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Abstract

In this article, we apply Ruffa-Toni’s definite integral formula to evaluate the approximate solutions
of single and double Fredholm integral equations consisting of separable kernels. We introduce the
graphical representations of our results through their MATLAB algorithms to make them applicable in
computation of the scientific problems.
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1 Introduction
Several numerical integration formulae are studied in [2, 5] to compute the problems via definite integration.
Ruffa-Toni [4] obtained the following interesting formula for computing to a definite integral:

on

b _
/ g(t)dt = (b—a) 22 " Z D™ g (a+m(b—a)27"). (1.1)
a m=1
The Ruffa-Toni [4] formula is useful to derlve the Lanczos derivative, Lanczos orthogonal derivatives and
the generalized Lanczos derivatives.
Here in this research, we compute different non-homogeneous Fredholm integral equations that occur in
various scientific problems. A general Fredholm integral equation is defined by [1]

(@) = F(z) + A / " Ko, tu(t)dt. Ve < [a,b], (12)

The integral equations (1.2) are solved with several methods to reduce them as reduction to a system
of algebraic equations, by an approximate solution method, a method of successive approximations and a
classical Fredholm theory (see in [1, 3]).

Following [4], here in this paper, we study an approximation formula of the solution of non-homogeneous
single and double Fredholm integral equations on application of Ruffa-Toni’s interesting formula of definite
integral [4]. Some classical examples of the above theory are introduced to make their graphical representation
of solutions with the aid of the MATLAB computer algebra system.

2 An approximation solution of non-homogeneous Fredholm integral equation and application
In this section, we consider Fredholm integral equations consisting of the separable kernel and obtain their
solutions on application of the Ruffa-Toni’s interesting formula of definite integral.

Theorem 2.1. For a separable kernel K (xz,t) = ¢(x)0(t), the Fredholm integral equation

u(x) +/\/th (2.1)
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has the approximate solution

50 27 2 g (a4 m(b — a)27") F (a + m(b — a)27")

u(z) = A T ) o(x) + F(x).
[k ~ AT 2 S22 ()6 (b mib — a)2-) o (a+ m(b— a)2-)}
(2.2)
In (2.2), it is provided that
271
1
-n m+1 n -n
)\22 mzl 0 (a+m(b—a)2™") ¢ (a+md—a)2 )#(b—a) (2.3)
Proof. Consider the integral equation (2.1) and then for K(z,t) = ¢(x)0(t), write it in the form
u(x) = A\Cop(x) + F(x). (2.4)
Here in (2.4) C is written by
b
C= / O(t)u(t)dt. (2.5)
a
On application of the formula (1.1) in the formula (2.5), we derive
2" -1
=(b—a Z 2=" Z D™y (a+mb—a)27") 0 (a+m(b—a)27"). (2.6)
m=1
Therefore, on making an appeal to the Eqns. (2.4) and (2.6), we get
oo S 2y —1( )mﬂe) (a+m(b—a)2™") F (a+m(b—a)2™")
= -
(ot AT 27 X5 (1m0 (a + m(b - )2") g (a + m(b - @)2)
provided that
2m—1
1
—-n m+1 —n —n
)\ZQ mzl 0 (a+m(b—a)2™") ¢ (a+mb—a)2 )#(b—a)' (2.7)
Finally, introducmg the value of C in the Eqn. (2.4), we find the approximate solution of the Eqn. (2.1)
under the conditions (2.3). O

Particular Case 2.1.
Setting p(z) = 2%,0(z) = 23, F(z) = z,a = 0 and b = 1 in the Theorem 2.1, then the Fredholm integral
equation (2.1) becomes

x)=xz+ A /01 2 t3u(t)dt. (2.8)
On making an appeal to the Theorem 2.1, the approximate solution of (2.8) is obtained by
D St Sd Dty G ) L G O
{1-aS 2 i, = 1=t (m2)*)
In (2.9), it is provided that 1 — A7 27" 22 L (=1ymH (m2-")" #£ 0.

u(x) 2 4 . (2.9)
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Now via MATLAB, we plot 2D Graph (U(z),z) and 3D Graph (U(z),z;)\) of the Fredholm

integral equation (2.8):

u(x)

=20 =15 -10 =h 0 5 10 15 20

Figure 2.1: (a) Approximate Solution u(x) for Different X Values
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Figure 2.1:(b) 3D Surface Plot of u(x) for Different A Values

3 Some Classical Examples

In this section, we present some of the classical examples of the Fredholm integral equations and then derive
their approximate solutions on using the theory and methods applied to solve the Fredholm integral equation

presented in the Theorem 2.1

Example 3.1. Consider the Fredholm integral equation
b
u(z) = F(x) + )\/ (1 — 3at)u(t)dt,
to solve it.

