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Abstract

The goal of this paper is to study a PK-manifold (briefly, PK-manifold) that admits a Zamkovoy
connection. We use a new (0, 2) type symmetric tensor Z to derive a new tensor field from the M -
projective curvature tensor (briefly, MP -curvature tensor). We call this new tensor field as generalised
M -projective curvature tensor (briefly, GMP -curvature tensor). Further, we prove that a generalized
M -projectively semi-symmetric PK-manifold turns out to be an Einstein manifold. Among others, it
has been shown that the condition of generalized M -projectively φ-symmetry on PK-manifold admitting
a Zamkovoy connection implies that the manifold is again an Einstein manifold.
2020 Mathematical Sciences Classification: 53C15, 53C25.
Keywords and Phrases: M -projective and GMP -curvature tensors, PK-manifold, Zamkovoy
connection, Einstein manifold.

1 Introduction
It was Pokhariyal and Mishra [15] who introduced the notion of MP -curvature tensor in 1970. This tensor
field has further been studied by Ojha [13] and many other researchers. For more details, one may refer to
[5, 6, 7, 8, 12, 15, 20, 21, 22] and the references therein.

The type (0, 3) MP -curvature tensor
1

M∗ is given by [15]

1

M∗(L1,M1, N1) =
1

R(L1,M1, N1)− 1

2(n− 1)
[

1

Ric(M1, N1)L1 −
1

Ric(L1, N1)M1

+ g(M1, N1)
1

QL1 − g(L1, N1)
1

QM1], (1.1)

for all vector fields L1, M1 and N1 ∈ χ(M). The symbol
1̃

R(L1,M1)N1 refers to the Riemannian curvature

tensor of type (0, 3) and
1

Ric denotes the Ricci tensor, i.e,
1

Ric(L1,M1) = g(
1

QL1,M1),

where
1

Q being the Ricci operator of type (1, 1).

The type (0, 4) MP -curvature tensor field ′
1

M∗ is given by

′ 1

M∗(L1,M1, N1, O1) = ′ 1R(L1,M1, N1, O1)− 1

2(n− 1)
[

1

Ric(M1, N1)g(L1, O1)

−
1

Ric(L1, N1)g(M1, O1) + g(M1, N1)
1

Ric(L1, O1)

− g(L1, N1)
1

Ric(M1, O1)], (1.2)

where we have put

′ 1

M∗(L1,M1, N1, O1) = g(
1

M∗(L1,M1, N1), O1)
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and
′ 1R(L1,M1, N1, O1) = g(

1

R(L1,M1, N1), O1),

for arbitrary vector fields L1,M1, N1, O1 ∈ χ(M).

Mantica and Suh [11] considered a new symmetric tensor Z of type (0, 2), given by

Z(L1,M1) =
1

Ric(L1,M1) + ψg(L1,M1), (1.3)

with ψ as an arbitrary scalar function. This tensor Z has been used by [8, 16] to obtain a new tensor field
out of a given tensor field. In the sense similar to [8, 16], We use it to generalise the MP -curvature tensor.
The equation (1.3) produces the follwoing

Z(φL1, φM1) =
1

Ric(φL1, φM1) + ψg(φL1, φM1). (1.4)

Using equation (1.3) in the equation (1.2), we get

′ 1

M∗(L1,M1, N1, O1) = ′ 1R(L1,M1, N1, O1)− 1

2(n− 1)
[Z(M1, N1)g(L1, O1)−Z(L1, N1)g(M1, O1)

+ g(M1, N1)Z(L1, O1)− g(L1, N1)Z(M1, O1)]

− ψ

(n− 1)
[g(M1, O1)g(L1, N1)− g(M1, N1)g(L1, O1)]. (1.5)

If we denote the first five terms on the right hand side of the above equation by ′
1

M∗∗(L1,M1, N1, O1), i.e,

′ 1

M∗∗(L1,M1, N1, O1) = ′ 1R(L1,M1, N1, O1)− 1

2(n− 1)
[Z(M1, N1)g(L1, O1)−Z(L1, N1)g(M1, O1)

+ g(M1, N1)Z(L1, O1)− g(L1, N1)Z(M1, O1)], (1.6)

to write the equation (1.5) in the following form

′ 1

M∗∗(L1,M1, N1, O1) = ′ 1

M∗(L1,M1, N1, O1) +
ψ

(n− 1)
[g(M1, O1)g(L1, N1)− g(L1, O1)g(M1, N1)]. (1.7)

The new tensor field ′
1

M∗∗ defined by the equation (1.6) is termed as GMP -curvature tensor.
In 2008, Zamkovoy [25] defined and studied Zamkovoy connection on para-contact manifolds. On an

n-dimensional almost para-contact Riemannian manifold Mn with structure (φ, ξ, η, g), where φ is a (1, 1)
tensor field, ξ a vector field, g a psuedo-Riemannian metric and η a 1-form, the Zamkovoy connection is
defined by [25]

