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Abstract

In this paper, we demonstrate that pseudo-differential operators h1,α,β satisfy a certain L1
α,β-norm

inequality when using the Hankel-Clifford convolution. Also the properties of Sobolev-type space Gs,2α,β
are studied in relation to the Hankel-Clifford transformation.
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1 Introduction
The Hankel-Clifford transform plays a significant role in solving mathematical problems related to cylindrical
boundaries. Its significance extends across diverse domains, including signal processing, image processing,
and the study of wave propagation. The main objectives of the paper are as follows:

• L1
α,β-norm inequality and Hankel-Clifford convolution: To show that a specific L1

α,β-norm inequality
holds for pseudo-differential operators using the Hankel-Clifford convolution, providing insights into
the properties of these operators in the context of the transformation.

• Characteristics of Sobolev-type space Gs,2α,β : To explore the characteristics of the Sobolev-type space,

denoted as Gs,2α,β , in the context of the Hankel-Clifford transformation and its implications for pseudo-
differential operators, contributing to the understanding of function spaces associated with this
transformation.

To fulfill these objectives we start with the classical definition of conventional Hankel transform [8] defined
as

(hµφ)(x) =

∫ ∞

0

(xt)1/2Jµ(xt)φ(t)dt, x ∈ I = (0,∞);φ ∈ L1(I), (1.1)

where Jµ denotes the Bessel function of the first kind and of order µ.
Afterward, Zemanian [8] proposed a generalized function class through the kernel method, offering a

natural extension of (1.1).
Médez et al. [4] gives Hankel-Clifford transform of order µ ≥ 0 as,

(h1,µφ)(x) = xµ
∫ ∞

0

Cµ(xt)φ(t)dt, (1.2)

(h2,µφ)(x) =

∫ ∞

0

tµCµ(xt)φ(t)dt, (1.3)

where Cµ(xt) = (xt)−µ/2Jµ(2
√
xt) is the Bessel-Clifford function of the first kind of order µ from [1].

Following this, Malgonde et al. [3] and Waphare [6] introduced generalized Hankel-Clifford transforma-
tions of order (α− β) ≥ −1/2 which has two real parameters α and β, defined by

φ̂(x) = (h1,α,βφ)(x) = x−α−β
∫ ∞

0

Cα,β(xt)φ(t)dt, (1.4)
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ψ̃(x) = (h2,α,βψ)(x) =

∫ ∞

0

t−α−βCα,β(xt)ψ(t)dt, (1.5)

where Cα,β(xt) is generalized Bessel-Clifford function of the first kind of order α− β defined by

Cα,β(t) = (t)(α+β)/2Jα−β(2
√
t) =

∞∑

k=0

(−1)k tk

k!Γ(α− β + k + 1)
. (1.6)

This is nothing but the solution of the following differential equation

tD2x+ (1− α− β)Dx+ (αβt−1 + 1)x = 0.

The inverse generalized Hankel-Clifford transformations have symmetric forms as

φ(x) = (h−1
1,α,βφ̂)(x) = x−α−β

∫ ∞

0

Cα,β(xt)φ̂(t)dt, (1.7)

ψ(x) = (h−1
2,α,βψ̃)(x) =

∫ ∞

0

t−α−βCα,β(xt)ψ̃(t)dt. (1.8)

Clearly, (h−1
2,α,βψ)(x) = xα+β(h1,α,βt

−α−βψ)(x) and h−1
1,α,β = h1,α,β ; h−1

2,α,β = h2,α,β .

1.1 Preliminary results
Definition 1.1 ([5]). For every β ∈ R, we introduce the space Hβ consisting of all infinitely differentiable
functions φ and defined on I = (0,∞) such that for all k, q ∈ N0,

ρβk,q(φ) = sup
t∈I

∣∣tkDqtβφ(t)
∣∣ <∞. (1.9)

Definition 1.2 ([5]). The space S(I) consisting of all infinitely differentiable functions ψ(x) defined on
I = (0,∞) such that for all k, q ∈ N0,

γk,q(ψ) = sup
t∈I

∣∣tkDq ψ(t)
∣∣ <∞. (1.10)

We will need the following differential operator from [3]

Rβ = t−β+1Dtβ ,

Qα = t−αDtα,

R∗β = t−βDt−β+1,

Q∗α = −tαDt−α.

