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Abstract

This paper concentrates on an analytical approach for solving two-dimensional problems of elasticity
and thermoelasticity in an inhomogeneous strip in terms of stresses for orthotropic material. Application
of direct integration method reduces the differential and compatibility equations in terms of stresses
to the integro-differential equation of the second kind. We have solved these dominant equations by
applying resolvent kernel technique.
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1 Introduction
Conventional methods for solving thermoelasticity problem using potential functions eg. Airy

functions, displacement potential etc. do not useful for finding the necessary integral equilibrium conditions,
integral compatibility conditions, displacement and stress tensor component. These are dominant conditions
to examine correctness and for solving inverse thermoelasticity problems. The equilibrium equations are
expressed as in terms of stresses. These do not depend on the material properties as well as on the physical
stress strain relation. Vihak, Tokovyi and Rychahivskyyi [13] have given exact solution to the plane problem
of elasticity in a rectangular region. Tokovyi and Rychahivskyi [10] suggested the analytic solution of
the plane problem of the theory of elasticity for a nonuniform strip. Vihak [15] established method of
solving two-dimensional thermoelasticity problem in terms of stresses and enlarged to employ the integral
equilibrium and compatibility conditions. Tokovyy and Rychahivskyyi [9] suggested method of the reduction
of plane thermoelasticity problems in inhomogeneous strip to integral volterra type equation. Vigak and
Tokovyy [16] employed the same technique to study the construction of elementary solutions to a plane
elastic problem for a rectangular domain. Similarly, Tokovyy et al.[7] used method of direct integration
for two dimensional thermal stresses and displacement in an arbitrarily inhomogeneous elastic layer. The
method has been already applied for some one-dimensional problems [19]. The well-known advantages to find
solution of direct problems on thermo-mechanics of inhomogeneous solids with boundary conditions in terms
of stresses, these relations permit to avoid the physically incorrect results[18]. Rychahivskyy and Tokovyy[6]
studied correct analytical solutions to the thermoelasticity problems in a semi-plane. Tokovyy and Chien-
Ching [11] studied analytical solutions to the 2D elasticity and thermoelasticity problems for inhomogeneous
planes and half planes, with direct integration method. Vihak and Rychahiskyy [12] studied bounded
solutions of plane elasticity problems in a semi plane. Tokovyy et al. [8] suggested an explict form solution
to the plane elasticity and thermoelasticity problems for anisotropic and inhomogeneous solids. Dhage et
al. [2] established an algorithm to local solution of the nonlinear second order hybrid integrodifferential
equations Gaikwad and Ghadle [3] studied an inverse heat conduction problemin a thick annular disk with
the help of integral transform technique. Ogunwobi et al. [5] determined numerical solutions of integral and
intrgro-differential equations by some constructed orthogonal polynomials as the base functions. Hashim [4]
introduced adomian decomposition method for solving BVPs for fourth-order integro-differential equations.

This paper presents employment of direct integration method[17]. This method was established by
Vigak [15]. With this method one can find analytical solution of the plane quasi-static thermoelasticity
problem for inhomogeneous strip in the absence of body forces and with traction free boundary conditions.
After integrating the differential equilibrium equations, relationship between the stress tensor component
are obtained. In this technique the initial problem is reduced to governing integro-differential equation for
stress tensor component for orthotropic material.
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2 Preliminary
In this section, we collect some basic definitions that will be important to us in the sequel.
2.1 Definition
The Fourier transform of function f(x) is defined as in [7]:

f̄(y) =

∫ +∞

−∞
f(x, y)exp(−isx)dx. (2.1)

2.2 Definition
The formulae for the Inverse Fourier Transform is,

f(x) =
1

2π

∫ ∞
−∞

F (s)eisxdx. (2.2)

3 Formulation of Problem
Consider a plane quasi-static thermoelasticity problem for a strip M = {(x, y) ∈ (−∞,∞) × [0,∞)}. In
case of inhomogeneous orthotropic material, the problem is governed by the equilibrium equation [10] in the
absences of body forces,

∂σx
∂x

+
∂σxy
∂y

= 0,
∂σxy
∂x

+
∂σy
∂y

= 0, (x, y) ∈M, (3.1)

and compability equation in terms of stresses,

∆

(
σ

E
+ αT

)
=
σy
2

d2

dy2

( 1

G

)
, (3.2)

where σ, σx, σyand σxy are the stress tensor component and E,G indicates the Young modulus, Shearing
modulus respectively and α is the linear thermal expansion coefficient’s.

Suppose that the conditions on the stress state that vanish with

|x| → ∞, y →∞
then construct solution set of the equation (3.1) with boundary conditions prescribed on the line y = 0

σy|y=0 = −p(x), σxy|y=0 = q(x), σ|y=0 = p1(x). (3.3)

Since, the equilibrium equation (3.1) must hold on the boundary of the region. Considering the second
equilibrium equatiom (3.1),

∂σy
∂y

∣∣∣∣∣
y=0

= − dq
dx
. (3.4)

To find out the two dimensional stressed state, the equation of continuity for these regions , written for the
normal stresses σy . Integrating equation (3.1)as in[14], we express the stresses σx, σxy in terms of σy.