2

∇L1M1 =
1

∇L1M1 + (
1

∇L1η)(M1)ξ − η(M1)
1

∇L1ξ + η(L1)φM1, (1.8)

for all L1,M1, N1 ∈ χ(M), where
1

∇ is the Levi-Civita connection.
Blaga [3] studied Zamkovoy connection in PK-manifolds.
In this paper, we undertake the study of GMP -curvature tensor of PK-manifold relative to the Zamkovoy

connection and study its properties. The paper is comprised of 6 sections. After introduction in the section 1,
we present some preliminaries on the PK-manifold in the section 2. In the section 3, we describe briefly the
GMP -curvature tensor on a PK-manifold relative to the Zamkovoy connection and derive some of its basic
properties. In the section 4, we establish that a generalized M -projectively semi-symmetric PK-manifold
admitting the Zamkovoy connection turns out to be an Einstein manifold. Further in section 5, we find that

a PK-manifold satisfying
2

M∗∗(L1,M1) ·
1

Ric = 0 is either an Einstein manifold or ψ = (1−n)
2 on it. In the last

section, it has been shown that the condition of generalized M -projectively φ-symmetry on PK-manifold
admitting a Zamkovoy connection implies that the manifold is again an Einstein manifold.

2 Preliminaries
A differentiable manifold Mn of dimension n with the structure (φ, ξ, η) where φ a type (1, 1) tensor field, ξ
a vector field and η a 1-form satisfying the following relations

φ2(L1) = L1 − η(L1)ξ, (2.1)

η(φL1) = 0, (2.2)
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φ(ξ) = 0, (2.3)

and
η(ξ) = 1 (2.4)

is known as an almost para-contact manifold. An almost para-contact manifold Mn admitting a pseudo-
Riemannian metric g with the conditions

η(L1) = g(L1, ξ) (2.5)

and
g(φL1, φM1) = −g(L1,M1) + η(L1)η(M1) (2.6)

is known as an almost para-contact Riemannian manifold [2, 18].
We present the following definition of a PK-manifold.

Definition 2.1 ([3, 14]). The almost paracontact metric structure (φ, ξ, η, g) is called para-Kenmotsu if the

Levi-Civita connection
1

∇ of g satisfies

(
1

∇L1
φ)M1 = g(φL1,M1)ξ − η(M1)φL1,

for any L1,M1 ∈ X(M).

Example 2.1 ([3]). Consider a manifold M3 = {(l1,m1, n1) ∈ R3, n1 6= 0} of dimension 3, where (l1,m1, n1)
is the standard coordinate in R3. The vector fields given by

e1 :=
∂

∂l1
, e2 :=

∂

∂m1
, e3 := − ∂

∂n1

are linearly independent at each point of the manifold.

If we define

φ :=
∂

∂m1
⊗ dl1 +

∂

∂l1
⊗ dm1, ξ := − ∂

∂n1
, η := −dn1,

and
g := dl1 ⊗ dl1 − dm1 ⊗ dm1 + dn1 ⊗ dn1,

then it can be seen easily that
φe1 = e2, φe2 = e1, φe3 = 0,

and
η(e1) = 0, η(e2) = 0, η(e3) = 1.

Let
1

∇ be the Levi-Civita connection with respect to metric g. We now have

[e1, e2] = 0, [e2, e3] = 0, [e3, e1] = 0.

The Levi-Civita connection
1

∇ relative to the metric g is deduced from Koszul’s formula

2g(
1

∇L1
M1, N1) = L1(g(M1, N1)) +M1(g(N1, L1))−N1(g(L1,M1))

− g(L1, [M1, N1]) + g(M1, [N1, L1]) + g(N1, [L1,M1]).

Then Koszul’s formula yields
1

∇e1e1 = −e3,
1

∇e1e2 = 0,
1

∇e1e3 = e1,

1

∇e2e1 = 0,
1

∇e2e2 = e3,
1

∇e2e3 = e2,

1

∇e3e1 = e1,
1

∇e3e2 = e2,
1

∇e3e3 = 0.

These results show that the manifold satisfies
1

∇L1
ξ = L1 − η(L1)ξ,

for ξ = e3. Hence the manifold under consideration is a PK-manifold of dimension three.
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On a PK-manifold, the following relations hold [3, 8]:

(
1

∇L1φ)M1 = g(φL1,M1)ξ − η(M1)φL1, (2.7)
1

∇L1ξ = L1 − η(L1)ξ, (2.8)

(
1

∇L1η)M1 = g(L1,M1)− η(L1)η(M1), (2.9)

η(
1

R(L1,M1, N1)) = g(L1, N1)η(M1)− g(M1, N1)η(L1), (2.10)
1

R(L1,M1, ξ) = η(L1)M1 − η(M1)L1, (2.11)
1

R(L1, ξ,M1) = −
1

R(ξ, L1,M1) = g(L1,M1)ξ − η(M1)L1, (2.12)
1

Ric(φL1, φM1) = −(n− 1)g(φL1, φM1), (2.13)
1

Ric(L1, ξ) = −(n− 1)η(L1), (2.14)
1

Qξ = −(n− 1)ξ, (2.15)
1
r = −n(n− 1), (2.16)

where L1 and M1 are vector fields,
1

R(L1,M1)N1 is the Riemannian curvature tensor and
1

Ric is the Ricci
tensor given by,

g(
1

QL1,M1) =
1

Ric(L1,M1),

and
1
r is the scalar curvature.