Solution. The equation (3.1) is written by
u(z) = F(x) + Acx — 3Aca.

Here in (3.2), we let
b b
1 :/ u(t)dt and ¢y :/ tu(t)dt.
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Therefore, due to (3.2) and (3.3), we find

b
ca(l=Ab—-a))+ cz% (b* — a®) = f1, where f; = / F(t)dt (3.4)
A o
—cy (b —a®) +co (14 A (b3 —a®)) = f2, where fy = / tF(t)dt. (3.5)

Now, on application of (3.4) and (3.5), we get

s ey a1 2]
b 1

provided that

(1-Ab—a) 2 (b
‘—g(bﬂ—cﬂ) (1+A((53 ‘7“’ (3.6)

In (3.6) on applying the formula (1.1), f; and fs are computed as

2" 1
(b—a) 22 " Z D™ F (a4 m(b—a)2™")
m=1
and o
=(b—a 22 " Z D™ (a+m(b—a)27") F (a+m(b—a)27"). (3.7)
n=1 m=1
Then

AU T
S —a?) fi+ (1+ A (0% —ad)) fo

1{(1+>\(b3—a3))f1— 20 - a?) fg},

1 = A (b2 a2) (13 (b3 _ a3))
a=| U0 (2N | {ene-enn-j@ -l ey

Therefore, under the conditions (3.6), the solution of (3.1) is obtained by applying (3.7) and (3.8) in
(3.2).
Special Case 3.1. On putting a = 0,b = 1, and F(x) = z? in the Example 3.1 for A # 2, then the solution
of the integral equation

1
u(z) = 2 + )\/ (1 — 3xt)u(t)dt, (3.9)
0
is found by
u(z) = 2% + ey — 3hear, (3.10)
where the constants ¢; and ¢y are formulated by
6 3\
612(22_)\2){(1+)\)f1—2f2}7/\752, (3.11)
6 A
cy = Z - (1+)\)f2—§f1 A F 2, (3.12)
along with
27 —1
Z 27" N7 (1) (m2)?, (3.13)
m=1
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2" —1

=30 Y (T (). (3.14)

m=1
Then via MATLAB, we plot 2D Graph (U(z),z) and 3D Graph (U(z),z;\) of the Fredholm
integral equation (3.9):
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Figure 3.1: (a) 2D Plot of u(x) for A =1 and A = 1.5
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Figure 3.1: (b) 3D Surface Plot of u(x, )

Example 3.2. Consider the integral equation
b
u(z) = F(z) + )\/ e“Tlu(t)dt (3.15)
to solve it.

Solution. The equation (3.15) is written by
u(z) = F(x) + Xe®c;. (3.16)
Here in (3.16), we let that

e = /b elu(t)dt. (3.17)
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Therefore, due to (3.16) and (3.17), we find

ca=f {1 - % (62b — 62“)}_ , where f = /ab e'F(t)dt. (3.18)
In (3.18), it is provided that
{1 — % (e* — e2a)} #0. (3.19)
Under the conditions (3.19) in (3 18), on applying the formula (1.1), f is computed as
(b—a) 22_ Z D™ exp{a+m(b—a)2""} F (a+m(b—a)2™"). (3.20)
m=1

Finally, under the condltlons (3.19), the solution of (3.15) is obtained on application of (3.18) and (3.20)
n (3.16).
Special Case 3.2. Setting a = 0,b = 1, F(z) = 2"*Vk € N in Example 3.2, we get the integral equation

u(z) = 2% + A /0 1 e lu(t)dt. (3.21)

Therefore, on making an appeal to Example 3.2, Vk € N and under the conditions {1 — % (62 - 1)} #0,
we get the solution of the integral equation (3.21) in the form

on

u(z) = {1— 22—" Z ™ exp {m27"} (mh27"F) (3.22)

m=1

Then via MATLAB, we plot 2D Graph (U(z),z) and 3D Graph (U(z),z;\) of the Fredholm
integral equation (3.21):

