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Abstract

In this study, an exponential Diophantine equation m® + n® = ¢ where m,n are twin primes and
a, b, c are non-negative integers is measured for all the possibilities of a +b = 0, 1, 2,3 and demonstrated
that all potential integer solutions are (m,n,a,b,c) = (3,5,1,0,2),(17,19,1,1,6) and (71,73,1,1,12) by
adhering to basic mathematical rules.
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1 Introduction

The study of Diophantine equations is a prominent field of number theory research [3, 12]. Many academics
have expressed interest in working on the Diophantine equation p* + ¢¥ = 22 where p and ¢ are distinct
primes, and z,y, and z are non-negative integers in recent years [1, 13, 14]. Burshtein demonstrated no
solution to the Diophantine equation p* + (p + 4)Y = 22 where x,y, and 2z are non-negative integers and
p,p + 4 are prime numbers with p > 3 in [2]. De Oliveira explored the no solution of the Diophantine
Equation, p* + (p + 8)¥ = 2% when p > 3 and p + 8 are Primes in [4]. Gupta and other authors discovered
all solutions of the Diophantine equation p® + (p +6)¥ = 22 where z,y, and z are non-negative integers such
that z +y = 2,3,4, and p,p + 6 are prime numbers in [5]. Janaki and others [6]-[10] found solutions for
various exponential Diophantine equations and for further analysis, refer to [11, 12, 15].

In this paper, an exponential Diophantine equation m® 4+ n® = ¢? where m,n are twin primes and a, b, c are
non-negative integers is measured for all the possibilities of a+b = 0, 1, 2, 3 by adhering to basic mathematical
rules.

2 Basic Definition

Two prime numbers are called twin primes if only one composite number is between them. i.e., if (m,n) is

a twin prime, then m and n are primes such that n =m + 2.

The first few twin prime pairs are

(3, 5), (5, 7), (11, 13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73), (101, 103), (107, 109), (137, 139) etc.

2.1 Some properties of Twin Prime

1. Five is the only prime that belongs to two pairs,

2. Except the twin prime pair (3, 5), all the other is of the form (61— 1)(6n+ 1) for some natural number
7n; that is, the number between the two primes is a multiple of 6.

3. The sum of any pair of twin primes (other than 3 and 5) is divisible by 12.

Result: If Ay? + By + c is a perfect square, then B? = 4Ac.

2.2 Acquiring solutions to a Diophantine exponential equation
This section analyzes the possible solution to an exponential Diophantine equation m® + n® = ¢
are twin primes such that a +b =0, 1, 2,3 by considering various cases in the following theorem.

2 m and n

Theorem 2.1. Let m and n be twin primes. If a +b=0,1,2,3, then an exponential Diophantine equation
m® +n =2, (2.1)

where a,b, and ¢ are non-negative integers has solutions (m,n,a,b,c) = (3,5,0,1,2),(17,19,1,1,6) and
(71,73,1,1,12).
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Proof. The stated Diophantine equation with exponents z and y is m® 4+ n? = ¢2, where a,b, and ¢ are
non-negative integers, n = m + 2 is twin prime.
The following analysis is performed on each choice: a +b = 10,1, 2, and 3.
Case 1: a+b=0.
The unique possibility of each exponent @ = 0 and b = 0 describes (2.1) as
=2 (2.2)
This speculation is impossible for any integer.
As a result, equation (2.2) and hence equation (2.1) are intractable.
Case 2: a+b=1.
Subcase 2(i): Consider a =1 and b = 0.
These two values of a and b reduce (2.1) as
m+1=c (2.3)

The only guaranteed value of m strengthening (2.3) is pointed out by m = 3.
Then, n =5 (prime). Thus, the unique feasible solution of (2.1) is (m,n,a,b,c) = (3,5,1,0,2).
Subcase 2(ii): Prefer a =0 and b = 1.
These inferences improved (2.1) to the equation with degree two in terms of two variables as
1+n=c (2.4)
The only guaranteed value of n strengthening (2.4) is pointed out by n = 3.
Then, m =1 (not prime).
Hence (2.1) does not acquire any solution.
Case 3: a+b=2.
Subcase 3(i): Pick ¢ =2 and b = 0.
These ideas make things easier to (2.1) as the resulting equation
m?=c?—1. (2.5)
Since the square of an integer minus one can never be a square, the above supposition is always impracticable.
As a result, equation (2.5) and hence equation (2.1) do not own any solution.
Subcase 3(ii): Opt a =1 and b = 1.
Replacing the overhead values of a and b well-found (2.1) as
m+n=c. (2.6)
From the Property of Twin prime 1 and 3, equation (2.6) becomes 12 = c2.
This implies the possibilities of a perfect square number is multiple of 12 are 36 and 144.
Therefore the twin prime number satisfies the above condition (17, 19) and (71, 73).
Thus, the solution of (2.1) is indicated by (m,n,a,b,c) = (17,19,1,1,6) and (71,73,1,1,12).
Subcase 3(iii): Elect a =0 and b = 2.
These preferences of a and b enhance (2.1) to the equation affianced with n and c¢ as
n?=c*—1. (2.7)
As discussed earlier, the square of an integer minus one can never be square; the above supposition is always
impracticable.
As a result, equation (2.7) and hence equation (2.1) does not own any solution.
Case 4: a+b=3.
Subcase 4(i): Permit a = 3 and b = 0.
Replacements of these predispositions trim down (2.1) as
m3 +1=c% (2.8)
The only possible choice satisfying equation (2.8) is m = 2 (not twin prime).
Hence, equation (2.1) does not own any solution.
Subcase 4(ii): Admit ¢« =2 and b = 1.
These two values of a and b express (2.1) to the successive equation in two unknowns
m?+m+2=c2 (2.9)
From Result 1: no m and ¢ satisfy the equation (2.9).
Hence, equation (2.1) does not possess any solution.
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Subcase 4(iii): Decide a = 1 and b = 2. Under these assumptions, the subsequent form of equation (2.1)
is evaluated by
m? +5m +4 = 2. (2.10)

As in the previous case, no m and c satisfies the equation (2.10).

Hence, equation (2.1) does not offer any solution.

Subcase 4(iv): Let a =0 and b = 3.

Manipulation of these alternatives abbreviated (2.1) to the cubic equation as

14 n3 =%

This is true only for n = 2, which is not a twin prime because the least twin prime is 3. Hence, there exists
no integer solution for (2.1).

3 Conclusion

This study confirms non-negative integer solutions are (m,n,a,b,c) = (3,5,0,1,2),(17,19,1,1,6) and
(71,73,1,1,12) to the exponential equation m® 4+ n® = ¢, where m and n are twin primes and a,b, and ¢
are non-negative integers such that a +b =0,1,2 and 3. It has been realized that the solutions to the given
problem may also be examined for m and n, which are some other primes.
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