In view of (2.8) and (2.9), the equation (1.8) becomes
2

∇L1
M1 =

1

∇L1
M1 + η(L1)φM1 − η(M1)φL1 + g(L1,M1)ξ, (2.17)

for any vector fields L1,M1. The connection
2

∇ defined by (2.17) is the Zamkovoyon connection on a PK-
manifold .

The expression for curvature tensor
2

R of a PK-manifold relative to the connection
2

∇ defined by
2

R(L1,M1)N1 =
2

∇L1

2

∇M1
N1 −

2

∇M1

2

∇L1
N1 −

2

∇[L1,M1]N1, (2.18)
is known to be the following [1]

2

R(L1,M1)N1 = R(L1,M1)N1 + g(M1, N1)L1 − g(L1, N1)M1, (2.19)

where
1

R(L1,M1)N1 =
1

∇L1

1

∇M1
N1 −

1

∇M1

1

∇L1
N1 −

1

∇[L1,M1]N1.
The expression (2.19), at once, produces the following expressions

2

Ric(L1,M1) =
1

Ric(L1,M1) + (n− 1)g(L1,M1), (2.20)
and

2
r =

1
r + n(n− 1), (2.21)

for the Ricci tensor
2

Ric and the scalar curvature
2
r relative to

2

∇. If
2

Ric(L1,M1) vanishes, then the equation
(2.20) implies that

1

Ric(L1,M1) = −(n− 1)g(L1,M1). (2.22)

Further, the curvature tensor of the PK-manifold Mn relative to the Zamkovoy connection
2

∇ satisfies the
followings[1]:

g(
2

R(L1,M1)N1, ξ) = η(
2

R(L1,M1)N1) = 0, (2.23)
2

R(L1,M1)ξ =
2

R(ξ, L1)M1 =
2

R(ξ, L1)ξ = 0. (2.24)

Also, the Ricci tensor
2

Ric satisifies
2

Ric(L1, ξ) = 0, (2.25)

for any L1,M1, N1 ∈ χ(M).
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3 GMP -curvature tensor of PK-manifold
Now, we consider MP -curvature tensor of the PK-manifold Mn relative to the Zamkovoy connection and
generalize it with the help of the tensor Z and state some of its properties.

Analogous to the expression (1.1), we define MP -curvature tensor
2

M with respect to the Zamkovoy

connection
2

∇ by the following relation
2

M∗(L1,M1, N1) =
2

R(L1,M1, N1)− 1

2(n− 1)
[

2

Ric(M1, N1)L1 −
2

Ric(L1, N1)M1

+ g(M1, N1)
2

QL1 − g(L1, N1)
2

QM1]. (3.1)

Taking inner product of
2

M∗(L1,M1, N1) with the help of metric tensor g, we obtain the type (0,4) tensor

field ′
2

M∗ given below

′ 2

M∗(L1,M1, N1, O1) = ′
2

R(L1,M1, N1, O1)− 1

2(n− 1)
[

2

Ric(M1, N1)g(L1, O1)

−
2

Ric(L1, N1)g(M1, O1) + g(M1, N1)
2

Ric(L1, O1)

− g(L1, N1)
2

Ric(M1, O1)], (3.2)

where
′ 2

M∗(L1,M1, N1, O1) = g(
2

M∗(L1,M1, N1), O1)

and
′ 2R(L1,M1, N1, O1) = g(

2

R(L1,M1, N1), O1),

where L1, M1, N1 and O1 are the vector fields.
We rewrite the expression (3.1) with the help of the relation (1.3) as below

′ 2

M∗(L1,M1, N1, O1) = ′
2

R(L1,M1, N1, O1)− 1

2(n− 1)
[Z(M1, N1)g(L1, O1)

−Z(L1, N1)g(M1, O1) + g(M1, N1)Z(L1, O1)− g(L1, N1)Z(M1, O1)]

− ψ

(n− 1)
[g(M1, O1)g(L1, N1)− g(M1, N1)g(L1, O1)]. (3.3)

In order to obtain a new tensor field from the above expression, we choose the first five terms on the
right hand side of it and write

′ 2

M∗∗(L1,M1, N1, O1) = ′
2

R(L1,M1, N1, O1)− 1

2(n− 1)
[Z(M1, N1)g(L1, O1)

−Z(L1, N1)g(M1, O1) + g(M1, N1)Z(L1, O1)

− g(L1, N1)Z(M1, O1)]. (3.4)

We term this new tensor ′
2

M∗∗ given by the above equation as GMP -curvature tensor of PK-manifold with
respect to the Zamkovoy connection.