1e8
2.57¢
- A=05 k=1
— A=05k=2
—_— A=05 k=3
| — A=1,k=1
20— 27 4k-1
— A=1,k=3
— A=2,k=1
—_— A=2,k=2
LR e,
=
s
10}
o5t
0.0
—100 -75  -50  -25 0.0 25

X

Figure 3.2: (a) Plot of u(x) for different X and k values (x from —10 to 10)
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Figure 3.2: (b) 3D Surface Plot of u(x) for A =1

Example 3.3. Consider the integral equation
b
u(z) = F(x) + )\/ cos(x — t)u(t)dt (3.23)
to solve it.

Solution. The equation (3.23) is written by

u(z) = F(x) + Aep cosx + Acg sin . (3.24)
Here in (3.24), we let that
b
= / u(t) cos tdt, (3.25)
and
b
Co z/ u(t) sin tdt. (3.26)

Considering f; = f: F(t)costdt, fo = f: F(t)sintdt and then on application of (3.24) in (3.25) and
(3.26), we get the equations

A A A
1 {1 - §(b —a)— Z(sin 2b — sin 2a)} + %(COS 2b — cos2a) = f1 (3.27)

and \ \ \
%(cos 2b — cos2a) + o {1 - 5(1) —a)+ Z(sin 2b — sin 2a)} = fo. (3.28)

On making an appeal to the Eqns. (3.24), (3.27) and (3.28), we obtain the solution of the integral
equation (3.23).
Special Case 3.1. Putting a = 0,b = 7, F(z) = sinz in Example 3.3, we find the integral equation

u(x) =sinz + /\/ cos(x — t)u(t)dt. (3.29)
0
Also we get
T us 2

—0.fo=e. 1 =0.00 = —— N£ =, 3.30
fl af2 2701 » C2 (27}\7{')7 #’/T ( )

Finally, we get the solution in the form

2

'Z,L(.T) =sinx + (2_77;\7‘_) sinx = m sin . (331)
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Then via MATLAB, we plot 2D Graph (U(z),z) and 3D Graph (U(z),z;\) of the Fredholm
integral equation (3.29):
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Figure 3.3: (a) Plot of u(x) for Different Values of X

Figure 3.3 (b) 3D Surface Plot of u(x) = # sinx

4 Approximation solutions of double non-homogeneous Fredholm integral equations
In this section, we obtain approximate solutions of double non-homogeneous Fredholm integral equations [3]
and then analyze them through their graph representations.

Theorem 4.1. If0 <l < l,a < a1 +22 <b, and a < t1 +t3 < b, and let u : u(xy,x2) = u(r + T2),
otherwise zero Va < x1 + xo < b;
and
F: F(x1,29) = F (z1 + x2), otherwise zero Va < x1 + x2 < b;
a kernel K (x1,x2,t1,t2) is given by
K (Il, ZIo, tl, tg) =@ (Il, £L’2) 9 (tl, tg) .
Then under the conditions {1 — An} # 0, the double Fredholm integral equation

u(z1,m2) = F (21,72) + )\//K (21 + @2, 11 +t2) (01)' " (t2) " w by + t2) dtadts, (4.1)
has the approximate solution
u(x1,22) = F(x1,22) + A\Co (1 + 22) ,
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where VO < [ < 1,

2" -1
C={1-m}- 1 ﬂ-SlIlTrl Z 2 Z 1)m+19 (a +m(b— a)2_n) F (a +m(b— a)2_n)
and - m=t
- Smﬂ 22 " (=)™ (a+mb—a)27) ¢ (a+m(b—a)2”") (4.2)
m=1

Proof. Since the kernel in (4.1) is separable, so that we may write it in the form
u (w1, 22) = F (21, 22) + Ap (1 + 22) // (t)' 71 (b2) 710 (t1 + t2) w (b1 + to) dtydty. (4.3)

Now in (4.3) under the conditions 0 < I < 1 and a < t; +t5 < b, on applying Liouville’s theorem (studied
in [3]), we write

B b
u(z1,x2) = F(x1,22) + Ao (1 + 22) W/ O(t)u(t)dt

= u(x1,22) = F (21, 22) + A\Cop (21 + x2) (4.4)
where .
T
c=_" / O(t)u(t)dt. (4.5)