∆α,β = QαRβ = tD2 + (1 + α+ β)D + αβt−1, (1.11)

∆∗α,β = R∗βQ
∗
α = tD2 + (1− α− β)D + αβt−1. (1.12)

Then for (α− β) ≥ −1/2; ϕ ∈ Hβ(I); ψ ∈ Sα(I) , following relation holds

h1,α,β(∆α,β)ϕ = −xh1,α,β(ϕ), (1.13)

h2,α,β(∆∗α,β)ϕ = −xh2,α,β(ϕ). (1.14)

Further using (1.11) and (1.12),

∆r
α,β =

r∑

k=0

bk t
r−kD2r−k, (1.15)

(∆∗α,β)r =

r∑

k=0

ak t
r−kD2r−k, (1.16)

where ak and bk are constants depend on α and β.
Now to prove some results, consider ∆(a, b, c) area of a triangle with sides a, b, c from [2, 7]. If ∆ exists

then for (α− β) ≥ −1/2

Dα,β(a, b, c) =
22(α+β) (abc)α+β

∆4α Γ(1/2− α− β)
√
π
, (1.17)

otherwise, it’s zero. Observe that Dα,β(a, b, c) is symmetric in a, b, c and positive.
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Lemma 1.1. For (α− β) ≥ −1/2, then
∫ ∞

0

Cα,β(zζ) Dα,β(x, y, z) z−(α+β)dz = Cα,β(xζ) Cα,β(yζ). (1.18)

Also

Γ(1− α− β)

∫ ∞

0

Dα,β(x, y, z) x−(α+β)dx = 1.

Proof. Following Watson [7], let
∫ ∞

0

Jα,β(xζ)Jα,β(yζ)Jα,β(zζ)ζ1+α+βdζ =
∆−4α (xyz)α+β

2(α+β+1) Γ(1/2− α− β)
√
π
. (1.19)

Substituting , x = 2
√
p, y = 2

√
q, z = 2

√
r, we get

∫ ∞

0

Jα,β(2
√
p ζ)Jα,β(2

√
q ζ)Jα,β(2

√
r ζ)ζ1+α+βdζ =

∆−4α 23(α+β)(pqr)(α+β)/2

2(α+β+1) Γ(1/2− α− β)
√
π
.

Also ζ =
√
s,
∫ ∞

0

Jα,β(2
√
ps)Jα,β(2

√
qs)Jα,β(2

√
rs)s(α+β)/2ds =

22(α+β)(pqr)(α+β)/2

∆4α Γ(1/2− α− β)
√
π
.

Next, ∫ ∞

0

Jα,β(2
√
ps) (ps)(α+β)/2 Jα,β(2

√
qs) (qs)(α+β)/2 Jα,β(2

√
rs) (rs)(α+β)/2 s−(α+β)ds

=
22(α+β)(pqr)(α+β)

∆4α Γ(1/2− α− β)
√
π

= Dα,β(p, q, r).

From (1.6), ∫ ∞

0

Cα,β(ps) Cα,β(qs) Cα,β(rs) s−(α+β)ds = Dα,β(p, q, r).

Hence, inversion formula (1.7) gives,
∫ ∞

0

Cα,β(zζ) Dα,β(x, y, z) z−(α+β)dz = Cα,β(xζ) Cα,β(yζ).

Again by (1.6) and setting ζ at zero , we get

Γ(1− α− β)

∫ ∞

0

Dα,β(x, y, z) x−(α+β)dx = 1.

Definition 1.3. For 1 ≤ p <∞, Lpα,β(I) is the space of all Lebesgue measurable function ϕ on I such that

||ϕ||Lpα,β =

(∫ ∞

0

t−α−β |ϕ(t)|p dt
)1/p

<∞.