In view of (3.4), the equation (3.3) takes the form

′ 2

M∗∗(L1,M1, N1, O1) =′
2

M∗(L1,M1, N1, O1) +
ψ

(n− 1)
[g(M1, O1)g(L1, N1)− g(L1, O1)g(M1, N1)]. (3.5)

Obviously, if we set ψ=0, then from the equation (3.5), we have

′ 2

M∗∗(L1,M1, N1, O1) = ′
2

M∗(L1,M1, N1, O1). (3.6)

Thus, vanishing of scalar function ψ implies the two tensor fields, i.e., M -projective and GMP -curvature
tensor fields are identical.

Furthermore, covariant differentiation of the equation (3.1) with respect to O1, yields

(
1

∇O1

2

M∗)(L1,M1)N1) = (
1

∇O1

2

R(L1,M1)N1)− 1

2(n− 1)
[(

1

∇O1

2

Ric(M1, N1)L1
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− (
1

∇O1

2

Ric)(L1, N1)M1 + g(M1, N1)(
1

∇O1

2

Q)L1

− g(L1, N1)(
1

∇O1

2

Q)M1]. (3.7)

Remark 3.1. It is very easy to note that the MP -curvature tensor field of a PK-manifold relative to the

Zamkovoy connection
1̃

∇ satisfies the following properties:

(I) ′
2

M∗(L1,M1, N1, O1) + ′ 2

M∗(M1, L1, N1, O1) = 0,

(II) ′
2

M∗(L1,M1, N1, O1) + ′ 2

M∗(L1,M1, O1, N1) = 0

and

(III) ′
2

M∗(L1,M1, N1, O1) = ′ 2

M∗(N1, O1, L1,M1).

Theorem 3.1. GMP -curvature tensor ′
2

M∗∗ of a PK-manifold relative to the Zamkovoy connection
2

∇ has
the property of

(a) skew-symmetry in the first two slots,
(b) skew-symmetry in the last two slots

and

(c) symmetry in pair of slots.

Proof. (a) We interchange the vector fields in first two slots in the equation (3.5) to obtain

′ 2

M∗∗(M1, L1, N1, O1) = ′
2

M∗(M1, L1, N1, O1) +
ψ

(n− 1)
[g(L1, O1)g(M1, N1)− g(M1, O1)g(L1, N1)]. (3.8)

We now add the two equations (3.5) and (3.8) and use the property (I) of the remark (3.1) to get

′ 2

M∗∗(L1,M1, N1, O1) = −′
2

M∗∗(M1, L1, N1, O1),

which proves skew symmetry of the GMP -curvature tensor ′
2

M∗∗ in the first two slots.
(b) Now, we interchange the vector fields in the last two slots in the equation (3.5) to obtain

′ 2

M∗∗(L1,M1, O1, N1) = ′
2

M∗(L1,M1, O1, N1) +
ψ

(n− 1)
[g(L1, O1)g(M1, N1)− g(M1, O1)g(L1, N1)]. (3.9)

We add the two equations (3.5) and (3.9) and use the property (II) of the remark (3.1) to get

′ 2

M∗∗(L1,M1, N1, O1) = −′
2

M∗∗(L1,M1, O1, N1).

This establishes skew symmetry of the tensor filed ′
2

M∗∗ in the last two slots.
(c) We, now, interchange L1 with N1 and M1 with O1 in the equation (3.5) to obtain

′ 2

M∗∗(N1, O1, L1,M1) =′
2

M∗(N1, O1, L1,M1) +
ψ

(n− 1)
[g(O1,M1)g(N1, L1)− g(N1,M1)g(O1, L1)]. (3.10)

In view of the property (III) of remark (3.1), the two equations (3.5) and (3.10) together yield

′ 2

M∗∗(L1,M1, N1, O1) =′
2

M∗∗(N1, O1, L1,M1),

which proves the symmetry of the tensor filed ′
2

M∗∗ in pair of slots.

