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Abstract

In this paper, we demonstrate that pseudo-differential operators hi .z satisfy a certain Lé’ g-norm
inequality when using the Hankel-Clifford convolution. Also the properties of Sobolev-type space GZQﬁ
are studied in relation to the Hankel-Clifford transformation.
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1 Introduction

The Hankel-Clifford transform plays a significant role in solving mathematical problems related to cylindrical
boundaries. Its significance extends across diverse domains, including signal processing, image processing,
and the study of wave propagation. The main objectives of the paper are as follows:

o L s-norm inequality and Hankel-Clifford convolution: To show that a specific Ll _gnorm inequality
holds for pseudo-differential operators using the Hankel-Clifford convolution, prov1d1ng insights into
the properties of these operators in the context of the transformation.

e Characteristics of Sobolev-type space GZ’,Qa: To explore the characteristics of the Sobolev-type space,

denoted as foﬁ, in the context of the Hankel-Clifford transformation and its implications for pseudo-
differential operators, contributing to the understanding of function spaces associated with this
transformation.
To fulfill these objectives we start with the classical definition of conventional Hankel transform [8] defined
as

(huo)(z) = /Oo(:ct)lmJ#(xt)d)(t)dt, zel=(0,00);¢¢c L), (1.1)

0

where J,, denotes the Bessel function of the first kind and of order .

Afterward, Zemanian [8] proposed a generalized function class through the kernel method, offering a
natural extension of (1.1).

Médez et al. [4] gives Hankel-Clifford transform of order p > 0 as,

(n,0)() =2 [ Gttty (12)
0
(h2,0)(a) = [ Clat)o i, (13)
0
where C,,(2t) = (xt)"#/2],(2y/xt) is the Bessel-Clifford function of the first kind of order x from [1].

Following this, Malgonde et al. [3] and Waphare [6] introduced generalized Hankel-Clifford transforma-
tions of order (o — ) > —1/2 which has two real parameters a and 3, defined by

() = (1.0 56) () = 270 / " O p(at)p(tydr, (1.4)
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D) = (ha.a s)(@) = / 1B (a1, (15)

where C, g(xt) is generalized Bessel-Clifford function of the first kind of order ao — 3 defined by

k
Cq ﬁ(t) ( )(aJrﬁ)/ZJ /3 2\[ Z k'F a ﬁ—i—tk—i— 1) (1.6)

This is nothing but the solution of the following dlfferentlal equation
tD?z 4+ (1 —a— B)Dz + (aft™ + 1)z = 0.

The inverse generalized Hankel-Clifford transformations have symmetric forms as

6(x) = (hL ) () = 2" / Co s (21)(H)el, (L.7)

vla) = (hy0)(2) = / £ Co @t (0. (18)

0

Clearly, (hy ;1)(x) = 298 (hy 0 st~ P9) (&) and hiL ;= haaps 3l s = hoap.
1.1 Preliminary results
Definition 1.1 ([5]). For every € R, we introduce the space Hg consisting of all infinitely differentiable
functions ¢ and defined on I = (0,00) such that for all k,q € Ny,

Py (0) = sup |t D17 (t)| < oc. (1.9)
€
Definition 1.2 ([5]). The space S(I) consisting of all infinitely differentiable functions (x) defined on
I =(0,00) such that for all k,q € Np,
Viq() = 2uII) |t’C qu(t)| < 00. (1.10)
€

We will need the following differential operator from [3]
Rg =t PTDtP,

Qo =t~ °Dt°,
R =t Dt P+,
Qr = —t*Dt™°.
Ao =QuaRs=tD*+ (1+a+B)D+apt™!, (1.11)
Abp=RyQ, =tD* + (1 —a—p)D+apt™". (1.12)
Then for (o — 8) > —1/2; ¢ € Hg(I); 9 € So(I) , following relation holds
hi,0,8(Da,8)p = —xhi,a,8(9), (1.13)
h2,a,6(86,8)9 = —Th2,a,5(¢)- (1.14)
Further using (1.11) and (1.12),
= Zbk tr=kp2r=k, (1.15)
A*,,B r Zak 7 kD2r k (116)

where aj and by are constants depend on o and B.
Now to prove some results, consider A(a,b,c) area of a triangle with sides a, b, ¢ from [2, 7]. If A exists

then for (. — 8) > —1/2

92(a+p) (abc)aJrﬁ

A T(1/2 —a—B)vr

otherwise, it’s zero. Observe that D, g(a,b, ¢) is symmetric in a, b, ¢ and positive.

