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Abstract

In this article, we first introduce the idea of weakly compatible mappings in multiplicative cone metric
space and then prove some common fixed point theorems for two pairs of weakly compatible mappings
that satisfy a contractive condition in multiplicative cone metric space with a multiplicative normal cone
setting. Examples are also provided to support our findings.
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1 Introduction

Huang and Zhang [5] generalized metric space to cone metric space in 2007, in which they considered
convergence and took ordered Banach space at the place of the set of real numbers. Also, with normal
cone conditions, they have presented some fixed-point results in this space. Afterward, many researchers
studied and proved several fixed and common fixed point (CFP) results in this space; some of them are
[3,6,13,15,17,19, 20, 21].

Recently, the conception of multiplicative cone metric was presented by Clement Boateng Ampadu [1]
in 2017 by replacing the triangular property of a metric with a multiplicative triangular property in cone
metric space. Additionally, he established some outcomes [1,2] in this space.

On the other hand, in 1998, by using the concept of coincidence points of mappings, Jungck and Rohoads
[7] defined weakly compatible mappings to generalize the ideas of commutative [8], weakly commutative
[18], and compatible mappings [9]. They proved CFP results for these mappings, and they also showed
that every pair of compatible mappings is weakly compatible. The perception of weak compatibility is
less restrictive than any other commutativity concept. After that, with this concept, many authors have
obtained coincidence point and C'FP results with different contractive conditions in various spaces; see
[4,10,11,12,14,16] etc.

In this study, we introduce the idea of weakly compatible (w-compatible) mappings in multiplicative
cone metric space, and by employing a new type of contractive condition, we prove a few CF P theorems
in multiplicative cone metric space with multiplicative normal cone setting without the use of the concept
of mapping continuity. Ours establishes results to generalize and extend several common fixed-point results
existing in the literature. To support our findings, examples are also provided.

2 Preliminaries
In 2017, C. Boateng Ampadu [1] gave the perception of multiplicative cone metric space as follows:

Definition 2.1 (1). A subset L C K (where K is a real Banach space) is called a multiplicative cone if and
only if:

(i) L is closed, nonempty, and L # {1},

(ii) u™ -v™ € L, for all u,v € L and m,n > 0,

(iii) u € L and X € L implyu=1i.e, LN 1 =1.
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Definition 2.2 (1). Let a multiplicative cone L C K, then we define partial ordering < to L by u < v iff
“ e L. Where u <w indicates u < v but u # v, while v << v will stand for * € int (L) (interior of L).

Definition 2.3 (1). A multiplicative cone L C K is called multiplicative normal if there exists a constant
¥ > 0 such that for all u,v € K,1 < u < v implies, ||u|| < ||v||Y. The least positive number satisfying the
above is called the multiplicative constant of L. Here || - || denotes a multiplicative norm.

Definition 2.4 (1). Let L C K be a multiplicative cone, where K is a real Banach space. Let ® be any
non-empty set, then if the mapping s : ® x ® — K satisfies the following:

(i) 1 < s(u,v),Yu,v € & and s(u,v) =1 iff u # v,

(i1) s(u,v) = s(v,u)Vu,v € P,

(i11) s(u,v) < s(u,w) - s(w,v) Yu,v,w € ®  (multiplicative triangle inequality).

Then pair (®,s) represents a multiplicative cone metric space (for short, MCM space) and s is called a
multiplicative cone metric on P.

Example 2.1. Let K = R2 L = {(u,v) € K : u,v > 1} C R?,® = R and mapping s : ® x ® — K be such
that, s(u,v) = (w"~*l,w**=?l) where A > 0 is a constant and w > 1. Then (&, s) is multiplicative cone
metric space.

Definition 2.5 ((1)). Let (®,s) be MCM space, then the sequence {u,} in ®, is said to be,

(i) Multiplicative convergent, if for every § € K with 1 << 6,AN s.t., Yn > N, s (up,u) << 6, i.e.
limy, 00 U, = u, where u € ® is a multiplicative converges point of sequence {uy}.

(ii) Cauchy sequence, if for any 6 € K with 1 << §,AN s.t., Vn,m > N, 8 (Un, Up,) << J.

Definition 2.6 (1). A multiplicative cone metric space is said to be complete if every multiplicative Cauchy
sequence is multiplicative convergent in ®.

Definition 2.7 (1). Let Hi,Hy : ® — @ be two self-mappings on non-empty set ®, and u,7 € ® be such
that Hy(u) = Ha(u) = 7. Then u is called the coincidence point and 7 is called the point of coincidence of
the pair (Hy, Hs).