Theorem 3.2. The GMP -curvature tensor field ′
2

M∗∗ of PK-manifold relative to the Zamkovoy connection
satisfies the Bianchi’s first identity.
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Proof. From the relation (3.5), we find

2

M∗∗(L1,M1, N1) =
2

M∗(L1,M1, N1) +
ψ

(n− 1)
[g(L1, N1)M1 − g(M1, N1)L1)]. (3.11)

We permute cyclically L1, M1 and N1 in the above equation and write the following two equations
2

M∗∗(M1, N1, L1) =
2

M∗(M1, N1, L1) +
ψ

(n− 1)
[g(M1, L1)N1 − g(N1, L1)M1)], (3.12)

and
2

M∗∗(N1, L1,M1) =
2

M∗(N1, L1,M1) +
ψ

(n− 1)
[g(N1,M1)L1 − g(L1,M1)N1)]. (3.13)

Adding all the above equations (3.11), (3.12) and (3.13) and using the fact that

2

M∗(L1,M1, N1) +
2

M∗(M1, N1, L1) +
2

M∗(N1, L1,M1) = 0,

we obtain
2

M∗∗(L1,M1, N1) +
2

M∗∗(M1, N1, L1) +
2

M∗∗(N1, L1,M1) = 0.

This proves the theorem.

Theorem 3.3. The GMP -curvature tensor field ′
2

M∗∗ of PK-manifold relative to the Zamkovoy connection
satisfies the following identities:

(a)
2

M∗∗(ξ,M1, N1) = −
2

M∗∗(M1, ξ,N1) =

[
(n− 1 + 2ψ)

2(n− 1)

]
[η(N1)M1 − g(M1, N1)ξ]

+

[
1

2(n− 1)

]
[η(N1)QM1 −

1

Ric(M1, N1)ξ], (3.14)

(b)
2

M∗∗(L1,M1, ξ) =

[
(n− 1 + 2ψ)

2(n− 1)

]
[η(L1)M1 − η(M1)L1] +

[
1

2(n− 1)

]
[η(L1)QM1 − η(M1)QL1],

(3.15)

(c) η(
2

M∗∗(N1, O1,M1)) =

[
1

2

]
[g(N1,M1)η(O1)− g(O1,M1)η(N1)] +

[
ψ

n− 1

]

× [g(N1,M1)η(O1)− g(O1,M1)η(O1)] +

[
1

2(n− 1)

]
[

1

Ric(N1,M1)η(O1)−
1

Ric(O1,M1)η(N1)]. (3.16)

Proof. (a) Replacing L1 by ξ in the expression (3.11), we have

2

M∗∗(ξ,M1, N1) =
2

M∗(ξ,M1, N1) +
ψ

(n− 1)
[g(ξ,N1)M1 − g(M1, N1)ξ)].

Now, use of the equations (2.6), (2.11), (2.21), (2.23) and (3.1) in the above, yields the desired result.
(b) Replacing N1 by ξ in the relation (3.11), we have

2

M∗∗(L1,M1, ξ) =
2

M∗(L1,M1, ξ) +
ψ

(n− 1)
[g(L1, ξ)M1 − g(M1, ξ)L1)].

Making use of the equations (2.6), (2.21), (2.23) and (3.1) in the relation given above, we get the result.
(c) Taking inner product of the equation (3.11) with ξ, we have

η(
2

M∗∗(N1, O1,M1)) = η(
2

M∗(N1, O1,M1)) +
ψ

(n− 1)
[g(N1,M1)η(O1)− g(O1,M1)η(N1)],

which, in view of the equations (2.6), (2.21), (2.22) and (3.1), proves the result.
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4 Generalized M-projectively semi-symmetric PK-manifold relative to the Zamkovoy con-
nection

In this section, we study implication of a condition of semi-symmetry type. We first present the following
definitions.

Definition 4.1. A PK-manifold is called as semi-symmetric manifold[23] if its curvature tensor satisfies

1

R(L1,M1) ·
1

R = 0, (4.1)

where the curvature operator
1

R(L1,M1) is supposed to be the derivation of the tensor algebra at each point
of the manifold.

On similar lines, we propose the following definition:

Definition 4.2. A PK-manifold is generalized M -projectively semi-symmetric if it satisfies the condition
of the form

1

R(L1,M1) ·
2

M∗∗ = 0, (4.2)

where
2

M∗∗ is GMP -curvature tensor of PK-manifold relative to the Zamkovoy connection.

Also, we iterate the following definition:

Definition 4.3. A PK-manifold M is an η-Einstein manifold if its Ricci tensor
1

Ric type (0, 2) relative to
the Levi-Civita connection assumes the form

1

Ric(L1,M1) = ag(L1,M1) + bη(L1)η(M1)

for some smooth functions a and b where L1 and M1 are vector fields. Whenever b = 0, the manifold is
simply an Einstein manifold.

We now state the following theorem:

Theorem 4.1. A generalized M -projectively semi-symmetric PK-manifold relative to the Zamkovoy
connection is an η-Einstein manifold.

Proof. We consider
1

R(L1,M1) ·
2

M∗∗ = 0.