2σxy = −
∫ +∞

−∞

∂σy
∂y

sgn(x− ξ)dξ, (3.5)

2σx = −
∫ +∞

−∞

∂2σy
∂y2
|x− ξ|dξ, (3.6)

sgn(x) =

 −1, x < 0,
0, x = 0,
1, x > 0.

As, |x|→ ∞, the stresses σy, one can find as in [16] must satisfy the integral equilibrium conditions,

2

∫ +∞

−∞
σydx = −

∫ +∞

−∞
pdx,

2

∫ +∞

−∞
xσydx = −

∫ +∞

−∞
xpdx+ y

∫ ∞
0

qdx.

The compability equation in terms of strains as in [9],

∂2ex
∂y2

+
∂2ey
∂x2

=
∂2exy
∂x∂y

, (3.7)
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and the physical thermoelasticity relations between the strains and stresses

ex =
σx
E
− σy
E

+ α1T, ey =
σy
E
− νσx

E
+ α2T, exy =

σxy
G
, 2G =

E

1 + ν
. (3.8)

Here, νis a Poission ratio, α1 and α2 are the linear thermal expansion coefficient’s.
In terms of stresses, making use of constitutive (3.8) along with compability equation (3.7 )can be written
as,

−
(

1 + ν

E

)
∂2σx
∂x2

+
1

E

∂2σx
∂y2

+
1

E

∂2σy
∂x2

− 1

E

∂2σy
∂y2

= −α1
∂2T

∂y2
− α2

∂2T

∂x2
. (3.9)

From (3.5) eqn(3.8) can be written as,

−
(

2 + ν

E

)
∂2σy
∂y2

+
1

E

∂2σy
∂x2

− 1

E

∂4

∂y4

∫ ∞
−∞

σy|x− ξ|dξ = −α1
∂2T

∂y2
− α2

∂2T

∂x2
. (3.10)

4 Construction of Solution
Differentiating equation (3.9) twice with respect to co-ordinate x, we obtain corresponding fourth order
differential equation,

∂4σy
∂y4

+

(
2 + ν

E

)
∂4σy
∂x2∂y2

− 1

E

∂4σy
∂x4

= F, (4.1)

where,

F = α2
∂4T

∂x4
+ α1

∂4T

∂x2∂y2
.

We canwrite equation (4.1) as,
∂4σy
∂y4

+ a11
∂4σy
∂x2∂y2

− a12
∂4σy
∂x4

= F, (4.2)

where, a11 =

(
2+ν
E

)
, a12 = 1

E .

From equation (3.9), we can obtain uncomplicated equation of continuity for the two dimensional
thermoelastic problem for orthotropic material.
Using Fourier transform as in[7] of expression (4.2),(

d4

dy4
+ a11s

2 d
2

dy2
− a12s

4

)
σ̄y =

(
α1s

2 d
2

dy2
+ α2s

4

)
T̄, (4.3)

where, F̄ = (α1s
2D2 + α2s

4)T̄ , a11 = 2+ν
E , a12 = 1

E .
Represent equation (4.3)as,(

d4

dy4
+ a2s2 d

2

dy2
− a4s4

)
σ̄y = s2(a2 − a11)

d2σ̄y
dy2

+ s2α1
d2T̄

dy2
+ α2s

4T̄, (4.4)

where, a12 = a4 and s is the transform parameter and a=constant>0. Then, the charasteristic equation
of (4.4) takes the form, (

λ4 + a2(sλ)2 − a4s4

)
= 0, (4.5)

with λ being the eigen values.
Roots of the equation (4.5) can be obtained by the following formulae,

λ1,2 = ±(λ11 ± iλ12)s = ±
√
−a2 +

√
a2 + 4a12s2

(
s

2

)
, (4.6)

λ3,4 = ±(γ11 ± iγ12)s = ±
√
−a2 −

√
a2 + 4a12

(
s

2

)
. (4.7)

From (4.6), (4.7) it can be seen that these eigen values are critically depend on the interrelation between the
coefficients a and a12. Here, the root can be complex, real or purely imaginary, solution for eqn(4.4) if a >
0 , a12 > 0 and a12 > a2 then roots (4.6) are real and distinct, (4.7) has the complex roots.
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If λ11 > 0 and γ11 > 0 then solution for eqn(4.4) can be determined as,

σ̄y =(A+By)exp(−λ11|s|y) +
|s|
2

a2 − a11

a

∫ ∞
0

σ̄y
(
1− |s|a|y − η|

)
exp
(
− a|s||y − η|

)
dη

+
|s|
4a3

∫ ∞
0

T̄
(
1 + |s|a|y − η|

)
exp(−a|s||y − η|)α2 + a2

(
1− |s|a|y − η|

)
exp(−a|s||y − η|)α1dη,

(4.8)

where, coefficient A and Bcan be determined with boundary conditions (3.3), (3.4).
As a result, we obtain,