Since the functions are defined by
w:w (2, xe) = u(x) + x2), otherwise zero Va < xq + 22 < b;
and
F: F(x1,22) = F(x1 + x2), otherwise zero Va < x1 + 22 < b.
Therefore, on applying (4.4) in Eqn. (4.5), we again write
T

C=— / be(t)u(t)dt

sin 7l

// tl l 1 t2 (tl +t2)F(£B1 +£B2) dtldtz

—l—)\C// tl = 1 t2 (tl +t2)§0($1+$2)dt1dt2

“ gt [ 00 =YKL
sm7rl

b
1-— = h = .
={l-Ap}= - 7Tl / O(t)F(t)dt, where n = " /a O(t)p(t)dt
Therefore,
b
C={1-}"'= ;i / 0(t)F(t)dt, provided that {1 — An} # 0,
sinwl J,
where,
b
™
= 0(t)p(t)dt. 4.6
1= [ o0 (16)
Finally, making an appeal to (1.1), (4.6) in the Eqn. (4.4), we prove the result (4.2). O

Example 4.1. Consider the integral equation

u (1’1,172) = F(Ihl‘g) + )\//exp [Il + x2 +t1 + tg] (tl)l_l (tg)_lu(tl +t2) dtldtg,
where,
O<i<l,a<zi+22<b, and a <ty +1ty <b.
To solve it when
u:u(xy, o) = u(x) + x2), otherwise zero Va < x1 + xo < b;

and
F:F(x1,x9) = F (x1 4+ z2), otherwise zero Va < x1 + 25 <. (4.7)
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Solution. Making an appeal to the Theorem 4.1, the equation (4.7) is written by
u(x1,x2) = F (x1,22) + Aexp [x1 + x2] C, (4.8)
where Va < t; +t2 <b

™ b t
C= // exp [ty + ta] (01)' 7 (t2) " u (ty + o) dtydty = g /a e‘u(t)dt. (4.9)

Therefore, making an appeal to the Eqns. (4.7), (4.8) and (4.9), we obtain

C= // exp [t 4 to] (01)' " (t2) "  F (8 + to) dirdty

+AC // exp [2t1 + 2to] (t1)' " (t2) " diydts

b b
AC
S / et F(t)dt + — / e*dt,0 <1< 1. (4.10)
sinwl J, sinwl J,
Now for 0 <1 < 1, let
2b _ 2a
sm7rl 251n7rl [e e (4.11)
Then for [1 — An] # 0, (4.10) gives us
L — Ay /b :
C=——-"— F(t)dt 4.12
sin 7l “ e F(t)dt, (4.12)

provided that n = 52— [¢*® — ¢

Finally, making an appeal to the Eqn. (1.1) in the Eqns. (4.8) and (4.12), we derive the solution

_ Ar[l — An]~t
u($1,x2) = F(Il,l‘z) + W(b — a) exp [.’171 —+ 302]
2" —1
X ZQ n Z m+1 exp [a+m(b7 a)27"] F(a+m(b7 a)27") (4.13)
m=1

provided that n = 72— [¢** — 62“} and [1 — An] #0.
Special Case 4.1. Putting a = 0,b = 1, F (z1,22) = (21 +22)V0 < (21 +22) < 1,0 <1 < 1, in the
Example 4.1, we find the integral equation as

u (21, 22) = x1+x2+)\//exp [21 + 22 + t1 + 2] (1)1 (82) " (b + o) dtydts, YO < (t1 4 t2) < 1. (4.14)

The solution of (4.14) is obtained as

)‘ﬂ—[]‘ — /\77}71 — —-n = m —n —-n
u (21, 22) = (21 + 72) + —ana &P [z1 +x2];2 mzzl(fl) Hlexp [m27"] (m2™") (4.15)

provided that n = [e2 — 1] and [1 — An] # 0.