Definition 2.8. Let (®,s) be a multiplicative cone metric space, and Hy, Hy : ® — ® are two self-mappings
of (®,8). Then Hy, and Hs are said to be weakly compatible (w-compatible) if,
Hy(u) = Ha(u),Vu € ® implies Hy Hy(u) = HoHy(u)
That is, if, s (Hiu, Hou) = 1 = s (Hyu, Hou) = 1.

Example 2.2. Let ® = R, K = R, and L = {u € K : u > 1} be a multiplicative cone in K. Let for every
u, v € d, and w > 1, s(u,v) = w!"=*l be a multiplicative metric on ®, then clearly, we can see that pair (2,
s) is a MCM space. Suppose Hy, Hy : & — ® are two self-mappings of (P, s) defined by,

Hy(u) =u and Ha(u) = 2u,Vu € O

Here, mappings H; and Hy have coincidence point u = 0, also H1(0) = H2(0) = 0 implies H1H5(0) =
HyH,(0) = 0. Hence mappings H; and Hs are weakly compatible.

Example 2.3. Let ® = [0,00), K = R, and L = {u € K : u > 1} be a multiplicative cone in K. Let for
every u,v € &, and w > 1, s(u,v) = w!*=?l be a multiplicative metric on ®, then clearly (®,s) is a MCM
space. Suppose Hy, Hy : ® — @ are two self-mappings of (®, s) defined by,

2
Hy(u) = 3u and Ha(u) = %,Vu cd

Here, mappings H; and Hs have two coincidence points u = 0,9. For v = 0, we have H1(0) = H3(0) =0
implies Hy H5(0) = HoH,(0) = 0, that is mappings H; and Hy commute at coincidence point v = 0. But
for w = 9, we have H1(9) = H3(9) = 9 implies Hy H2(9) = 81 # 243 = HyH,(0), that is mappings H; and
H; does not commute at coincidence point ©w = 9. Hence mappings H; and Hs are not weakly compatible.
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Remark 2.1. FEvery pair of weakly compatible mappings is commutative, weakly commutative, and
compatible, while the opposite isn’t always true, as shown by the following illustration:

Example 2.4. Let ® = [0,00),K = R, and L = {u € K : u > 1} be a multiplicative cone in K. Let
for every u,v € ®, and w > 1,s(u,v) = wl*~*! be a multiplicative metric on ®, then clearly (®,s) is a
multiplicative cone metric space. Suppose Hy, Hy : ® — ® are two self-mappings of (®, s) defined by

u ifuel0,2) 4—u ifuel0,2)
Hi(u)=< 2 ifu=2 and  Ha(u) =< 2 ifu=2
4 ifue(2,00) 7 if u € (2,00)

Here, we can see the definition of H; and Hs, that we have Hy(u) = Ha(u) = 2 only for u = 2 and
Hy,Hy(u) = HyHq(u) = 2, that is mappings H; and Hy are weakly compatible.
Now, for u, =2 — % € (0,2), we obtain,

lim Hyu, = lim Hou, = 2
n—oo n—oo

but, lim, 00 s (H1Hoty, HoHiuy) = limy oo whn = w? # 1, because v > 1. Hence mappings H; and
H; are not compatible. Also, neither commutative nor weakly commutative, since every pair of compatible
mappings must be commutative and weakly commutative.

3 3 Main Results
Theorem 3.1. Let (D, s) be a complete MCM space and L be a multiplicative normal cone with multiplicative
constant . Let Hy, Ho,T1,To : ® — ® be four self-mappings of (P, s), which satisfy the following conditions:
(1) Hi (D) C To(P) and Ho(P) C T1 (D),
(2) s (Hyu, Hav) < {s(Tyu, Hyu) - s (Tyv, Hov)}* - {s (Tyu, Hav) - s (Taw, Hlu)}ﬂ - 87 (Thu, Tov)
for all u,v € ®, where 2+ 20 +~v < 1, and o, 8,7 > 0,
(8) (H1,T1) and (H2,T») are pairs of weakly compatible mappings,
(4) Subspace Hy(®) or Ho(®) or Ty (P) or To(®P), (one of the subspaces) is complete.
Then mappings Hy, Ho, T1 and Ty have a unique CFP b in ®.

