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Abstract

The Quadratic Programming problem QPP is a special type of Non-linear linear programming
problem in which the objective function is a multivariate quadratic function subject to linear constraints.
Constraints can be equalities and inequalities. Many classical methods such as the graphical method,
Beale’s method, Wolfe’s method, Karush-Kuhn Tucker conditions, etc. solve the QPP problem. Several
non- traditional techniques like, Genetic algorithm, Particle swarm optimization, and Artificial bee colony
algorithms have been introduced for the solution of different optimization problems. We used the Penalty
method with Modified Particle swarm optimization (MPSO) incorporated integrated constriction factor
and inertia weight to solve quadratic programming problems. Several computations have performed using
the software MATLAB and the computational outcomes are compared with different variants such as
Inertia and constriction factor, integrated inertia weight and constriction, Factor PSO-1 and integrated
inertia weight and constriction Factor PSO-II approach. Only one random variable is used, r2 is used in
terms of r1. Different modified parameters are used and the result of QPP.
2020 Mathematical Sciences Classification: 90C26, 90C30
Keywords and Phrases: Evolutionary computation, Inertia weight, Penalty method, Constriction
factor, and Particle Swarm Optimization.

1 Introduction
Quadratic programming is the process in which a solution of Non-Linear Programming Problems (NLPP)
with quadratic objective function is found. QPP optimize a multidimensional quadratic function subject
to a set of linear inequality and equality constraint. NLPP is difficult to handle when compared to Linear
programming problem. LPP are easy to resolve and apply different methods, on the other hand, NLPP’s
solution is a difficult task but these problems are an important part of Operation research and widely
used in different application sectors. Many classical methods solved NLPP problems with constraint and
without constraint and provide the approximate solution. Unconstraint NLPP had designed with different
traditional methods and took less time in comparison with the constraints problem. On the other side,
various traditional techniques are available for the solution of NLPP, and some special Quadratic Non-
Linear programming problems are solved by special methods like Beal’s method, Wolfe’s method, etc. Many
non-traditional methods are proposed for the solution of these problems. These techniques are very powerful
and easy to implement for the solution of complex research problems. Some techniques of them are Particle
swarm optimization, artificial bee colony, GA, Ant Colony Optimization, and Spider monkey optimization
(SMO). There is a different metaheuristic technique also, by which unconstrained NLP problems are solved
and PSO is one of them. Two types of functions are taken in NLPP convex or non-convex and both function
used their properties. The exact difference between these two problems is a) convex problems provide one
best optimal solution, while a non-convex problem may have multiple local optimal points. Hence, the
efficiency of the convex optimization problem is faster.