Definition 1.4. Let φ ∈ L1
α,β(I) and 0 < x, y < ∞ then Hankel translation is denoted by (τxφ)(y) defined

as

(τxφ)(y) =

∫ ∞

0

z−α−β Dα,β(x, y, z) φ(z)dz.

Definition 1.5. Let φ, ψ ∈ L1
α,β(I) and 0 < x <∞ then Hankel convolution is denoted by (φ#ψ)(x) defined

as

(φ#ψ)(x) =

∫ ∞

0

y−α−β (τxφ)(y) ψ(y)dy.

Proposition 1.1. Let ψ, φ ∈ L1
α,β(I) then

||ψ#φ||L1
α,β
≤ 1

Γ(1− α− β)
||ψ||L1

α,β
||φ||L1

α,β
.
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Proof. To prove inequality, we use Definitions 1.3, 1.4, 1.5 and Lemma1.1.
Consider,

||φ#ψ||L1
α,β

=

∫ ∞

0

t−α−β |(φ#ψ)(t)|dt

=

∫ ∞

0

t−α−β dt

∣∣∣∣
∫ ∞

0

y−α−β (τtφ)(y) ψ(y)dy

∣∣∣∣

=

∫ ∞

0

t−α−β dx

∣∣∣∣
∫ ∞

0

y−α−β ψ(y) dy

∫ ∞

0

z−α−β Dα,β(t, y, z) φ(z)dz

∣∣∣∣

≤
∫ ∞

0

t−α−β Dα,β(t, y, z) dx

∫ ∞

0

y−α−β |ψ(y)| dy
∫ ∞

0

z−α−β |φ(z)|dz

≤ 1

Γ(1− α− β)
||φ||L1

α,β
||ψ||L1

α,β
.

2 Pseudo-differential operator and L1
α,β-norm inequality

In this section, we show that h1,α,β,a and h2,α,β,a satisfies L1
α,β-norm inequality using Hankel-Clifford

convolution.
Note that hereafter we will prove all the results for the first Hankel-Clifford transforms associated with

a(x, y), as similar results can be proved for the second Hankel-Clifford transforms associated with a(x, y).

Definition 2.1 ([5]). Let a(x, y) be a complex-valued function belonging to the space C∞(I×I), I = (0,∞).
Then the pseudo-differential operator h1,α,β,a associated to a(x, y) is defined by

(h1,α,β,aϕ)(x) = x−α−β
∫ ∞

0

Cα,β(xy) a(x, y) ϕ̂(y)dy, ϕ ∈ Hβ(I), (2.1)

where ϕ̂(y) is from (1.4).
Similarly, h2,α,β,a associated to a(x, y) is defined by

(h2,α,β,aψ)(x) =

∫ ∞

0

y−α−βCα,β(xy) a(x, y) ψ̃(y)dy, ψ ∈ Sα(I), (2.2)

where ψ̃(y) is from (1.5).

Definition 2.2. Let m ∈ R. Then Hm be the set of all complex-valued functions a(x, y) in C∞(I × I) such
that for non-negative integers k, r, and s, there exist Am,r,k,s a positive constant, which satisfies

(1 + x)k|Dr
x D

s
y a(x, y)| ≤ Am,r,k,s(1 + y)m−s. (2.3)

Lemma 2.1. For α− β ≥ 0 and r, l ∈ N0, there exists a constant Cα,β,r,m,l > 0 such that

|h1,α,β(a(x, y))(ζ)| ≤ Cα,β,r,m,l (1 + y)m (1 + ζr)−1 ζ−α−β .

Proof. Let
Ay(ζ) = h1,α,β(a(x, y))(ζ). (2.4)

For r ∈ N0, Consider,
(−ζ)r Ay(ζ) = (−ζ)r h1,α,β(a(x, y))(ζ),

we use (1.13)
(−ζ)r Ay(ζ) = h1,α,β(∆r

α,βa(x, y))(ζ),

from definition (1.4), Right hand side become,

(−ζ)r Ay(ζ) = ζ−α−β
∫ ∞

0

Cα,β(xζ)∆r
α,βa(x, y)(ζ)dx,

by using (1.15), we have

(−ζ)r Ay(ζ) = ζ−α−β
∫ ∞

0

Cα,β(xζ)

r∑

k=0

bk x
r−k D2r−ka(x, y)dx.