D, g(a,b,c) = (1.17)
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Lemma 1.1. For (o« — ) > —1/2, then

| Costla6) Das(w.2) &)z = () Cop(u6). (118)
0
Also -
Nli—oa- 6)/ Dog(x,y,2) 2~ @Fdg = 1.
0

Proof. Following Watson [7], let

o0 A4 (gyz)oth
Tratbac = : 1.1
| 8 p 00 T O = e (119)
Substituting , = 2/p, y = 2\/q, z = 2/r, we get
[e’s} A*Z‘LO‘ 23(a+:3) (pqr)(a+6)/2
(2 (2 0,52 Irathae = .
| VBT s Il UG i = B
Also ¢ = /s,
[e%s} 22(a+ﬂ) (pqr)(a+5)/2
(2 (2 (2 (8245 = :
o 9 o (2T o2 ) 9 s =
Next,
/ o5 (2/05) () T2 T, 5(20/45) (q5)\*FD/2 Jo 5(20/rs) (rs)( @A/ s (4P gs
0
22((¥+5) (pqr)(a"l‘ﬂ)
A T(1/2—a— BT
= Das(p;q,7)-
From (1.6),
/ Co (1) Ca5(qs) Ca(rs) s~ ds = Do s(p.q,7).
0
Hence, inversion formula (1.7) gives,
| Casle0) Dapl ) 574z = Cop(a) Ca(a).
Again by (1.6) and setting ¢ at zero , we get
rNl—oa- B)/ Dog(x,y,2) 2= @ P dg = 1.
0
O

Definition 1.3. For 1 < p < oo, LZ)B(I) is the space of all Lebesgue measurable function ¢ on I such that

o) 1/p
|so||Lz,,3=(/0 1o so(t)pdt) < .

Definition 1.4. Let ¢ € La’ﬂ(I) and 0 < x,y < oo then Hankel translation is denoted by (17.¢)(y) defined
as

(20) () = / T Dy (. 2) $(2)dz.

Definition 1.5. Let ¢, € L}, 5(I) and 0 < x < oo then Hankel convolution is denoted by (¢p#)(x) defined
as

(0@ = [ 5 (o)) v
0
Proposition 1.1. Let ¢, ¢ € L}, 5(I) then

1
H7/1#¢||L;ﬁ < m”ﬂ’”L;ﬁHQsHL;ﬁ-
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Proof. To prove inequality, we use Definitions 1.3, 1.4, 1.5 and Lemmal.1.
Consider,

lowolly, = [ ool

o0
:/ =B qt
0
oo
:/ =8 dz
0
o0

~ —a—p 00 —a—p —a—p3
< /0 78 Dy a(t,y, 2) da /O y=F [y(y)] dy /O 2P |3(2)|dz
1
“TA-a_p)

/0 "B () (w) w<y)dy‘

/ 5= (y) dy / 28 Dy ot 4, 2) $(2)dz
0 0

1llzs ,llllzs -
O]

2 Pseudo-differential operator and L}X’ s-norm inequality
In this section, we show that hig. and hs g, satisfies Léﬁ—norm inequality using Hankel-Clifford
convolution.

Note that hereafter we will prove all the results for the first Hankel-Clifford transforms associated with
a(x,y), as similar results can be proved for the second Hankel-Clifford transforms associated with a(z,y).

Definition 2.1 ([5]). Let a(z,y) be a complez-valued function belonging to the space C*°(I x I), I = (0,00).
Then the pseudo-differential operator hy o g, associated to a(x,y) is defined by

| " Cupley) alwy) G)dy, o € Ha(D), (2.1)

where @(y) is from (1.4).
Simalarly, ho o p.q associated to a(z,y) is defined by

(h2,0.p.0%)(2) = /ODO Yy~ P Caplay) alz,y) d(y)dy, v €Sa(D), (2.2)
where Y (y) is from (1.5).

