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Abstract

This paper aims at finding different sets of solutions in integers to the surd equation u{/x2 + 32 +
v/ X2 4+Y?2 = (k* + 5*)R? . Some curious observations involving figurate numbers are exhibited.
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1 Introduction
It is well-known that the Diophantine equation is a polynomial equation in two or more unknowns requiring
only integer solutions. It is quite obvious that Diophantine equations are rich in variety and motivated both
amateurs and layman alike in finding many solutions in integers. Most of the Diophantine problems solved
by the researchers are algebraic equations [1-6]. However, one may require integer solutions to equations
involving surds [7-21].

This paper concentrates on finding solutions in integers to the quinary surd equation u<{/z2 + y2 +

vv/ X2 +Y2 = (k?+5%)R2. Some fascinating properties connecting the integer solutions and figurate numbers
are exhibited.

Figurate numbers | Notation for rank n | Definitions
Gnomonic Gno,, 2n —1
Pentagonal pyramidal PP, zn*(n+1)
Star number Sh 6n(n—1)+1

2 Method of Analysis
The quinary surd equation under consideration is

TRy x2+y2+vi’/m=(k2+82)32; k,s # 0.

The assumption

0% = a2 4 y?

is satisfied by
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z=m(m?+n?), y=n(m?+n?).

Similarly, the choices

X =m(m? —3n?), Y =n(3m?—n?)

satisfy 73 = X2 + Y2
On substituting (2.3), (2.4) in (2.1), we obtain

(2.3)

(2.4)



(u +v)(m? +n?) = (k* + s*)R?. (2.5)

Various choices of solutions in integers to (2.5) are illustrated as follows. Using (2.3) and (2.4), the
corresponding integer solutions to (2.1) are obtained.

Set 1.

Choose u and v such that

Write

The substitution of (2.6), (2.7) in (2.5) leads to,

(m? +n?) = (k* + )52, (2.8)
Let
S =A%+ B2 (2.9)

Using (2.9) in (2.8) and applying the method of factorization, consider m +in = (k+is)(A+iB)?. Equating
real and imaginary parts, we get
m = k(A* — B?) — 2sAB,n = k(A% — B%) — 2kAB. (2.10)

Using (2.9) and (2.10) in (2.8), (2.3) and (2.4), the positive solutions in integer solutions of (2.1) are
represented by

= [k(AZ _ B 2sAB} [(k2 +52)(A% + B?)? }
y :[S(A2 ~ B+ QkAB} [(kQ +52)(A2 + B?)? }
X = [k(A2 —B?) - zsAB} [(k? 352)(A% — B)? + 4A%B2(s? — 3k) — 16ksAB(A% — 32)],
Y = [S(AZ — B+ 2kAB} [(3k2 — $2)(A? — B?)? 4 4A%B2(3s% — k?) — 16ksAB(A? — 32)},
R =a(A? + B?).

Properties.

x(k,—2a2, A, A) is expressed as sum of two squares.

X(k,3u? A, A) — 2(k,3u?, A, A) represents the area of Pythagorean Triangle.

X(k,—3u? A, A) + 3z(k, —3u?, A, A) represents a Nasty number.

X(k,k+1,AA) —x(k,k + 1, A, A) represent a square multiple of Pentagonal Pyramidal number of
rank k.

5. X(1,3n2 —n, A, A) —x2(1,3n2 —n, A, A) + 16 AS represents a square multiple of star number of rank n.

b

6. 2 {y(Qn -1,8,AA)+Y(2n—-1,s,A A)} represents a square multiple of Gnomonic number of rank n.

7. y(3k%, s, A, A) + Y (3k%, s, A, A) represents a Nasty number.
Set 2.

Choose u and v such that

u+v=a®+ B (2.11)
Substituting (2.11) in (2.5), we get
(® + B2)(m?* + n?) = (kK* + s*)R%. (2.12)
Take
R=A*+ B (2.13)
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Using (2.13) in (2.12) and employing factorization, we have

(a+iB)(m+in) = (k+is)(A+iB)* = (k +is)(A* — B® + 2iAB).

Comparing the corresponding terms, we get

ma —nf = k(A% — B?) — 25AB,
na +mp = s(A? — B?) 4+ 2kAB.
Solving the above two equations,
m(a®+ 82) =B [S(A2 - B%) + QkAB] +a [k(A“’ - B?) - QSAB] ;
n(a® + 5%) = a[s(A% = B?) + 2kAB| — B[k(A® - B?) - 25AB|. (2.14)

As our interest is on finding integer solutions, choosing A = (a? + ?)P and B = (a? + $%)Q in (2.13) and
(2.14), we have

R=(a®+ 8%)*(P* + Q?), (2.15)
n :(0[2 + 52)(Oéf P7 Q7 k? S) - BQ(P, Q7 ka 8))
Substituting the values of m and n in (2.3) and (2.4), we get
v =(0® + B2 (B (P, Q. . s) + ag(P, Q. k, ) [(/(P.Q.k5) + ¢*(P, Q. k,9))]

y =0 + B (af (P,Q.k,5) = Bg(P,Q,k,5) [ (/2P Q. k, ) + (P, @,k 5)),

X =(a® + B2} (BF(P.Q. k., 5) + ag(P.Q,k,)) | (/2(P, Q. k, )(8 — 30?)
+ g% (P.Q.k,5))(a? —367)],
Y :(0‘2 + BQ)B(Qf(P7Qaka S) - /BQ(P,Q, k75)) |:(f2(PaQa k,S)(3ﬂ2 - a2)

+ g2 (P.Q. k,5))(30* — 5], (2.16)
where
f(P7Q7kaS) :S(P27Q2)+2kPQ,g(P,Q,k,S) :k(P27Q2) 7QSPQ'

Note that (2.1) is satisfied by (2.15) and (2.16).
Set 3.
(2.8) can be written as

(m? +n?) = (k* +5%)S* x 1. (2.17)

Assume 1 as

(p* — ¢* + 2ipq) (p* — ¢ — 2ipq)
7 + )2
Using (2.18) and (2.9) in (2.17) and applying method of factorization, consider

1=

. (2.18)

(p* — ¢* + 2ipq)
(P*+q¢?)

