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ON THE QUINARY SURD EQUATION u 3
√
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X2 + Y 2 = (k2 + s2)R2
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Abstract

This paper aims at finding different sets of solutions in integers to the surd equation u 3
√
x2 + y2 +

v 3
√
X2 + Y 2 = (k2 + s2)R2 . Some curious observations involving figurate numbers are exhibited.
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1 Introduction
It is well-known that the Diophantine equation is a polynomial equation in two or more unknowns requiring
only integer solutions. It is quite obvious that Diophantine equations are rich in variety and motivated both
amateurs and layman alike in finding many solutions in integers. Most of the Diophantine problems solved
by the researchers are algebraic equations [1-6]. However, one may require integer solutions to equations
involving surds [7-21].

This paper concentrates on finding solutions in integers to the quinary surd equation u 3
√
x2 + y2 +

v 3
√
X2 + Y 2 = (k2+s2)R2. Some fascinating properties connecting the integer solutions and figurate numbers

are exhibited.

Figurate numbers Notation for rank n Definitions
Gnomonic Gnon 2n− 1

Pentagonal pyramidal PPn
1
2n

2(n+ 1)
Star number Sn 6n(n− 1) + 1

2 Method of Analysis
The quinary surd equation under consideration is

u 3
√
x2 + y2 + v

3
√
X2 + Y 2 = (k2 + s2)R2; k, s 6= 0. (2.1)

The assumption

ρ2 = x2 + y2 (2.2)

is satisfied by

x = m(m2 + n2), y = n(m2 + n2). (2.3)

Similarly, the choices

X = m(m2 − 3n2), Y = n(3m2 − n2) (2.4)

satisfy τ3 = X2 + Y 2.
On substituting (2.3), (2.4) in (2.1), we obtain
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(u+ v)(m2 + n2) = (k2 + s2)R2. (2.5)

Various choices of solutions in integers to (2.5) are illustrated as follows. Using (2.3) and (2.4), the
corresponding integer solutions to (2.1) are obtained.
Set 1.
Choose u and v such that

u+ v = α2. (2.6)

Write
R = αS. (2.7)

The substitution of (2.6), (2.7) in (2.5) leads to,

(m2 + n2) = (k2 + s2)S2. (2.8)

Let
S = A2 +B2. (2.9)

Using (2.9) in (2.8) and applying the method of factorization, consider m+ in = (k+ is)(A+ iB)2. Equating
real and imaginary parts, we get

m = k(A2 −B2)− 2sAB, n = k(A2 −B2)− 2kAB. (2.10)

Using (2.9) and (2.10) in (2.8), (2.3) and (2.4), the positive solutions in integer solutions of (2.1) are
represented by

x =
[
k(A2 −B2)− 2sAB

][
(k2 + s2)(A2 +B2)2

]
,

y =
[
s(A2 −B2) + 2kAB

][
(k2 + s2)(A2 +B2)2

]
,

X =
[
k(A2 −B2)− 2sAB

][
(k2 − 3s2)(A2 −B2)2 + 4A2B2(s2 − 3k2)− 16ksAB(A2 −B2)

]
,

Y =
[
s(A2 −B2) + 2kAB

][
(3k2 − s2)(A2 −B2)2 + 4A2B2(3s2 − k2)− 16ksAB(A2 −B2)

]
,

R =α(A2 +B2).

Properties.

1. x(k,−2α2, A,A) is expressed as sum of two squares.
2. X(k, 3u2, A,A)− x(k, 3u2, A,A) represents the area of Pythagorean Triangle.
3. X(k,−3u2, A,A) + 3x(k,−3u2, A,A) represents a Nasty number.
4. X(k, k + 1, A,A) − x(k, k + 1, A,A) represent a square multiple of Pentagonal Pyramidal number of

rank k.
5. X(1, 3n2−n,A,A)− x(1, 3n2−n,A,A) + 16A6 represents a square multiple of star number of rank n.

6. 2
[
y(2n− 1, s, A,A) + Y (2n− 1, s, A,A)

]
represents a square multiple of Gnomonic number of rank n.

7. y(3k2, s, A,A) + Y (3k2, s, A,A) represents a Nasty number.
Set 2.