Proof. From (1), we have Hy(®) C T»(®), then for considering a point ug € ®, we can have a point u; €
such that Hyug = Teuy = vp, since from (1) we also have Ho(®) C T;(®) then clearly for this point u; there
has to be a point us € ® such that Hou; = Tiug = v1. If we continue to do so, a sequence {v,} in ® can be
defined as,

Hyiug, = Touspy1 = V2, and Houopyy = TiUspio = Vany1 (3.1)

Now, put u = ug, and v = ug,+1 in inequality (2), we obtain

S (Van, Vant1) = 8 (Hiton, Houani1)
< {5 (Thusn, Hiuzy) - 5 (Totzni1, Hotian 1)} - {5 (Tiuzn, Hotizg11) - s (Totiani1, Hiusn )}’
-y (Thugn, Touzn41)
= {5 (van—1,020) 5 (Van, Van41)}* - {5 (Van—1,V2n11) - 5 (Van, v20)}” - 87 (V20 -1, V20)
This implies that,

at Bty
5 (Van, Vant1) < {8 (Van—1,v2,)} =@+ = {5 (vap_1,v2,)}" (3.2)

|
1—(a+p) )
Similarly, by using (2), we obtain

where, p =

5 (Van+1, Vont2) = 8 (HiUgn41, Hatop42)
< A{s(Thuznt1, Hiuont1) - s (Totono

2USy, 1o - {8 (ThU2nt1, HoUzng2) - 5 (Touzn2, H1u2n+1)}ﬂ -7 (Thugn1, Touon42)

= {S (U2n,, ’U2n+1) - S (U2n+1, U2n+2)}a : {8 (”Uzn,’UQnH) ©S (U2n+1, U2n+2)}ﬁ - s (’UQn,’U2n+1)
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This implies that,

atpB+y
S (U2n+13 U2n+2) S {5 (U2na U2n+1)} 1-(ath) = {5 (U2n7 U2n+1)}p (33)

where, p = 101"'(’51"5*) <1.

Hence, for all n € N from (3.2) and (3.3), we get

2 n
8 (Uns Ung1) < {8 (vno1,00)} < 8 (Vp—2,vn-1)" < ... < s(vg,v1)”

Next, by using multiplicative triangle inequality, Vn,m € N, s.t., n < m, we have

Un, Um) < 8 (Uns Unt1) - 8 (Vnt1, Ung2) - o 8 (Um—1,0Um)
3 n—1 m—1

s (
< s(vo,v1)” s (vo,v1)” ... s (vo,v1)
<
Now, by the condition of multiplicative normality of cone L, we get
2"
s (v o) | < s (o)1=

Since p < 1 it follows that, limy, m—soo S (Un, vm) = 1. Hence {v,} is a multiplicative Cauchy sequence in

D.
Now, let subspace T1(®) is complete. Then there has to be a point b € T} (®) s.t.,
nh_)rréc Vopt1 = nh_)rréo Hougpy1 = nlgr;o Tiuonto = b (3.4)

Consequently, we can find a point A € @, such that T3 A = b. Since {va, 11} is a multiplicative convergent
subsequence of a multiplicative Cauchy sequence {v,, }. Therefore, sequence {v, } and the subsequence {vy,}
also converges, so we get,

lim Von = lim H1UQn = lim TQU2n+1 =b (35)
n—00 n— 00 n—00

Now, we claim that Hi\ = b.
On putting u = A and v = ug, 41 in inequality (2), we obtain

s (H A, Hytign 1) < {s (Tu\, HiX) - 5 (Tougn i1, Hoton 1)} - {s (TuA, Hotigni1) - s (Totigny1, HiN)}’
s7(Th N, Taugn41)
Letting n — oo and using (3.4) and (3.5), we obtain

s (Hi\b) < {s (b, H1A)}* - {s (b, H1\)}’ - 57 (b, b)
s (Hi\b) < {s (H), b))

This implies that, s'=(“+%) (H;\, b) =1 as a4 # 1. Therefore, H}\ = b. Hence, we have b = Hi\ =
Ty that is A is a coincidence point of Hy and Tj. Since b = HiA € H1(®) C T2(®P), So clearly, there has to
be a point p € ¢ s.t., b= Tou.

Now, we shall show that Hop = 0.