T
2sin 7l
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Then via MATLAB, we plot 3D Graph (z1,22,U (21,23)) of the Fredholm integral equation
(4.15):

—10

X 10 -15
15 20 —-20

Figure 4.1: Graph of w(x1,x2) for A =0.5,1 =0.7

5 Conclusion
The double integral occurs in the mapping of surface of the region by the formula

/ /A Fla.)dA = T 3 f (o) 6Ar. (5.1)
k=1

Here in (5.1) A is the region surrounding by z > a,y > a and a < x 4+ y < b. The function f(z,y) of
the independent variables x and y be continuous inside and on the boundary of region A. Now we divide
the region into n subregions Aj, A, ..., A, of areas 6A1,5As,...,0A,. Then in the left hand side of (5.1),
for any arbitrary point ( o,y ) in the k" elementary area A, the double integral is computed by the
sum given in right hand side of (5.1). On the other hand, here in this paper, we make an application of
Ruffa-Toni’s definite integral formula to derive the approximate solutions of single and double Fredholm
integral equations consisting of separable kernels. We plot the graphical representations of our results. This
work is very useful in computation of various scientific problems as on converting into Fredholm integral

equations through graphical representations.
In Appendix A, we introduce the MATLAB program of the graphs presented into the figures 2.1 (a), 2.1

(b), 3.1 (a), 3.1 (b), 3.2 (a), 3.2 (b), 3.3 (a), 3.3 (b) and 4.1.
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Appendix A
Here we present the MATLAB program of the figures 2.1 (a), 2.1 (b), 3.1 (a), 3.1 (b), 3.2 (a), 3.2 (b), 3.3
(a), 3.3 (b) and 4.1 as:

MATLAB program of the 2D graph given in figure 2.1 (a):

# Define different lambda values

lambda_values = [0.5, 1, 2]

# Create a figure for multiple plots

plt.figure(figsize=(10, 6))

for lambda_val in lambda_values:

# Recompute summations for each lambda

S_num = np.zeros_like(x, dtype=float)

S_den = np.zeros_like(x, dtype=float)

for n in range(1l, N+1): term_n = 2%x(-n)

m_values = np.arange(l, 2x*n) # Vectorized approach
S_m_num = np.sum((-1)**(m_values+1) * (m_values * (2x*(-n)))*x4)
S_m_den = np.sum((-1)**(m_values+1l) * (m_values * (2x*(-n)))*+*5) S_num += term_n * S_m_num
S_den += term_n * S_m_den

# Compute u(x)

denominator = 1 - lambda_val * S_den

numerator = lambda_val * S_num

U_x = (numerator / denominator) * x**2 + x

# Plot the function

plt.plot(x, U_x, linewidth=2, label=f’ = {lambda_vall}’)

# Formatting the plot

plt.xlabel(’x’)

plt.ylabel(Pu(x)’)

plt.title(’Approximate Solution u(x) for Different Values’)
plt.legend()

plt.grid(True)

MATLAB program of the 3D graph given in figure 2.1 (b):

# Define lambda and x ranges

lambda_vals = np.linspace(0.1, 2, 30) # 30 values for lambda
x_vals = np.linspace(-20, 20, 100) # 100 values for x

# Create meshgrid for 3D plotting

X, Lambda = np.meshgrid(x_vals, lambda_vals)

U_X = np.zeros_like(X)

# Compute u(x) for each (x, lambda) pair

for i in range(len(lambda_vals)):

lambda_val = lambda_vals[i]

# Compute summations

S_num = 0

S_den = 0

for n in range(1l, N+1):

term_n = 2x*(-n)

m_values = np.arange(l, 2%*n)

S_m_num = np.sum((-1)**(m_values+1) * (m_values * (2%*(-n)))**4)
S_m_den = np.sum((-1)**(m_values+1) * (m_values * (2*x(-n)))*x*5)
S_num += term_n * S_m_num

S_den += term_n * S_m_den

denominator = 1 - lambda_val * S_den

numerator = lambda_val * S_num

U_X[i, :] = (numerator / denominator) * X[i, :]**2 + X[i, :]
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# Plot the 3D surface

fig = plt.figure(figsize=(10, 6))

ax = fig.add_subplot(111l, projection=’3d’)

ax.plot_surface(X, Lambda, U_X, cmap=’viridis’)

# Labels and title

ax.set_xlabel(’x’)

ax.set_ylabel(’Lambda ()’)

ax.set_zlabel ("u(x)’)

ax.set_title(’3D Surface Plot of u(x) for Different Values’)

MATLAB program of the 2D graph given in figure 3.1 (a):