(07 = %)(42 = B?) — 4pgAB + i{2pq(A% — B?) + 2B — ¢*) }|.

(A? — B? +2iAB),

Following the procedure as in set 2, (2.1) is satisfied by

122



P+ 9 +57),
PP+ )k + 57),

P+ q*)(kf — sg)(
(
(f2(k* = 3s%) 4 g°(s* — 3k%)),
(f
)

2)3(
P>+ %) (sf + kg
P+ )’ (kf —sg
P>+ %) (sf + kg
a(p® +¢%)*(a® + b?),

(v
(
(
(

—_ — — —

X
Yy
X
Y PR — )+ 435 — 1),
R

where

fla,b,p,q) = (0° = ¢°)(a® — b%) — dabpg; g(a, b, p,q) = 2pg(a® — b?) + 2ab(p” — ¢*).
3 Conclusion
In this paper, three different sets of non-zero distinct integer solutions to the quinary surd equation
uy/x2 +y? + vV X2+ Y2 = (k% + s?)R? are exhibited. Interested scholars in this field may attempt for
obtaining the solutions in integers of different forms of quinary surd equation.
Acknowledgement. Authors thank the Editor and reviewers for their suggestions to improve the paper in
its present form.

References

[1] L. E. Dickson, History of the theory numbers, Diophantine Analysis, 2, New York, Dover, 2005.

[2] M. A. Gopalan and V.Pandichelvi, Ontranscendental equation z = /= 4+ /By + {/x — /By, Antartica
J.Maths, 6(1)(2009), 55-58.

[3] M. A. Gopalan, P. Shanmuganatham and S. Sriram, On transcendental equation z = /x + /By +
V& — /By, Antartica J.Maths, 7(5)(2010), 509-515.

[4] M. A. Gopalan and J. Kaligarani, On transcendental equation x 4+ /2 +y + /y = z + /2, Diophantus
Journal of Mathematics, 1(1)(2012), 9-14.

[5] M. A. Gopalan and V.Pandichelvi, Observations on the Transcendental Equation z = &z + /kz + y?
, Diophantine Journal of Mathematics, 1(2)(2012), 59-68.

[6]) M. A. Gopalan, S. Vidhyalakshmi and A. Kavitha, On special Transcendental equation {/z2+ y2? =
(a? + B%)%22, International Journal of Applied Mathematical Sciences, 6 (2)(2013), 135-139.

[7] M. A. Gopalan, G. Sumathi and S. Vidhyalakshmi , On the Surd equation with Five unknowns
Va2 +y2 4+ V22 +w? = (k2 4+ 1)?"R®, IOSR Journal of Mathematics, 7(4)(2013), 78-81.

[8] M. A. Gopalan, S. Vidhyalakshmi and T. R. Usha Rani, On the Transcendental equation 5{/y? + 222 —
Y12 +y? = (k* +1)22, IOSR Journal of Mathematics, 7(5)(2013), 62-67.

[9] M. A . Gopalan, S. Vidhyalakshmi and K. Lakshmi, On the Transcendental equation with five unknowns
/12 + 292 + Yw? +p2 =522, Cayley J. Math, 2(2)(2013),139-150.

[10] M. A. Gopalan, S.Vidhyalakshmi and S.Mallika, An interesting Transcendental equation 6{/y? + 322 —

2vVw? + 22 = R?, Cayley J. Math., 2(2)(2013), 157-162.

[11] S. Lang, Algebraic Number Theory, Second ed. New York: Chelsea, 1999.

[12] L.J.Mordell, Diophantine equations, Academic Press, New York,1969.

[13] K. Meena, M. A. Gopalan and J. Srilekha, On the Transcendental equation with three unknowns
2(x+y)—32Y = (k2 +7s%)22, International Journal of engineering Science and Research Technology,
8(1)(2019), 133-136.

[14] K. Meena, S. Vidhyalakshmi, M. A. Gopalan, On the Surd equation v2z = /& + iy + v — iy,

International Journal of Creative Research thoughts, 9(11)(2021), 183-187.
[15] K. Meena, S. Vidhyalakshmi, M. A. Gopalan, On the Surd equation v2z = \/z + ay + /= — ay(a # 0),
International Journal of Modern Developments in Engineering and Science , 1(2)( 2021), 1-2
[16] T. Nagell, Introduction to Number Theory, Chelsea Publishing Company, New York, 1981.
[17] Oiestein Ore., Number Theory and its History, New York, Dover, 1988.
[18] V.Pandichelvi, An Exclusive Transcendental equation, v/ X2+Y2 + /Z2+ W2 = (k* + 1)R?,
International Journal of Engineering Sciences & Research Technology, 2(2)(2013), 306-311.

[19] S. Vidhyalakshmi., T. Mahalakshmi, M. A. Gopalan, On the Transcendental equation /22 + y? +
Ymz + ny = 1023, International Journal of Recent Engineering Research and Development (IJRERD),
5(6)(2020), 8-11.

123



[20] S. Vidhyalakshmi, M. A. Gopalan, On the Transcendental equation {/x2+y2? = 25 [JAMRS,
1(3)(2021), 41-44.
[21] H. Weyl, Algebraic theory of numbers, Princeton University Press,1998.

124