228



Now consider, and use (2.3) for further estimation,

|(−ζ)r Ay(ζ)| ≤ |ζ−α−β |
∫ ∞

0

|Cα,β(xζ)|
r∑

k=0

bk x
r−k |D2r−ka(x, y)|dx

≤ |ζ−α−β |
∫ ∞

0

|Cα,β(xζ)|
r∑

k=0

bk x
r−k Am,2r−k,l (1 + y)m (1 + x)−ldx

≤ |ζ−α−β |
r∑

k=0

bk Bα,β,m,2r−k,l (1 + y)m
∫ ∞

0

(1 + x)−l xr−kdx

≤ |ζ−α−β |
r∑

k=0

bk Bα,β,m,2r−k,l (1 + y)m × β((r − k + 1, l − (r − k + l))),

where, β is Beta function and Bα,β,m,2r−k,l is positive constant.
For l > r + 1, there exist a constant Cα,β,r,m,l > 0 such that

|(−ζ)r Ay(ζ)| ≤ Cα,β,r,m,l (1 + y)m (1 + ζr)−1 ζ−α−β .

Hence proved.

For the main result, we need the theorem from [5] which is

Theorem 2.1. For any symbol a(x, y) ∈ Hm, the associated operator (h1,α,β,a ϕ)(x), ϕ ∈ Hβ(I) can be
represented by

(h1,α,β,a ϕ)(x) = x2(−α−β)

∫ ∞

0

Cα,β(xζ)

(∫ ∞

0

(h1,α,β ϕ)(y) ay(ζ)dy

)
dζ, (2.5)

where,
ay(ζ) = h1,α,β (Cα,β(xy)a(x, y)) (ζ), x ∈ I. (2.6)

And the subspace of Hβ as defined below.

Definition 2.3. For s ∈ R, the Sobolev-type space is denoted by Gsα,β and defined as the set of all ϕ ∈ Hβ
such that

||ϕ||Gsα,β = ||ys+α+βh1,α,β(ϕ)||L1
α,β

<∞.

Theorem 2.2. For all m ∈ N0 and (α− β) ≥ −1/2, there exist C > 0 such that

||h1,α,β,a(ϕ)||G0
α,β
≤ C

m∑

k=0

(
m

k

)
||ϕ||Gkα,β .

Proof. From theorem 2.1, we have

ζ2(−α−β)

∫ ∞

0

Cα,β(xζ)(h1,α,β,a ϕ)(x)dx =

∫ ∞

0

(h1,α,β ϕ)(y) ay(ζ)dy. (2.7)

Applying Definition1.4, Lemma 1.1 and (2.6), Right hand side becomes∫ ∞

0

(h1,α,β ϕ)(y) ay(ζ)dy

=

∫ ∞

0

(h1,α,β ϕ)(y) [h1,α,β (Cα,β(xy)a(x, y)) (ζ)] dy

=

∫ ∞

0

(h1,α,β ϕ)(y)ζ(−α−β)

∫ ∞

0

Cα,β(xζ) Cα,β(xy) a(x, y)(x) dx dy

=

∫ ∞

0

(h1,α,β ϕ)(y) dy ζ(−α−β)

∫ ∞

0

∫ ∞

0

Cα,β(xz) Dα,β(ζ, y, z) z−α−β a(x, y)(x) dz dx

= ζ(−α−β)

∫ ∞

0

(h1,α,β ϕ)(y) dy

∫ ∞

0

(
z−α−β

∫ ∞

0

Cα,β(xz) a(x, y)(x) dx

)
Dα,β(ζ, y, z) dz.