2 Literature Review
Prajapati et al., [11] discussed the solution of Non-Linear programming problems by using Barrier methods.
Many methods are available for the solution of NLPP like the KKT condition, penalty method, etc. Prajapati
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and Dubey [12] presented the effect of analysis of the penalty function of NLPP by using SCILAB. Equality
constraints-based NLPP problems are solved. Modified PSO is discussed to show the result of NLPP
with five problems. Parsopoulos et al., [13] discussed the performance of the PSO algorithm in coping
with constrained optimization problems. The result of PSO in dealing with constraint assignment penalty
function is included many experiments on special benchmark problems. The recorded result is compared
to the different evolutionary algorithms. Problems with constrained are used in many fields like structural
optimization, complex research problems, scheduling problems, and location problems. Shi and Eberhart
[16] presented modified PSO with decreasing linear inertia weight. Modification has based on linearity.
Deep and Bansal [2] proposed PSO with mean particle swarm optimization. Here the updated formula
is changing the position of particles. Two positions are optimal position and the global optimal position
are updated. Garg [4] discussed a hybrid PSO-GA algorithm for constrained optimization problems. It
combines PSO with GA and provided the results. Kennedy and Everhart [5] proposed a general Particle
swarm optimization technique with all basic concepts. There is no use of IW in general PSO and the
equation is used for the positions of the particles. Zach [20] discussed sequential quadratic programming with
constraints which is commonly used for nonlinear optimization problems. Traditional SQP method combined
with an evolutionary algorithm for the solution of NLPP with equality and inequality constraints. Matsui
et al., [7] introduced the solution of NLIPP. Kennedy proposed an approximate solution for Discrete NLPP
based on PSO. The result of this method is compared to existing methods with the help of some numerical
examples. Kitayama et al., [6] discussed a new method for the solution of mixed Discrete NLPP with the PSO
technique. The penalty function is taken to tackle discrete design variables and the supplemented objective
function becomes a non-convex function by introducing the penalty function. Ying and Yuelun [19] solved
Mixed-integer non-linear programming problems by modified PSO. A new evolutionary method is introduced
for discrete variables. After testing 14 problems it is found that EMPSO gives the best result in terms of
robustness and convergence. Kuzuaked which is based on MOPSO. First of all, the constrained problem
is converted into a bi-objective problem which minimizes the objective function and finds the best point.
Vardhan and Vasan [18] discussed the evolution of the penalty method only for constraint optimization
problems. The solution of NLPP with higher dimensions is always a difficult task. So to remove this
problem penalty function method is used for multidimensional optimization problems. Li et al., [8] proposed
Nonlinear mixed integer programming problems using genetic algorithm and penalty function. Costa et al.,
[1] discussed Firefly penalty-based algorithm for bound-constrained mixed integer nonlinear programming,
optimization. Solanki et al., [15] discussed a new modified PSO technique for non-convex economic dispatch
problems where the cost function is discontinuous and NonLinear. It involves a time-varying acceleration
coefficient for NLPP. Singh et al., [17] solved the problems related to standard game theoretic problems.
Very common approach for performing meta game is used on various games standard in game theory and
yields the desired result. Ota and Mishra [10] proposed a Geometric programming approach to convex
multi-objective programming problems. Here attempt has been done for solving real life model on convex
multi objective problems by using geometric programming technique and -constraint method. Then available
result is compared to fuzzy technique. Priyavada and Kumar [14] discussed the role of different inertia weight
of PSO algorithm for best convergence and optimal solution and compared the result of inertia weight.

3 Particle Swarm Optimization
Swarm-based PSO algorithm is proposed by Eberhart and Kennedy in 1995 which is a global optimization
method for continuous variables. PSO is the best technique and resource for unconstrained optimization
problems. Like Genetic Algorithm it does not use gradient method. It uses two main equations position
and velocity updating equations. These equations are performed by two basic operations addition and
subtraction of vectors. It was closely connected to the graphic animation of flocks of birds and inspired by
the community-based behavior of birds. After the original PSO, several different modifications in special
parameters of PSO have been done. Although, PSO has a few parameters and is easy to apply with NLPP.
This algorithm updates the result of the problem after every iteration. It is a stepby-step evaluation of
the position of the particle i.e. velocity and position updating equations. Pbest and Gbest values are
updated after every iteration of the particles in PSO, and associated with the personal and social part of
the algorithm. The concept of this algorithm is used efficiently and rapidly in many areas with the best
output. PSO particles do not have leaders, but they communicate with each other for getting information
about the food source. All the particles communicate that particle that has the nearest position to the food
source. This communication process repeated until all the particles reached the food source and update their
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positions. Velocity and position updating equation in PSO are defined as

Vi[t+ 1] = Vi[t]W + C1 ∗ r1 ∗ (Pbesti[t]−Xi[t]) + C2 ∗ r2 ∗ (Gbesti−Xi[t]),

Xi[t+ 1] = Xi[t] + Vi[t+ 1],

where Vi andXi are the velocities and position vectors of the ith particle in tth iteration of the particles. Pbest
and Gbest are the personal and social-based values of the swarm in PSO. Numbers r1 and r2 uniformly lie
between 0 and 1, c1and c2 are the two accelerations factors. A graphical representation of the PSO algorithm
is shown as

Figure 3.1: Velocity and Position in time t Figure 3.2: Velocity and Position in time t+ 1

4 Modifications in PSO Algorithm
Many improvements have been done to the PSO algorithm. The main improvements that have been done
in PSO based on parameters: - (i) I.W (ii) Number of particles (iii) Value of C1and C2 (iv) Appropriate
selection of random numbers R1 and R1

4.1 Inertia weight PSO (IWPSO)
I.W is given to the velocity vector which tells that the particles are going in which direction is right or
wrong. I.W. plays an important role and makes the balance between exploration and exploitation. The
velocity updating equation with Inertia weight is given by

Vi[t+ 1] = W ∗ Vi[t] + C1 ∗R1 ∗ (Pbest− i[t]Xi[t]) + C2 ∗R2 ∗ (Gbesti −Xi[t]).