On putting u = us, and v = p in inequality (2), we obtain

s (Hyugn, Hop) < {s (Thuzn, Hiuzy) - s (Top, Hop)}* - {s (Tyugn, Hap) - s (TQ,LL,HlUQn)}ﬂ
-8V (Thugy, Top)
Letting n — oo and using (3.4) and (3.5), we obtain
5 (b, Hap) < {s (b, Hap)}* - {5 (b, Hopr)} - 57 (b, )
5 (b, Haop) < {s (b, Hop)}**”
This implies that,
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st=HB) (b Hoyp) =1 asa+ B #1
Therefore, Hop = b. Hence, b = Hop = Top that is p is a coincidence point of mappings Hs and T5.
Also, (Hy,T1) and (Ho,T») are pairs of weakly compatible mappings, therefore we have,
Hlb = H1 (Tl/\) = T1 (Hl)\) = T1b, and Hgb = H2 (TQ/,L) = T2 (HQM) = Tgb (36)

Now, we prove that H{b = b.
On putting u = b and v = ugy,41 in inequality (2), we obtain

S (Hlb, H2U2n+1) < {S (le, Hlb) - S (T2U2n+1, H2U2n+1)}a : {S (T1b, H2U2n+1) - S (T2U2n+1, Hlb)}ﬁ
57 (Thb, Touzp1)
Taking n — oo and by using (3.4), (3.5) and (3.6), we obtain

s (Hyb,b) < {s (Hyb, Hyb) - s(b,b)Y* - {s (H1b,b) -5 (b, Hib)}’ - 87 (H1b, b)
s (Hyb,b) < {s (Hib,b)}*" ™
This implies that, s'= (2847 (Hb,b) = 1 as 26 + v # 1. Therefore, H;b = b. Hence, we have,

Hib=Tb=b (3.7)
Next, we prove that, Hob = b.
On putting u = ug, and v = b in inequality (2), we obtain
s (Hyugn, Hob) < {s (Tyugn, Hyuzy) - s (Tob, Hob)}* - {s (Tyuzg, Hab) - s (Tob, Hyuz,)}’
S’Y (T1U2n, Tgb)
Taking n — oo and by using (3.4) , (3.5) and (3.6), we obtain

s (b, Hob) < {s(b,b) - s (Hab, Hab)}* - {s (b, Hab) - s(b, b)}ﬁ - 87 (b, Hab)
s (b, Hyb) < {s (b, Hyb)}***7
This implies that, s'~ (2847 (b, Hyb) = 1 as 26 + v # 1. Therefore, Hob = b. Hence, we have,

Hyb=Tob=b (3.8)

Thus, from (3.7) and (3.8), we have H1b = Hyb =T1b = Tob =b.

i.e., bis a CFP of mappings Hy, Ho,T1, and T.

The proof is similar for cases in which subspace Hy(®) or Ha(®) or To(®P) is complete, therefore omitted.
Finally, to prove uniqueness, assume h be another CF'P of mappings Hi, Ho,T1 and T3, then from inequality
(2) we have,

s(b,h) = s (H1b, Hoh)
S {S (le, Hlb) =S (Tgh, th)}a . {S (le, th) .S (Tgh, Hlb)}ﬂ - 57 (le, Tgh)
= {s(b,b) - s(h, h)}* - {s(b,h) - 5(h,b)}* - 57 (b, h)

s(b,h) < {s(b, h)}*

i.e., we obtain b = h, which shows the uniqueness of CF'P for all four mappings H;, Hs, T}, and T5.
Example 3.1. Let ® = [0,1], K = R, and L = {v € K : v > 1} be a multiplicative cone in K. Let for

every u,v € ®, and w > 1,s(u,v) = wl*~*l be a multiplicative metric on ®, then clearly (®,s) is complete
multiplicative cone metric space. Consider four self-mappings Hy, Ho, T1,T5 : @ — ® defined by,

Hiu= Hou = { and Tiu=Tu=uVuecd (3.9)

[N
=
lanr)
S
m
—
=
—
—



Then,

(i) H1(®) C To(®) and Ho(P) C T1(®), that is condition (1) holds.
(ii) Now, we shall show that the inequality (2) is satisfied.

Case (a): If u,v € [0,1]. Then we have

11
s(Hyu, Hyv) = s (4 4) —w|7_7| =1

Hence, 1nequahty (2) holds in this case.
Case (b): If u,v € (7,1). Then we have

11 1_1
Hyu, Hyv) = ls=sl =1
s (Hyu, Hyv) = 8(6 6) w

Hence, inequality (2) holds in this case.
Case (¢): fu € [ f} and v € ( ] Then we derive

11 1 1
(Hlu H2U) =3 (4 6) :w|%_%| = 12 (Tlu Hlu) =3 (U, 4) :w|U—Z|

1 1

s(Tov, Hyv) = s (v, 6) = w‘”7é|,s (Thu, Hov) = s (u, 6) = wlvsl
1

s(Tov, Hiu) = s (v, 4) = w‘”fﬂ,s (Tyu, Tyv) = s(u,v) = wl*!