Definition 2.2. Let m € R. Then H™ be the set of all complex-valued functions a(z,y) in C*°(I x I) such
that for non-negative integers k, v, and s, there exist Ay, r1.s a positive constant, which satisfies

(14 2)*|D; Dy a(x,y)| < Amrks(1+y)™ " (2.3)
Lemma 2.1. For a— 3> 0 and r,l € Ny, there exists a constant Cy g r.m,; > 0 such that
[P1,0,6 (a2, 9)) (O] < Caprmg (L+y)™ (L+¢)7HT

Proof. Let
Ay(C) = h1aplalz,y))(C)- (2.4)
For r € Ny, Counsider,

(=0)" Ay () = (=0Q)" h1.as(alz,9)) (<),
we use (1.13)

(=0)" Ay(Q) = h1.a,8(A5 salz,))(C),
from definition (1.4), Right hand side become,

(0" 4(Q) =7 [ CaplaOAL sata, ),

by using (1.15), we have

(—0) Ay(Q) = ¢o? / Cap(@0) S by a7 * D> Fa(z, y)da.
k=0
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Now consider, and use (2.3) for further estimation,

[(=0)" A4, (Q)] < \C_a_ﬁ|/ |Cap (@) Y b a”* |D* Fa(z, y)|dx
0 k=0
< \C_a_ﬂ|/ |Cap (@)D bk 2™ F Ao iy (L4 y)™ (1+2) 'da
0 k=0

<1 S b Basimar g (1+3)™ /0 (1+2)! 2" Fda
k=0

,
<UD bk Bagmarka (1+9)™ x B((r—k+1,1—(r—k+1)),
k=0
where, 3 is Beta function and B g m,2r—k, is positive constant.
For [ > r 4 1, there exist a constant Cy g.r.m, > 0 such that

(=) Ay (O] < Capirmg (L+y)™ (L+¢)7HTP
Hence proved. O

For the main result, we need the theorem from [5] which is

Theorem 2.1. For any symbol a(x,y) € H™, the associated operator (hi o p,.q ¢)(x), ¢ € Hg(I) can be
represented by

(o ©)() = 22709 / " Cap(a0) ( / T )W) ay<<>dy) a, (2.5)

where,
ay(¢) = h1,a,8 (Ca,s(zy)a(z, y)) (C), z €1 (2.6)

And the subspace of H as defined below.
Definition 2.3. For s € R, the Sobolev-type space is denoted by G, 5 and defined as the set of all ¢ € Hpg
such that

S

lelles,, = Il haap(@)llz; , < oo.

Theorem 2.2. For allm € Ny and (o — 3) > —1/2, there exist C > 0 such that

i m
1h1,a.80(@)llco , < Ckz_o (k) el ,-

Proof. From theorem 2.1, we have

CQ(_“_E)/ Co,p(xC) (h1,0,8,0 @) (2)dx =/ (h1,a,8 ©)(y) ay(C)dy. (2.7)
0 0
Applying Definitionl.4, Lemma 1.1 and (2.6), Right hand side becomes
| s 9)0) 0,1y
0

- / (e @) s (Coplay)ale. ) ()] dy
= [ s QW [ Cupa0) Cuslin) ate () d dy

0 0
- / (hi,as ©)(y) dy (D / / Co(22) Dap(Coy, 2) 8 ale,y)(x) d da

0 0 0
= ¢(-a=h) 27 zz) alx x) dx 2) dz.
— o [Cnns [ ( * [ Casto) <,y><>d)Daﬁ<<,y, ) d
= ((=a=5) ~ 1 - Lag a(z 2) Dy, z) dz.

¢ / (1,05 9)(v) dy / (00 02, 9))(2) D (G 2) d
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Hence, ) become,

“‘ﬁ/ Conp (20 (M1, 5.0 )& dx—// (s 2)(y) (hr.os ales ) (=)

x Do (¢, y, 2) dz dy.

Now by Definition 1.4,

h1,a,6(h1,a..0 9)(C) = C(*wm/ Ca.p(C)(h1,0,8.0 ) (x)de.
0
Comparing (2.8) and (2.9), we get

Mashnna Q= [ [ (s 0)0) (o @, 0)) Das(Cv.) de dy.
0oo 0Oo
— [ [ 0 9)0) 44(2) DaplG.1:2) d
Next we use Lemma 2.1, Deﬁnitic())n 1.2 and Definition 1.5 to estimate following inequality,

’C(aJrﬂ) hl,a,ﬂ(hl,a,ﬁ,a 90)(()
< ¢8| / / (1,05 ©)) |14y (2)] Das(C 1, 2) dz dy
< ¢8| / / (1,05 9)1) [Coprms (1