Choose u and v such that
u+ v = α2 + β2. (2.11)

Substituting (2.11) in (2.5), we get

(α2 + β2)(m2 + n2) = (k2 + s2)R2. (2.12)

Take
R = A2 +B2. (2.13)
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Using (2.13) in (2.12) and employing factorization, we have

(α+ iβ)(m+ in) = (k + is)(A+ iB)2 = (k + is)(A2 −B2 + 2iAB).

Comparing the corresponding terms, we get

mα− nβ = k(A2 −B2)− 2sAB,

nα+mβ = s(A2 −B2) + 2kAB.

Solving the above two equations,

m(α2 + β2) = β
[
s(A2 −B2) + 2kAB

]
+ α

[
k(A2 −B2)− 2sAB

]
,

n(α2 + β2) = α
[
s(A2 −B2) + 2kAB

]
− β

[
k(A2 −B2)− 2sAB

]
. (2.14)

As our interest is on finding integer solutions, choosing A = (α2 + β2)P and B = (α2 + β2)Q in (2.13) and
(2.14), we have

R =(α2 + β2)2(P 2 +Q2), (2.15)

m =(α2 + β2)(βf(P,Q, k, s) + αg(P,Q, k, s)),

n =(α2 + β2)(αf(P,Q, k, s)− βg(P,Q, k, s)).

Substituting the values of m and n in (2.3) and (2.4), we get

x =(α2 + β2)4(βf(P,Q, k, s) + αg(P,Q, k, s))
[
(f2(P,Q, k, s) + g2(P,Q, k, s))

]
,

y =(α2 + β2)4(αf(P,Q, k, s)− βg(P,Q, k, s))
[
(f2(P,Q, k, s) + g2(P,Q, k, s))

]
,

X =(α2 + β2)3(βf(P,Q, k, s) + αg(P,Q, k, s))
[
(f2(P,Q, k, s)(β2 − 3α2)

+ g2(P,Q, k, s))(α2 − 3β2)
]
,

Y =(α2 + β2)3(αf(P,Q, k, s)− βg(P,Q, k, s))
[
(f2(P,Q, k, s)(3β2 − α2)

+ g2(P,Q, k, s))(3α2 − β2)
]
, (2.16)

where
f(P,Q, k, s) = s(P 2 −Q2) + 2kPQ, g(P,Q, k, s) = k(P 2 −Q2)− 2sPQ.

Note that (2.1) is satisfied by (2.15) and (2.16).
Set 3.
(2.8) can be written as

(m2 + n2) = (k2 + s2)S2 ? 1. (2.17)

Assume 1 as

1 =
(p2 − q2 + 2ipq)(p2 − q2 − 2ipq)

(p2 + q2)2
. (2.18)

Using (2.18) and (2.9) in (2.17) and applying method of factorization, consider

m+ in =(k + is)
(p2 − q2 + 2ipq)

(p2 + q2)
(A2 −B2 + 2iAB),

m+ in =
(k + is)

p2 + q2

[
(p2 − q2)(A2 −B2)− 4pqAB + i

{
2pq(A2 −B2) + 2AB(p2 − q2)

}]
.

Following the procedure as in set 2, (2.1) is satisfied by
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x =(p2 + q2)3(kf − sg)(f2 + g2)(k2 + s2),

y =(p2 + q2)3(sf + kg)(f2 + g2)(k2 + s2),

X =(p2 + q2)3(kf − sg)(f2(k2 − 3s2) + g2(s2 − 3k2)),

Y =(p2 + q2)3(sf + kg)(f2(3k2 − s2) + g2(3s2 − k2)),

R =α(p2 + q2)2(a2 + b2),

where
f(a, b, p, q) = (p2 − q2)(a2 − b2)− 4abpq; g(a, b, p, q) = 2pq(a2 − b2) + 2ab(p2 − q2).

3 Conclusion
In this paper, three different sets of non-zero distinct integer solutions to the quinary surd equation
u 3
√
x2 + y2 + v 3

√
X2 + Y 2 = (k2 + s2)R2 are exhibited. Interested scholars in this field may attempt for

obtaining the solutions in integers of different forms of quinary surd equation.
Acknowledgement. Authors thank the Editor and reviewers for their suggestions to improve the paper in
its present form.
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