σ̄y = −
(
(1 + |s|ay)p̄+ isq̄

)
exp(−a|s|y) + θ(y) +

∫ ∞
0

σ̄yK(y, η)dη, (4.9)

where,

K(y, η) =
|s|
2

a11 − a2

a

(
1−a|s|η+|s|ay(3−2|s|a(y+η)

)
exp(−a|s|(y+η))−(1−|s|a(y−η)exp

(
−a|s|(y−η)

)
dη,

(4.10)

θ(y) =
|s|
4a3

∫ ∞
0

T̄

(
1 + |s|aη + |s|ay(1 + 2|s|aη)α2 + a2(1− |s|η + |s|ay(3− 2|s|aη)α1)

)
exp(−a|s||y + η|

−
((

1 + |s|a|y − η|α2
2

)
+ a2(1− a|s||y − η|)α2

1

)
exp(−a|s||y − η|).

(4.11)

The expression (4.9) is the well known solution of the quasi-static thermoelasticity problem for an
inhomogeneous strip. Analytical solution for the key equation (4.11) for the stresses σy is constructed
when the roots of equation (4.7) are real and distinct. Analytical solution to the equation (4.11) through the
temperature T̄ and the boundary condition p̄ and q̄ can be constructed with the resolvent kernel technique.

σ̄y = −p̄ψp − isq̄ψq + ψT , (4.12)

where,

ψp =
(
1 + |s|ay

)
exp(−|s|ay) +

∫ ∞
0

(
1 + a|s|η

)
R(y, η)exp(−a|s|η)dη,

ψq = yexp(−|s|ay) +

∫ ∞
0

ηR(y, η)exp(−|s|aη)dη,

ψT = θ(y) +

∫ ∞
0

θ(η)R(y, η)dη,

and the resolvent kernel is calculated as,

R(y, η) =

∞∑
i=0

K(y, η)i+1. (4.13)

Here, K1(y, η) = K(y, η), Kn+1(y, η) =
∫∞

0
K1(y, ζ)Kn(ζ, η), i=1, 2 .... The practical computation of the

resolvent kernel can be provided by using the approximate formulae,

R(y, η) ≈ RN(y, η) =

N∑
i=0

Kn+1(y, ζ).

Where N is integer which can be determined from the either by the numerical approximation or by the
analytical method.
The solution of eqn(4.11) for others values of roots can be obtained similarly. The other stress tensor
component can be constructed similarly from formulae(3.4) and (3.5). The shear stress σ̄xy can be calculated
from second expression of (3.1) as,

σ̄xy =
i

s

dσ̄y
dy

. (4.14)
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σ̄xy =
i

s

(
(A+By)exp(−a|s|y) +

|s|
2

a11 − a2

a

∫ ∞
0

σ̄y
(
1− |s|a|y − η|

)
exp
(
− a|s||y − η|

)
dη

− |s|
4a3

∫ ∞
0

T̄
(
1 + |s|a|y − η|

)
exp(−a|s||y − η|)α2 + a2

(
1− |s|a|y − η|

)
exp(−a|s||y − η|)α1dη

)
.

(4.15)

Fourier transform of the expression (3.2) with respect to x, according to formulae[6] gives,(
d2

dy2
− s2

)(
σ̄

E
+ αT̄

)
=
σ̄y
2

d2

dy2

( 1

G

)
. (4.16)

Solution of the equation (4.16) can be written in the form,

σ̄ = E

(
Cexp(−|s|y)− αT̄ − 1

4|s|

∫ ∞
0

σ̄y
d2

dξ2

(
1

G

)
exp(−|s||y − ξ|)dξ

)
. (4.17)

Here, C is the constant of integration which can be calculated from the boundary condition. From (3.3),

σ̄ = P1exp(−|s|y)+αT̄
(
(exp−|s|y)−1

)
+

1

4|s|

∫ ∞
0

σ̄y
d2

dξ2

(
1

G

)(
exp(−|s|(y+ξ))−exp(−|s||y−ξ|)

)
dξ. (4.18)

5 Example and discussion
Example Let us consider example to study exact solution of inhomogeneity for

E =
b0

1 + x
,

b0 = const > 0.
Assume Possion’s ratio ν= 1

2 , p1 = 1
x2 .

The relation between Shear modulus and Poission’s ratio can be represented in the form,
G = a0

1+ν .
From (4.18),

σ̄ =
1

x2
. (5.1)

Here , x ∈ (−∞,∞) and y ∈ [0, 1
a0

].

6 Conclusion
This paper built an direct approach to solve the two dimensional thermoelasticity problem for an
inhomogeneous strip in terms of stresses. This approach is placed on the method of direct integration
of differential equilibrium equations. We reduce the governing integro-differential equations with variable
coefficients in accordance with compatibility and equilibrium equations. The calculation for constructing
the solution in stressed state can be also applied to solve comparable inverse thermoelasticity problem. The
best advantage of this method is a simplified solution procedure. This basic adavantage lies in its generality
with respect to the material inhomogeneity.
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