= ζ(−α−β)

∫ ∞

0

(h1,α,β ϕ)(y) dy

∫ ∞

0

(h1,α,β a(x, y))(z)Dα,β(ζ, y, z) dz.
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Hence, (2.7) become,

ζ(−α−β)

∫ ∞

0

Cα,β(xζ)(h1,α,β,a ϕ)(x)dx =

∫ ∞

0

∫ ∞

0

(h1,α,β ϕ)(y) (h1,α,β a(x, y))(z)

×Dα,β(ζ, y, z) dz dy. (2.8)
Now by Definition 1.4,

h1,α,β(h1,α,β,a ϕ)(ζ) = ζ(−α−β)

∫ ∞

0

Cα,β(xζ)(h1,α,β,a ϕ)(x)dx. (2.9)

Comparing (2.8) and (2.9), we get

h1,α,β(h1,α,β,a ϕ)(ζ) =

∫ ∞

0

∫ ∞

0

(h1,α,β ϕ)(y) (h1,α,β a(x, y))(z) Dα,β(ζ, y, z) dz dy.

=

∫ ∞

0

∫ ∞

0

(h1,α,β ϕ)(y) Ay(z) Dα,β(ζ, y, z) dz dy.

Next we use Lemma 2.1, Definition 1.4 and Definition 1.5 to estimate following inequality,∣∣∣ζ(α+β) h1,α,β(h1,α,β,a ϕ)(ζ)
∣∣∣

≤ |ζ(α+β)|
∫ ∞

0

∫ ∞

0

(h1,α,β ϕ)(y) |Ay(z)| Dα,β(ζ, y, z) dz dy

≤ |ζ(α+β)|
∫ ∞

0

∫ ∞

0

(h1,α,β ϕ)(y)
[
Cα,β,r,m,l (1 + y)m (1 + zr)−1 z−α−β

]
Dα,β(ζ, y, z) dz dy

≤ |ζ(α+β)|Cα,β,r,m,l
∫ ∞

0

(h1,α,β ϕ)(y) (1 + y)m dy

∫ ∞

0

z−α−β (1 + zr)−1 Dα,β(ζ, y, z) dz

≤ |ζ(α+β)|Cα,β,r,m,l
∫ ∞

0

(h1,α,β ϕ)(y)

[
m∑

k=0

(
m

k

)
yk

]
dy

∫ ∞

0

z−α−β (1 + zr)−1 Dα,β(ζ, y, z) dz

≤ |ζ(α+β)|Cα,β,r,m,l
m∑

k=0

(
m

k

)∫ ∞

0

yk(h1,α,β ϕ)(y)τζ [(1 + zr)−1](y)dy

≤ |ζ(α+β)|Cα,β,r,m,l
m∑

k=0

(
m

k

)∫ ∞

0

y−α−βyk+α+β(h1,α,β ϕ)(y)τζ [(1 + zr)−1](y)dy

≤ |ζ(α+β)|Cα,β,r,m,l
m∑

k=0

(
m

k

)(
(1 + zr)−1# yk+α+β(h1,α,β ϕ)(ζ)

)
.

Consider,∫ ∞

0

ζ−α−β
∣∣∣ζ(α+β) h1,α,β(h1,α,β,a ϕ)(ζ)

∣∣∣ dζ

≤ |ζ(α+β)|Cα,β,r,m,l
m∑

k=0

(
m

k

)∫ ∞

0

ζ−α−β
∣∣(1 + zr)−1# yk+α+β(h1,α,β ϕ)

∣∣ (ζ) dζ.

Using Definition 1.3 and Lemma 1.1, above inequality gives,
||ζα+βh1,α,β(h1,α,β,a ϕ)(ζ)||L1

α,β

≤ |ζ(α+β)|Cα,β,r,m,l
m∑

k=0

(
m

k

)
||(1 + zr)−1# yk+α+β(h1,α,β ϕ)||L1

α,β

≤ |ζ(α+β)|Cα,β,r,m,l
m∑

k=0

(
m

k

)
1

Γ(1− α− β)
||(1 + zr)−1||L1

α,β
||yk+α+β(h1,α,β ϕ)||L1

α,β

≤ C
m∑

k=0

(
m

k

)
||yk+α+β(h1,α,β ϕ)||L1

α,β
.

For conclusion we use Definition 2.3 and assume r > 1− α− β,

||h1,α,β,a(ϕ)||G0
α,β
≤ C

m∑

k=0

(
m

k

)
||ϕ||Gkα,β .