S |<(a+ﬂ)|cvo¢,ﬁ,r,m,l\/0 (hl,a,,ﬁ @)(y

(142" 2P Do (¢ y, 2) dz dy

+ )
) (L+y)™ dy/Oo —a=p 1+zr)*1 Do s(Cy,2) dz
0
my ok
>Lzo<k>y1

< |C(Q+B)|Caﬁ,r,m,l/ (P1,0.8 ©)(y

MsO

P o W ] AP (R
k=0

< NCasnnms D (1) [ s 0+ ) )
k=0

< ¢ Ca,rmi Z(TIZ) (L4277 ¥ (has 9)(Q) -

Consider,

/OOO Cio‘*ﬂ ’dOHrB) hl,avﬁ(hl,a,@a (p)(o’ d¢

z (
dy/ 2P (142")7" Dapl,y,2) dz
0

< |<<a+ﬁ>|ca,ﬁ,r,m,lz(21) /0 P2 T Y (s 9)] (C) dC
k=0

Using Definition 1.3 and Lemma 1.1, above}nequality gives,
16 a8 (has.a )OIy,

< ¢ |Ca ,Mlz< )| (1+27) 7 4 5™ (b o )12,
o m 1 r\— @
<1 Canrans 3 () e 10 ) ey 44 s
k=0

Ui m
<O (I s ol
k=0

For conclusion we use Definition 2.3 and assume r > 1 — a — 3,

m
m
Ih,0,8.0(0)lqo , < CH (k)|<p||ggﬁ.

For some constant C' > 0. Hence proved.
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3 Characteristics of Sobolev-type Spaces

Definition 3.1. Let k be a real number then Qié([) is the space of all functions ¢ in dual space of the
Hg(I) such that

(1 + 2% (hy,a,50) (x) € LA(T).

For o — 8 > 0, it induces the norm,
o 1/2
lollgs = ([ 0+ a2t )

Theorem 3.1. Let ¢ € g’m( I) and P(Ay ) be a linear differential operator of order r with constant
1 k—r,

coefficient. Then (P(Aqp))p € G, 5 2(7).

Furthermore, P(A, g) is continuous map from QZ%( ) to gk T2( ).

Proof. Let P(Aq, ) linear differential operator of order r with constant coefficient a, € C is

Aa [3) = iarA

We have ¢ € gi%(]) then ¢ € Hj(I) Consider,
1/2

P S0 llgr o = (04010 0 (PR

([ ax w2>k-T|P<—:c><h1,a,w><x>|2dx)1/2
:(/0 1—|—x k— TZaT hlaggo()|2dx>1/2
< g wl([Ta +x2>k|<h1,a,ﬁso><x>|2dx)1/2

<> larllpliges. (3.1)

This gives (P(Aq.p))e € Gr 4(1).

Now to show continuity, It is enough to prove that for any convergent sequence in gij% (I), image of the
same sequence under the map P(A, g) is convergent.

For this, assume that {¢n, }nen is a sequence in gig(l) converging to zero in 922(1)
From (3.1), as n — 0o, we can write

1P eullgs o < 3 larllenlgns =

r=o

Hence P(A, ) is continuous map. O

Theorem 3.2. For a non-negative integer k, ¢ € g if and only if hy o g(AZﬁgo) € L%(I), then QZZ(I) =
{o € L2(I) : hiap(A 59) € L2(I)}.

Proof. Assume that ¢ € ga:ﬁ then ¢ € Hj(I). Hence we have,

h,a,8(A%,59) = (=) h1a,6(¢).
Also, by Definition 3.1

/ (L4 2 (.0 p0) (@) 2 < .

To show hy a,5(AL 50) € L*(I), consider

/ s (A o) (@) = / TN (o) (2) P
0 0
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< / (1+ 22)¥| (b 0, 59) () [P < 0.
0

Now consider that hLa,B(AZﬁgo) € L*(I) then
LAY AP 2
1) ), ()" (h1,a,5) (2)|"da

= (I;> /OOO |(@)* (h1,a,8(Aq 59)) (@) *dz < oo.

This completes the proof. O

/Ooo(l + x2)k|(h1,aﬂ@)($)|2d$ <

N
»HM»
o

IA
)
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