(x Define f1 and f2 x*)

f1 = Sum[2°(-n) Sum[(-1)"(m + 1) (m 2°(-n))"2, {m, 1, Min[2°n - 1, 10]}], {n, 1, 10}];
f2 = Sum[2"(-n) Sum[(-1)"(m + 1) (m 2°(-n))"3, {m, 1, Min[2"n - 1, 10]}], {n, 1, 10}]1;
(x Define c1 and c2 *)

ci[_] := (6/(4 - "2)) ((1 + ) f1 - (3 /2) £2)

c2[.] := (6/(4 - "2)) ((1 +) f2 - (/2) £f1)

(* Define u(x, ) *)

ulx_, _] :=x"2+ ci1[] -3 c2[] x

(* 2D Plot for =1 and = 1.5 %)

Plot[{ulx, 1], ulx, 1.51}, {x, -20, 20},

PlotStyle -> {Blue, Green},

PlotLegends -> {" = 1", " = 1.5"},

AxesLabel -> {"x", "u(x)"},

GridLines -> Automatic,

PlotRange -> All,

Frame -> True,

FrameLabel -> {"x", "u(x)"},

PlotLabel -> "2D Plot of u(x) for =1 and = 1.5"]

MATLAB program of the 3D graph given in figure 3.1 (b):
(x 3D Surface Plot with Gradient Colors x*)
Plot3D[ulx, 1, {x, -20, 20}, {, 1, 1.5},

AxesLabel -> {"x", "", "u(x)"},

PlotRange -> All,

PlotLabel -> "3D Surface Plot with Gradient Colors",
ColorFunction -> "Rainbow",

Mesh -> None,

Boxed -> True,

Lighting -> "Neutral"]

(* Contour Plot *)

ContourPlot[ulx, 1, {x, -20, 20}, {, 1, 1.5},
AxesLabel -> {"x", ""},

PlotLabel -> "Contour Plot of u(x, )",

ColorFunction -> "Rainbow",

Contours -> 20,

PlotRange -> All]

(* Animation of u(x, ) with from 1 to 1.5 *)
Animate [

Plot[ulx, 1, {x, -20, 20},

PlotStyle -> Blue,

AxesLabel -> {"x", "u(x)"},

PlotLabel -> Row[{"Animation for = ", NumberForm[, {2, 1}]1}],
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PlotRange -> {{-20, 20}, {-400, 400}},
GridLines -> Automatic,

Frame -> True,

FrameLabel -> {"x", "u(x)"}],

{, 1, 1.5, 0.05}]

MATLAB program of the 2D graph given in figure 3.2 (a):

# x range to [-10, 10]

x = np.linspace(-10, 10, 400)

plt.figure(figsize=(10, 6))

# Loop over different values of lambda and k

for k in k_values:

sum_term = np.zeros_like(x)

# Compute the summation term

for m in range(1l, N+1):

for n in range(1l, N+1):

sum_term += ((-1)**(m+1) * np.exp(m * 2*%*(-n)) * (m*x*k * 2%*(-nxk)))
# Compute u(x)

coeff = 1 - (lambda_/2) * (np.exp(2) - 1)

if coeff != 0:

u_x = x*xk + (lambda_ * np.exp(x) / coeff) * sum_term

else:

u_x = np.full_like(x, np.nan) # Avoid division by zero

# Plot the function

plt.plot(x, u_x, label=f’ = {lambda_}, k = {k}’)

# Labels and legend

plt.xlabel(’x’)

plt.ylabel(’u(x)’)

plt.title(’Plot of u(x) for different and k values (x from -10 to 10)’)
plt.axhline(0, color=’black’, linewidth=0.5, linestyle=’--’)
plt.axvline(0, color=’black’, linewidth=0.5, linestyle=’--’)
plt.legend()

plt.grid(True)

MATLAB program of the 3D graph given in figure 3.2 (b):
# Fixing the power issue by using floating-point conversion
X, K = np.meshgrid(x, k_values.astype(float))
# Ensure k is treated as float for power calculations
Z = np.zeros_like(X)
# Compute u(x) for different k values
lambda_ = 1 # Choosing lambda = 1 for the surface plot
k in enumerate(k_values):
sum_term = np.zeros_like(x, dtype=float)
# Compute the summation term
for m in range(1, N+1):
for n in range(1, N+1):
sum_term += ((-1)*(m+1) * np.exp(m * 2(-n)) * (mfloat(k) * 2x(-n*float(k))))
# Compute u(x)
coeff = 1 - (lambda_/2) * (np.exp(2) - 1)
if coeff != 0:
Z[i, :1 = xx*float(k) + (lambda_ * np.exp(x) / coeff) * sum_term
else:
Z[i, :] = np.full_like(x, np.nan) # Avoid division by zero
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# Create 3D plot

fig = plt.figure(figsize=(10, 7))

ax = fig.add_subplot(111l, projection=’3d’)

