ represents a non-zero integer or a polynomial with integer coefficients then

s185 + k2 = V12, (2.1)
5983 + k% = w?. (2.2)
Solving (2.1) and (2.2), we have
(59 — 81)k? = s9v? — 5103,
Using the linear transformations
vy = u1 + s1v; and wy = ug + Savq, (2.3)
we obtain
u? = 515907 + k2. (2.4)
Therefore, v1 = 4n + k — 2, with the initial solution u; =2n+ k — 1,v; = 1.
On substitution of the values of s; and v in equation (2.1), we get
s3 = 8n + 4k — 4.
Hence, the triple (s1, s2,s3) with property D(k?) is a Diophantine triple.
Now let ‘s4’ be a non-zero integer or a polynomial with integer coefficients such that
984 + k% = V3, (2.5)
5384 + k% = w3, (2.6)
Using the linear transformations,
Vo = U + SoUo,ws = Ug + S309 (2.7)
and using some algebra from (2.5), (2.6) and (2.7), we have
ug = 4n + 3k — 2,v5 = 1.
Thus,
vy = 6n + 5k — 3.
Upon changing the value of vy in (2.5),
54 =18n+ 12k — 9.
Hence, the triple (s, s3,54) is a Diophantine triple with property D(k?).
Assuming that ‘ss’ be non-zero integer or a polynomial with integer coefficients,
s3s5 + k% = 3, (2.8)
s485 + k% = w3. (2.9)
Introducing the linear transformations,
V3 = U3 + $3V3,Ww3 = U3 + S4v3. (2.10)

Using some algebra from (2.8), (2.9) and (2.10), we have
ug = 12n+ 7k — 6,v3 =1,
so that,
Vs = 20n + 11k — 10.
Substituting v in (2.8),
s5 = 50n + 30k — 25.

The triple (s3, 54, 55) possesses the property D(k?) of being a Diophantine triple as a result.

As an outcome, the triples (s1, $2,83), (S2,83,54), (S3,84,85), ... form a half companion sequence of
Diophantine triples with property D(k?).

A few numerical instances that satisfy the property are displayed in the table below.
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n | k | (s1,82,83) | (s2,$3,84) (s3,84,85) | Property
110 114 (1,4,9) (4,9,25) 0
21| (35.16) | (5,16,39) | (16,39,105) 1
31-1| (53,160 | (3,16,33) | (16,33,95) 1
12 | (T11,36) | (11,36,87) | (36,87,235) 4
51 3 (9,15,48) (15,48,117) | (48,117,315) 9

3 Conclusion

We have given a few examples in this paper of how to construct a sequence of Diophantine triples for
Gnomonic numbers of various ranks with reasonable properties. To finish up one may look for other sequence
of triples or quadruples for different numbers with their associated properties.

References

[1] R. D.Carmichael, History of Theory of numbers and Diophantine Analysis, Dover Publication, New
York, 1959.

[2] Y. Fujita, The extendability of Diphantine pairs, Journal of Number Theory, 128 (2008), 322-353.

[3] M. A. Gopalan, and V. Pandichelvi, On the extendability of the Diophantine triple involving Jacobsthal
numbers (Jon—1, Jont1 — 3,2Jan + Jon—1 + Jans1 — 3), International Journal of Mathematics and
Applications, 2(1) (2009), 1-3.

[4] A. Gowri Shankari and G. Janaki, Perceiving Solutions For The Exponential Diophantine Equation
m® +n® = ¢ Uniting Twin Primes, Jianabha, 55(1) (2025), 273-275.

[5] L. K. Hua, Introduction to the Theory of Numbers, Springer-Verlag, Berlin, New York, 1982.

[6] G. Janaki and C. Saranya, Special Dio 3-tuples for pentatope number, Journal of Mathematics and
Informatics, 11(Special issue) (2017), 119-123.

[7] G. Janaki and C. Saranya, Construction of the Diophantine Triple involving Pentatope Number,
International Journal for Research in Applied Science & Engineering Technology, 6(III) (2018), 2317-
2319.

[8] G. Janaki and S. Vidhya, Construction of the Diophantine triple involving stella octangular number,
Journal of Mathematics and Informatics, 10(Special issue) (2017), 89-93.

[9] G. Janaki and S. Vidhya, Special Dio 3-tuples for Pronic number-II, International Journal of Advanced
Science and Research, 2(6) (2017), 8-12.

[10] L. J. Mordell, Diophantine equation, Academic press, London, 1969.

[11] T. Nagell, Introduction to Number theory, Chelsea publishing company, New York, 1981.

[12] D. Maheswari and S.Devibala, Bigaussian Mersenne And Mersenne Lucas Polynomials, Jnbha, 55(1)
(2025), 269-272.

[13] Oistein Ore, Number theory and its History, Dover publications, New York, 1988.

[14] V. Pandichelvi and R. Vanaja, Generating Diophantine Triples Relating To Figurate Numbers With
Thought-Provoking Property, Jrianabha, 52(2) (2022), 106-110.

[15] C. Saranya and G. Janaki, Half companion sequences of special dio 3-tuples involving centered square
numbers, International Journal for Recent Technology and Engineering, 8(3) (2019), 3843-3845.

[16] C. Saranya and G. Janaki, Integer triples comprising of Jarasandha numbers in Arithmetic progression &
Geometric progression, International Journal of Research and Analytical Reviews, 6(1) (2019), 751-752.

[17] C. Saranya and G. Janaki, Some Non-extendable Diophantine Triples involving centered square numbers,
International Journal of Scientific Research in Mathematical and Statistical Sciences, 6(6) (2019), 105-
107.

[18] C. Saranya and B. Achya, Special Diophantine triples involving square pyramidal numbers, Indian
journal of advanced mathematics, 1(2) (2021), 27-29.

[19] C. Saranya and B. Achya, Diophantine triples Involving Square Pyramidal Numbers, Advances and
Applications in mathematical sciences, 21(3) (2022), 1541-1547.

[20] C. Saranya and B. Achya, Special Dio 3-Tuples Involving Square Pyramidal Numbers, International
Journal for Research in Applied Science € Engineering Technology, 10(III) (2022), 891-895.

[21] S. Vidhya and G. Janaki, Special Dio 3-tuples for Pronic number-1,International Journal for Research
in Applied Science and Engineering Technology, 5(XI) (2017), 159-162.

169