With the help of Inertia weight, the effect of the present and past speed of the particles is calculated
within the search space. Generally, it is taken to be 1, when it is not used. I.W value between 0.4 to 0.9,
gives the best optimal point and speed also [4]. for the large value of I.W gives more chance to explore the
whole search space, and a small value of I.W trap the particle into the local optimal point.
4.2 Number of Particles
Appropriate selection of particles at the beginning of PSO provides solution in a very few number of iterations
and all particles are very near to the optimal solution. Also, we get computational benefits by applying this.
The last iteration’s best particle is used for the coming iteration.
4.3 Constriction Factor PSO (CFPSO)
Constriction factor was introduced by Eberhert and Shi [3] in 2000 and the foundation factor is denoted by
C. To make sure the convergence in PSO constriction factor-based approach is used. Here new convergence
characteristics of factor χ which is controlled by φ, and always must be greater than 4.0 to guarantee stability.
The value of χ is equal to 0.729. When values of C1 and C2 are taken properly then the PSO technique
gives the best result. This factor is called the applied weight factor and is defined as:

Vi[t+ 1] = χ ∗ (Vi[t] + C1 ∗R1 ∗ (Pbesti[t]Xi[t]) + C2 ∗R2(Gbesti −Xi[t]))

where χ = 2 / |2− φ− [φ2 − 4φ]
1
2 |, C1 +C2 > 4 and χ = 0.729

4.4 Integrated inertia weight and constriction Factor PSO-I (IIWCFPSO-I)
Here I.W is multiplied by velocity and constriction factor χ is multiplied by the velocity updating equation.

Vi[t+ 1] = χ ∗ (Vi[t] ∗ w + C1 ∗R1 ∗ (Pbesti[t]Xi[t]) + C2 ∗R2(Gbesti −Xi[t])

where χ =2 / |2− φ− [φ2 − 4φ]
1
2 | , C1 +C2 > 4 and χ = 0.729
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4.5 Integrated inertia weight and constriction Factor PSO-II (IIWCFPSO-II)
Here I.W is multiplied by velocity and constriction factor χ is multiplied by cognitive and social parts.When
this method is compared to other improved methods of PSO, it was clear that the convergence speed was
higher. But in our paper, we just have taken the constriction factor with the cognitive and social component
of the velocity updating equation where C1 expresses how confident a particle is in itself while C2 expresses
how confident a particle has in its neighbours. Here ϕ is dependent on C1 and C2 and C1 and C2 are
acceleration factors that give the speed to cognitive and social components of the velocity updating equation.
This C, the f -based approach results in the convergence of both personal best and global best over time and
ensure the convergence of search space. So this C.F approach can generate better solutions for most of the
points. The constriction factor approach only considers the dynamic behaviour of one individual and the
effect of the interaction among individuals. However, as increases, the constriction factor, K decreases and
diversification is reduced, yielding a slower response.

Vi[t+ 1] = Vi[t] ∗W + χ ∗ C1 ∗R1 ∗ (Pbesti[t]−Xi[t]) + C2 ∗R2 ∗ (Gbesti −Xi[t]),

where χ = 2/|2− φ− [φ2 − 4φ]
1
2 |, C1 + C2>4 and χ = 0.729.

4.6 Appropriate selection of random numbers r1 and r2

PSO has two random variables r1 and r2 whose values are lies between 0 to 1, and randomly selected. Both
r1 and r2 provide low and high values at the same time. There is no better improvement for the next
iteration if r1 and r2 are near 0. If r1 takes a small value and r2 takes a large value, then PSO has more
effect on the global best point and also finds the global maxima and minima. Local solutions will be more
effective in PSO if there will be an impact of personal best [9]. Sometimes, both the positions Pbest and
Gbest of the particles are collected and get the experiences. Then the particles move away from the focal
point. So only one single parameter is used that contains the personal and social experiences of the particle.
Therefore, for better improvement in PSO a new equation is used in which only r1 is used.

Vi[t+ 1] = Vi[t] ∗W + χ ∗ C1 ∗R1 ∗ (Pbesti[t]−Xi[t]) + C2 ∗R2 ∗ (Gbesti −Xi[t]).