Now, we put L1 = ξ in the above expression to get

(
1

R(ξ, L1) ·
2

M∗∗)(N1, O1,M1) = 0

for all L1,M1, N1, O1 ∈ χ(M), which gives

0 =
1

R(ξ, L1,
2

M∗∗(N1, O1,M1))−
2

M∗∗(
1

R(ξ, L1, N1), O1,M1)

−
2

M∗∗(N1,
1

R(ξ, L1, O1),M1)−
2

M∗∗(N1, O1,
1

R(ξ, L1,M1). (4.3)

Due to the relation (2.11), the above equation reduces to

0 = η(
2

M∗∗(N1, O1,M1))L1 − ′
2

M∗∗(N1, O1,M1, L1)ξ − η(N1)η(
2

M∗∗(L1, O1,M1))

+ g(L1, N1)η(
2

M∗∗(ξ,O1,M1))− η(O1)η(
2

M∗∗(N1, L1,M1))

+ g(L1, O1)η(
2

M∗∗(N1, ξ,M1))− η(M1)η(
2

M∗∗(N1, O1, L1))

+ g(L1,M1)η(
2

M∗∗(N1, O1, ξ)).
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We take inner product of the above expression with the vector field ξ and use the equations (2.4), (3.5),
(3.14), (3.15) and (3.16) to get

0 =− ′
2

M∗∗(N1, O1,M1, L1) + [g(L1, O1)η(N1)η(M1)− g(L1, N1)η(M1)η(O1)]

− 1

2(n− 1)

[
1

Ric(N1, L1)η(M1)η(O1)−
1

Ric(O1, L1)η(N1)η(M1)

]

− 1

2(n− 1)

[
1

Ric(O1,M1)g(L1, N1)−
1

Ric(M1, N1)g(L1, O1)

]

− ψ

(n− 1)
[g(L1, N1)η(M1)η(O1)− g(L1, O1)η(N1)η(M1)]

+
(n− 1 + 2ψ)

2(n− 1)
[g(L1, N1)η(M1)η(O1)− g(L1, O1)η(N1)η(M1)]

− (n− 1 + 2ψ)

2(n− 1)
[g(L1, N1)g(M1, O1)− g(L1, O1)g(M1, N1)] .

By virtue of the equation (2.22) and (3.2), the above equation reduces to

′ 2R(N1, O1,M1, L1) =
1

2(n− 1)
[

2

Ric(O1,M1)g(N1, L1)−
2

Ric(N1,M1)g(O1, L1)

+
2

Ric(N1, L1)g(O1,M1)−
2

Ric(O1, L1)g(N1,M1)]

+ [g(L1, O1)η(N1)η(M1)− g(L1, N1)η(M1)η(O1)]

− 1

2(n− 1)

[
1

Ric(N1, L1)η(M1)η(O1)−
1

Ric(O1, L1)η(N1)η(M1)

]

− 1

2(n− 1)

[
1

Ric(O1,M1)g(L1, N1)−
1

Ric(M1, N1)g(L1, O1)

]

− ψ

(n− 1)
[g(L1, N1)η(M1)η(O1)− g(L1, O1)η(N1)η(M1)]

+
(n− 1 + 2ψ)

2(n− 1)
[g(L1, N1)η(M1)η(O1)− g(L1, O1)η(N1)η(M1)]

− (n− 1 + 2ψ)

2(n− 1)
[g(L1, N1)g(M1, O1)− g(L1, O1)g(M1, N1)] .

We take {ei : i = 1, 2, ...., n} to be an orthonormal basis and put L1 = N1 = ei in the above equation. Now,
taking summation over i, we obtain

1

Ric(M1, O1) =

[
2ψ − 2nψ − 2n2 + 3n− 1

(2n− 1)

]
g(M1, O1),

which proves the theorem.

5 PK-manifold satisfying
2

M∗∗(L1,M1) ·
1

Ric = 0
We now consider a PK-manifold which satisfies the following condition

2

M∗∗(L1,M1) ·
1

Ric = 0, (5.1)

for all vector fields L1 and M1, where
2

M∗∗ is the GMP -curvature tensor field relative to the Zamkovoy
connection.

Theorem 5.1. A PK-manifold admitting Zamkovoy connection and satisfying the condition
2

M∗∗(L1,M1) ·
1

Ric = 0 is either an Einstein manifold or ψ = (1−n)
2 on it.

Proof. Suppose the PK-manifold satisfies the condition

(
2

M∗∗(ξ, L1) ·
1

Ric)(N1, O1) = 0.

166



This implies
1

Ric(
2

M∗∗(ξ, L1, N1), O1) +
1

Ric(N1,
2

M∗∗(ξ, L1, O1)) = 0.

We use the equations (2.14), (2.15) and (3.14) in the above equation to get

0 =

[
(n− 1 + 2ψ)

2(n− 1)

]
[

1

Ric(L1, O1)η(N1) +
1

Ric(L1, N1)η(O1)]

+

[
(n− 1 + 2ψ)

2(n− 1)

]
[g(L1, N1)η(O1) + g(L1, O1)η(N1)].