For some constant C > 0. Hence proved.
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3 Characteristics of Sobolev-type Spaces

Definition 3.1. Let k be a real number then Gk,2α,β(I) is the space of all functions ϕ in dual space of the
Hβ(I) such that

(1 + x2)k/2(h1,α,βϕ)(x) ∈ L2(I).

For α− β ≥ 0, it induces the norm,

||ϕ||Gk,2α,β
=

(∫ ∞

0

(1 + x2)k|(h1,α,βϕ)(x)|2dx
)1/2

.

Theorem 3.1. Let ϕ ∈ Gk,2α,β(I) and P (∆α,β) be a linear differential operator of order r with constant

coefficient. Then (P (∆α,β))ϕ ∈ Gk−r,2α,β (I).

Furthermore, P (∆α,β) is continuous map from Gk,2α,β(I) to Gk−r,2α,β (I).

Proof. Let P (∆α,β) linear differential operator of order r with constant coefficient ar ∈ C is

P (∆α,β) =

m∑

r=o

ar∆
r
α,β .

We have ϕ ∈ Gk,2α,β(I) then ϕ ∈ H′β(I) Consider,

||(P (∆α,β))ϕ||Gk−r,2α,β
=

(∫ ∞

0

(1 + x2)k−r|(h1,α,β(P (∆α,β))ϕ)(x)|2dx
)1/2

=

(∫ ∞

0

(1 + x2)k−r|P (−x)(h1,α,βϕ)(x)|2dx
)1/2

=

(∫ ∞

0

(1 + x2)k−r|
m∑

r=o

arx
r(h1,α,βϕ)(x)|2dx

)1/2

≤
m∑

r=o

|ar|
(∫ ∞

0

(1 + x2)k|(h1,α,βϕ)(x)|2dx
)1/2

≤
m∑

r=o

|ar|||ϕ||Gk,2α,β
. (3.1)

This gives (P (∆α,β))ϕ ∈ Gk−r,2α,β (I).

Now to show continuity, It is enough to prove that for any convergent sequence in Gk,2α,β(I), image of the
same sequence under the map P (∆α,β) is convergent.

For this, assume that {ϕn}n∈N is a sequence in Gk,2α,β(I) converging to zero in Gk,2α,β(I).
From (3.1), as n→∞, we can write

||(P (∆α,β))ϕn||Gk−r,2α,β
≤

m∑

r=o

|ar|||ϕn||Gk,2α,β
→ 0.

Hence P (∆α,β) is continuous map.

Theorem 3.2. For a non-negative integer k, ϕ ∈ Gk,2α,β if and only if h1,α,β(∆k
α,βϕ) ∈ L2(I), then Gk,2α,β(I) =

{ϕ ∈ L2(I) : h1,α,β(∆k
α,βϕ) ∈ L2(I)}.

Proof. Assume that ϕ ∈ Gk,2α,β then ϕ ∈ H′β(I). Hence we have,

h1,α,β(∆k
α,βϕ) = (−x)kh1,α,β(ϕ).

Also, by Definition 3.1 ∫ ∞

0

(1 + x2)k|(h1,α,βϕ)(x)|2dx <∞.

To show h1,α,β(∆k
α,βϕ) ∈ L2(I), consider
∫ ∞

0

|h1,α,β(∆k
α,βϕ)(x)|2dx =

∫ ∞

0

|(−x)k (h1,α,βϕ)(x)|2dx
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≤
∫ ∞

0

(1 + x2)k|(h1,α,βϕ)(x)|2dx <∞.

Now consider that h1,α,β(∆k
α,βϕ) ∈ L2(I) then

∫ ∞

0

(1 + x2)k|(h1,α,βϕ)(x)|2dx ≤
k∑

l=0

(
k

l

)∫ ∞

0

|(x)k (h1,α,βϕ)(x)|2dx

≤
k∑

l=0

(
k

l

)∫ ∞

0

|(x)k (h1,α,β(∆k
α,βϕ))(x)|2dx <∞.

This completes the proof.
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