# Plot surface

ax.plot_surface(X, K, Z, cmap=’viridis’, edgecolor=’k’)
# Labels and title

ax.set_xlabel(’x’)

ax.set_ylabel(°’k (Natural numbers)’)
ax.set_zlabel(Pu(x)’)

ax.set_title(’3D Surface Plot of u(x) for = 1’)

MATLAB program of the 2D graph given in figure 3.3 (a):
clc; clear; close all;
% Define x values
x = linspace(-20, 20, 400);
% Define lambda values
lambda_values = [-1, 0, 0.5, 1, 2];
% Create the plot
figure;
hold on;
grid on;
colors = lines(length(lambda_values));
for i = 1:length(lambda_values)
lambda = lambda_values(i);
ux = (2 ./ (2 - lambda * pi)) .* sin(x);
plot(x, u_x, ’Color’, colors(i,:), ’LineWidth’,
1.5, ’DisplayName’, sprintf(’\\lambda = %.1f’, lambda));
end
% Customize plot
xlabel(’x’);
ylabel(Cu(x)’);
title(’Plot of u(x) for Different Values of \lambda’);
legend (’show’) ;

ax = gca;
ax.XAxisLocation = ’origin’;
ax.YAxisLocation = ’origin’;
hold off;

MATLAB program of the 3D graph given in figure 3.3 (b):
% Define ranges for x and lambda

x = linspace(-20, 20, 400);

lambda = linspace(-2, 2, 100);

% Create a meshgrid

[X, LAMBDA] = meshgrid(x, lambda);

% Compute the function values

U= (2 ./ (2 - LAMBDA * pi)) .* sin(X);

% Create the 3D surface plot

figure; surf(X, LAMBDA, U, ’EdgeColor’, ’none’);
% Labels and title

xlabel(’x’);

ylabel(’\lambda’) ;

zlabel (’u(x, \lambda)’);

title(’3D Surface Plot of u(x, \lambda)’);
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% Colorbar and colormap

colorbar;

colormap(’viridis’); % You can change this to ’jet’ or other colormaps
% Adjust view angle

view(30, 30); % Change angles for a better perspective

MATLAB program of the 3D graph given in figure 4.1:

clc; clear; close all;

% Define parameters

lambda = 0.5;

1=0.7;

eta = (pi / (2 * sin(pi * 1))) * (exp(2) - 1);

constant_multiplier = (lambda * pi * (1 - lambda * eta)”-1) / sin(pi * 1);
% Define summation function

function sum_approx = summation_term()

sum_approx = 0;

max_n = 10; % Truncate summation

for n = 1:max_n

inner_sum = 0;

form=1:(2"n - 1)

inner_sum = inner_sum + (-1)"(m + 1) * exp(m * 27°(-n)) * (m * 2°(-n));
end

sum_approx = sum_approx + 27 (-n) * inner_sum;

sum_value = summation_term();

% Define function u(xl, x2)

u = 0(x1, x2) (x1 + x2) + constant_multiplier * exp(xl + x2) * sum_value;
% Define range

x1_vals = linspace(-20, 20, 100);

x2_vals = linspace(-20, 20, 100);

[X1, X2] = meshgrid(xl_vals, x2_vals);

U_vals = u(X1, X2);

% Plot function

figure;

surf (X1, X2, U_vals, ’EdgeColor’, ’none’);

colormap(’viridis’);

xlabel(’$x_1$’, ’Interpreter’, ’latex’);

ylabel(’$x_2$’, ’Interpreter’, ’latex’);

zlabel(P$u(x_1, x_2)$’, ’Interpreter’, ’latex’);

title(’Graph of $u(x_1, x_2)$ for $\lambda=0.5%, $1=0.7$’, ’Interpreter’, ’latex’);
colorbar;

view(3); % 3D view