Replacing N1 by ξ in the above expression and using the equation (2.4), (2.6) and (2.14), we obtain[
(n− 1 + 2ψ)

2(n− 1)

]
[

1

Ric(L1, O1) + (n− 1)g(L1, O1)] = 0,

which implies that either

ψ =
(1− n)

2
or

1

Ric(L1, O1) = −(n− 1)g(L1, O1).

This proves the theorem.

6 A PK-manifold satisfying φ2((
1

∇O1

1

R)(L1,M1, N1)) = 0
In this section, we study a PK-manifold satisfying a condition of φ-symmetry type. Below, we present the
two definitions given by Takahashi [24]:

Definition 6.1. A Riemannian manifold is known to be locally φ-symmetric if

φ2((
1

∇O1

1

R)(L1,M1, N1)) = 0, (6.1)

for vector fields L1, M1, N1 and O1 orthogonal to ξ.

Definition 6.2. A Riemannian manifold is said to be φ-symmetric if

φ2((
1

∇O1

1

R)(L1,M1, N1)) = 0, (6.2)

for arbitrary vector fields L1, M1, N1 and O1.

Analogous to the conditions (6.2), we consider a PK-manifold satisfying

φ2((
1

∇O1

2

M∗∗)(L1,M1, N1)) = 0, (6.3)

for arbitrary vector fields L1,M1, N1, O1 and call it generalised M -projectively φ-symmetric manifold.

Theorem 6.1. A generalised M -projectively φ-symmetric PK-manifold admitting Zamkovoy connection is
an Einstein manifold.

Proof. Covariant differentiation of the equation (3.11) with respect to vector field O1 gives us

(
1

∇O1

2

M∗∗)(L1,M1, N1) = (
1

∇O1

2

M∗)(L1,M1, N1) +
dr(ψ)

(n− 1)
[g(L1, N1)M1 − g(M1, N1)L1)]. (6.4)

Using the equation (3.7) in the above equation, we get

(
1

∇O1

2

M∗∗)(L1,M1, N1) = (
1

∇O1

2

R)(L1,M1, N1) +
dr(ψ)

(n− 1)
[g(L1, N1)M1 − g(M1, N1)L1)]

− 1

2(n− 1)
[(

1

∇O1

2

Ric)(M1, N1)L1 − (
1

∇O1

2

Ric)(L1, N1)M1

+ g(M1, N1)(
1

∇O1

2

Q)L1 − g(L1, N1)(
1

∇O1

2

Q)M1]. (6.5)

We now assume that the PK-manifold satisfies the condition

φ2((
1

∇O1

2

M∗∗)(L1,M1, N1)) = 0,
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which, due to the equation (2.1), gives

(
1

∇O1

2

M∗∗)(L1,M1, N1) = η((
1

∇O1

2

M∗∗)(L1,M1, N1))ξ. (6.6)

Now, use of the equation (6.5) in the above equation, yields

(
1

∇O1

2

R)(L1,M1, N1) +
dr(ψ)

(n− 1)
[g(L1, N1)M1 − g(M1, N1)L1)]

− 1

2(n− 1)
[(

1

∇O1

2

Ric)(M1, N1)L1 − (
1

∇O1

2

Ric)(L1, N1)M1 + g(M1, N1)(
1

∇O1

2

Q)L1

− g(L1, N1)(
1

∇O1

2

Q)M1] = η((
1

∇O1

2

R)(L1,M1, N1))ξ +
dr(ψ)

(n− 1)
[g(L1, N1)η(M1)

− g(M1, N1)η(L1))]ξ − 1

2(n− 1)
[(

1

∇O1

2

Ric)(M1, N1)η(L1)− (
1

∇O1

2

Ric)(L1, N1)η(M1)

+ g(M1, N1)η((
1

∇O1

2

Q)L1)− g(L1, N1)η((
1

∇O1

2

Q)M1)]ξ. (6.7)

We now take inner product of the above equation with the vector field W1 to obtain

g((
1

∇O1

2

R)(L1,M1, N1),W1) +
dr(ψ)

(n− 1)
[g(L1, N1)g(M1,W1)− g(M1, N1)g(L1,W1)]

− 1

2(n− 1)
[(

1

∇O1

2

Ric)(M1, N1)g(L1,W1)− (
1

∇O1

2

Ric)(L1, N1)g(M1,W1)

+ g(M1, N1)g((
1

∇O1

2

Q)L1,W1)− g(L1, N1)g((
1

∇O1

2

Q)M1,W1)]

= η((
1

∇O1

2

R)(L1,M1, N1))η(W1) +
dr(ψ)

(n− 1)
[g(L1, N1)η(M1)η(W1)

− g(M1, N1)η(L1)η(W1)]− 1

2(n− 1)
[(

1

∇O1

2

Ric)(M1, N1)η(L1)η(W1)

− (
1

∇O1

2

Ric)(L1, N1)η(M1)η(W1) + g(M1, N1)η((
1

∇O1

2

Q)L1)η(W1)