5 Quadratic Programming Problems
QP problems are the process of finding the solution of NLPP with the quadratic objective function.
QPP optimizes a multi-dimensional quadratic problem where constraint may be with linear equalities and
inequalities sign. QPP problems optimize a given objective function with the constraint. These problems
come across in many real-world problems. QPP have only one feasible solution on its surface because all the
constraints are linear, but we can find optimal solutions anywhere within the feasible region or on its surface.
The objective function in quadratics problems may be convex or non-convex. The solution of quadratic NLPP
is ”best” when all the minors of the Hessians matrix are positive definite in case of minimization or negative
definite in case of maximization. Quadratic problem with a semi-definite Hessian matrix is also convex. The
graph of these quadratics functions has a shape of a ”round bowl” with a single bottom or top of the convex
function. Quadratic programming problem with non-convex function and with an indefinite Hessian matrix
has a saddle point. It is clear that minimum or maximum is not found in the ”interior” of the function. But
on its boundaries, we may get many local optimal points. In addition, several general NLP methods need a
solution to a QPP sub-problem. So, it is playing the main role to solve a Quadratic sub problem proficiently.
Also, many other methods also have been evolved to solve such problems. The general form of a Quadratic
Programming Problem is as follows

MinZ(x) = CTx+ xTHx,

subject to constraints
DTx = a,
ATx ≤ b,
X ≥ 0,
where c= constant vector,
x = n-dimensional vector of unknowns, b = m dimensional constant vector,
a = p dimensional constant vector, H = n ∗ n constant Hessian Matrix,
A = n ∗m constant Matrix, D = n ∗ p constant Matrix.

6 Penalty Method for equality and non-equality constraints
The penalty method converted the given objective function with constraint to the series of unconstrained
objective functions and this new function perfectly converges to an optimal point of the original problem.
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There are two types of penalty methods interior penalty and exterior penalty method. In the penalty method,
a constant number is added to the Objective function called a penalty. This penalty value is non-zero when
the constraints are violated and zero value when constraints are not violated. Here we have used the penalty
method for two types of constraints in quadratic programming problems.
Non-Linear Programming problems with constraints are given
Min.f(x),
subject to constraints
g(x)<0,
and
h(x) = 0.
NLPP with constraint can be converted into NLPP without constraint by adding a constant penalty.
P (x) = f(x) + k/2

∑m
i=1[max(0, gi(x))]2 + k/2

∑n
i=1 |hi(x)|2.

7 Application of Penalty Method in Quadratic Programming Problem
7.1 Problem 7.1
MinZ = 3x2

1 + 4x2
2 + 2x1x2 − 2x1 − 3x2,

subject to constraints
3x1 + 2x2 ≤ 5,
x1 + x2 ≤ 2,
0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 10.
Changed in unconstrained problem by using the penalty Method
MinZ = 3x2

1 + 4x2
2 + 2x1x2 − 2x1 − 3x2 + k[(3x1 + 2x2 − 5)2 + (x1 + x2 − 2)2],

0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 10.
7.2 Problem 7.2
Minz = (x1 − 4)2 + (x2 − 4)2.
Subject to constraint

x1 + x2 = 5,
0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 10.
Changed in unconstrained problem by using the penalty Method

Minz = (x1 − 4)2 + (x2 − 4)2 +K/2[(x1 + x2 − 5)2],
0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 10.

8 Numerical Solutions of the Problems
For the solution of the following test problems, we have taken the value of the Inertia weight (W ) = 0.6
as at this value quadratic problem provides a better solution, and Total Run = 5 or 10 for comparing the
results among different modified PSO variants as CFPSO, IIWCSPSO-I, and IIWCSPSO-II. Inertia weight
value 0.6 is taken for IIWCSPSO and IIWCSPSO with the Constriction factor. The convergence point of
the problems is found in 1st run and 1st or 2nd iteration of the problems at different positions.
8.1 Problem (with inequalities constraint)
MinZ = 3x2

1 + 4x2
2 + 2x1x2 − 2x1 − 3x2,

subject to constraints
3x1+2x2 ≤ 5,
x1 + x2 ≤ 2,
0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 10.
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Table 8.1: Comparison of results among variants such as CFPSO, IIWCFPSO-1, and IIWCFPSO-II