− g(L1, N1)η((
1

∇O1

2

Q)M1)η(W1)]. (6.8)

We replace L1 and W1 by ei in the above equation and take summation over i to obtain

0 = − 1

(n− 1)
(

1

∇O1

2

Ric)(M1, N1)− 1

2(n− 1)
[g(M1, N1)g((

1

∇O1

2

Q)ei, ei)− g((
1

∇O1

2

Q)M1, N1)]

− 2n

(n− 1)
dr(ψ)g(M1, N1)− η((

1

∇O1

2

R)(ei,M1, N1))η(ei) +
1

2(n− 1)
[(

1

∇O1

2

Ric)(M1, N1)

− (
1

∇O1

2

Ric)(ei, N1)η(M1)η(ei) + g(M1, N1)η((
1

∇O1

2

Q)ei)η(ei)− η((
1

∇O1

2

Q)M1)η(N1)]

− dr(ψ)

(n− 1)
[η(M1)η(N1)− g(M1, N1)]. (6.9)

Taking N1 = ξ in the above equation, we have

0 = − 1

2(n− 1)
(

1

∇O1

2

Ric)(M1, ξ)− η((
1

∇O1

2

R)(ei,M1, ξ))η(ei)−
2n

(n− 1)
dr(ψ)η(M1)

− 1

2(n− 1)
[dr(Õ1)η(M1)− (

1

∇O1

2

Ric)(ei, ξ)η(ei)η(M1) + η((
1

∇O1

2

Q)ei)η(ei)η(M1)].

Now

η((
1

∇O1

2

R)(ei,M1, ξ)η(ei) = g((
1

∇O1

2

R)(ei,M1, ξ), ξ)g(ei, ξ). (6.10)

Also

g((
1

∇O1

2

R)(ei,M1, ξ), ξ) = g(
1

∇O1

2

R(ei,M1, ξ), ξ)− g(
2

R(
1

∇O1
ei,M1, ξ), ξ)

− g(
2

R(ei,
1

∇O1
M1, ξ), ξ)− g(

2

R(ei,M1,
1

∇O1
ξ), ξ). (6.11)
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We note that
1

∇L1ei = 0, as {ei} is an orthonormal basis. Therefore, using the equation (2.11), we get

g(
2

R(ei,
1

∇O1M1, ξ), ξ) = 0.

Since

g(
2

R(ei,M1, ξ), ξ) + g(
2

R(ξ, ξ,M1), ei) = 0,

therefore, we have

g(
1

∇O1

2

R(ei,M1, ξ), ξ) + g(
2

Rei,M1, ξ),
1

∇O1
ξ) = 0.

Using the above equation in the equation (6.11), we obtain

g((
1

∇O1

2

R)(ei,M1, ξ), ξ) = 0. (6.12)

Also

η((
1

∇O1

2

Q)ei)η(ei) = g((
1

∇O1

2

Q)ei, ξ)g(ei, ξ) = g((
1

∇O1

2

Q)ξ, ξ).

Using the equations (2.8) and (2.14), we get

η((
1

∇O1

2

Q)ei)η(ei) = 0. (6.13)

In view of the equations (6.12) and (6.13), the equation (??) yields

(
1

∇O1

2

Ric)(M1, ξ) = −4ndr(ψ)η(M1) + dr(Õ1)η(M1). (6.14)

Now, taking M1 = ξ in the above expression and using the equations (2.9) and (2.15), we get

dr(ψ) = −dr(Õ1)

4n
, (6.15)

which proves r to be a constant. Now, we have

(
1

∇O1

2

Ric)(M1, ξ) =
1

∇O1

2

Ric(M1, ξ)−
2

Ric(
1

∇O1M1, ξ)−
2

Ric(M1,
1

∇O1ξ).

Using the equations (2.8), (2.9) and (2.14) in the above expression, it follows that

(
1

∇O1

2

Ric)(M1, ξ) = −
2

Ric(M1, O1)− (n− 1)g(M1, O1). (6.16)

Therefore, from equations (6.14), (6.15) and (6.16), we obtain

1

Ric(M1, O1) = −(n− 1)g(M1, O1),

which completes the proof.

7 Conclusion
In this paper we generalized new tensor field call as generalised M-projective curvature tensor and study of
generalized M-projectively semi-symmetric and M-projectively φ-symmetric para-Kenmotsu (PK) manifolds,
particularly under the Zamkovoy connection, leads to significant results. The paper establishes that such
PK-manifolds are Einstein manifolds. Additionally, the paper shows that under certain conditions, the
PK-manifold either becomes an Einstein manifold or satisfies specific scalar field conditions related to the
function ψ. Thus, the results contribute to the broader understanding of PK-manifolds with a Zamkovoy
connection and their geometric properties.
Acknowledgement. We are very much grateful to the Editor and Reviewer for their fruitful suggestions
for improving the paper in its present form.
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