CFPSO IIWCFPSO-1 IIWCFPSO-II
population penalty iteration function

Value
Estimated
Time

Function
Value

Estimated
Time

Function
Value

Estimated
Time

50 10 50 3.7639 4.96066 3.5072 3.801158 3.5072 3.310420
50 100 50 3.8511 4.422707 3.8511 3.267673 3.8511 4.196028
100 500 100 3.9619 5.107598 3.9619 5.012424 3.9619 5.104914
100 1000 100 3.9803 5.243994 3.9803 6.53068 3.9803 5.101460
500 500 500 3.9619 18.742221 3.9619 14.15480 3.9619 17.224478
500 1000 500 3.9803 18.333860 3.9803 14.510152 3.9803 18.061711
1000 1000 1000 3.9803 35.566693 3.9803 21.5340 3.9803 25.691442

This quadratic problem has two inequality type constraints and solution done by PSO three variants
CFPSO, IIWCFPSO-I and IIWCFPSO-II. Optimal solution is obtained for this quadratic problem by using
penalty method for thee variants is 3.5072 and minimum time is 3.801158. Among all the iterations and
penalty function value is 3.5072 in 3.801158 seconds which is obtained by IIWCFPSO-I. IIWCFPSO-I gives
the fast convergence in minimum time in comparisons of CFPSO and IIWCFPSO-II

Matlab Result for problem 8.1

Figure 8.1: IIWCFPSO-I

Population=50, Penalty=10, Iterations=50
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Figure 8.2: IIWCFPSO-I

Population=500, Penalty=500, Iterations=500

Figure 8.3: IIWCFPSO-I

Population=1000, Penalty=1000, Iterations=1000
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Problem (with equality constraints)8.2
Minz = (x1 − 4)2 + (x2 − 4)2.
Subject to constraint
x1 + x2 = 5,
0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 10. This quadratic problem has equality type constraint and solution done by PSO

Table 8.2: Comparison of results among variants such as CFPSO, IIWCSPSO-I,and IIWCSPSO-II

CFPSO IIWCFPSO-1 IIWCFPSO-II
population penalty iteration function

Value
Estimated
Time

Function
Value

Estimated
Time

Function
Value

Estimated
Time

50 10 50 4.0909 3.43123 4.0909 3.020627 4.0909 4.364924
50 100 50 4.4554 4.717826 4.4554 3.152802 4.4554 4.802578
100 500 100 4.4910 9.548795 4.4910 5.386346 4.4910 5.360711
100 1000 100 4.4955 5.104570 4.4955 4.056326 4.4955 5.199604
500 500 500 4.4910 14.103640 4.4910 11.115037 4.4910 13.589988
500 1000 500 4.4955 12.655615 4.4955 12.151966 4.4955 16.526870
1000 1000 1000 4.4955 19.921594 4.4955 16.021106 4.4955 20.351725

three variants CFPSO, IIWCFPSO-I and IIWCFPSO-II. Optimal solution is obtained for this quadratic
problem by using penalty method for thee variants is 4.0909 and minimum time is 3.020627. Among all
the iterations and penalty function value is 4.0909 in 3.020627 seconds which is obtained by IIWCFPSO-I.
IIWCFPSO-I gives the fast convergence in minimum time in comparisons of CFPSO and IIWCFPSO-II.

Figure 8.4: IIWCFPSO-I

Population=50, Penalty=10, Iterations=50
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Figure 8.5: IIWCFPSO-I

Population=500, Penalty=500, Iterations=500

Figure 8.6: IIWCFPSO-I

Population=1000, Penalty=1000, Iterations=1000
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9 Conclusion
In this paper, we present the modified PSO result by taking CFPSO, IIWCSPSO-I, and IIWCSPS -II. A
comparative analysis has been done and found the best result with different penalties and a better convergence
rate. Here we fix IW =0.6 and the constriction factor is multiplied by personal and social part then find the
best result in most cases. In modified Particle swarm optimization, two parameters are used, one parameter
is random number r1 and r2 is used in terms of r1, and the second parameter is constriction factor k = 0.729.
The penalty method converts the constraint optimization problem into an unconstraint optimization problem.
We have solved the Quadratic programming problem with equality constraint and inequality constraint using
MATLAB software using Modified particle swarm optimization and found better results from computational
experiments. The different penalty is used for analysing the optimal solution. For which minimum value of
penalty and less number of iterations are taken which provide the best convergence.
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conflict of interest with this manuscript, there is no applicable with this manuscript.
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