_1pa_1 _ 1
Hence, for a = =, 8 = £, and v = 35, we get

ot

{s (Tyu, Hyu) - s (Tyv, Hyv)}Y* - {s (Tyu, Hov) - s (Tyv, Hyu)}’ - s7 (Tyu, Tyv)
_ elu 3 rolo- sl o +olu
e P e PO B TR R S [

> ol Hvalo—d[eafu3 Al ol sl sl ol
— latBm)|u—i|+(atB+y) [v—g|+26] 75 |+| 75 |

> wiz =g (Hyu, Hyv)

Hence, inequality (2) holds in this case.
Case (d): If v € [0,1] and u € (4,1]. Then we derive

11 1
s(Hyu, Hyv) = s <6’ 4> = w|é_i| = 112 s(Thyu, Hiu) = s <u, 6) |“_7|

L 1
() = (”’ 4) =l s (T, Hoyv) = 5 (u 4) — lut

1
s(Tov, Hyu) = s <v7 6) = w‘v_é|,s (Tyu, Tov) = s(u,v) = Wl

Hence, for a = £, =%, and v =

5 we get

L
10°

ot

{s (Tyu, Hiu) - s (Tov, Hov)}* - {s (Thu, Hav) - s (Tyv, Hlu)}ﬁ - 87 (Thu, Tov)
:walu_7|+°“u_1|+ﬁ|u_*|+5“}—§|+’)’|u v|

5

> wa|u—é|+a\v——|+ﬁ|u——|+a\———|+a\v——|+ﬁ|———|+v|u——|+v|v——\
L 1 1 1 1
> w U= +a|v—4\+ﬁu—7+5 +ﬂ —&-ﬁf—kv 6+wv—1 +7|5—=
— latB+7) |u=% [+(atB4+m) |v—1|+28| 13|+ 12|
> Wiz =g (Hyu, Hyv)
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Hence, inequality (2) holds in this case also.
(iii) We can see clearly from (3.9) that (Hy,T1) and (Ha,T») are pairs of w-compatible mappings as both
the pairs commute at their coincidence point i ie.,

1 1 1 1 1
H, (4) =T (4) =1 implies that H;T; <4) =T1H, <4)

_1

4

1 1 1 1 1 1

H2 (4) = T2 (4) = 1 lmplles that H2T2 (4) = T2H2 (4) = Z
or T:

(iv) Tt is clear from (3.9), that one of the subspaces Hy(®P) or Ha(®P) or T (P) (@) is complete.
Hence, all four conditions of the Theorem 3.1, are fulfilled. Also, we have H; (%) = H, (i) =1 (%) =

Ts (%) = i i.e., mappings Hi, Ho,T1, and T5 have the unique CFP b= i.

Corollary 3.1. Let Hy,H2, Ty : ® — & are three self-mappings of complete MCM space ( ®, s) with
multiplicative normal cone L, satisfying the following conditions:

(i) Hi(®) C T1(®) and Ha(P) C T1(P),

(ii) s (Hyu, Hov) < {s(Tyu, Hyu) - s (Thv, Hov)}* - {s (Tyu, Hav) - s (Thv, Hlu)}ﬁ - 87 (Thu, Thv)

for all u,v € &, where 2+ 20 +~v < 1, and o, 8,7 > 0,

(iii) (H1,T1) and (Ha,T1) are pairs of weakly compatible mappings,

(iv) Subspace H1(®) or Ho(®) or T1(®P), (One of the subspaces) is complete.

Then mappings Hy, Ho, and Ty have a unique CFP b in ®.

Proof. On putting 77 = T, in Theorem 3.1, as a result, we get this corollary. O

Corollary 3.2. Let Hy, Hs : ® — ® are two self-mappings of complete MCM space (®, s) with multiplicative
normal cone L, satisfying the following conditions:

(i) Hi(®) C Ha(®),

(ii) s (Hyu, Hyv) < {s (Hyu, Hyu) - s (Hyv, Hyv)}Y* - {s (Hyu, Hov) - s (Hyv, Hyw)} - 7 (Hau, Hov)
for all u,v € &, where 2a+28+~v < 1, and o, 5,7 > 0,

(i1i) (Hy, H2) is a pair of weakly compatible mappings,

(iv) Subspace Hy(®) or Hy(®), (one of the subspaces) is complete.

Then mappings Hy and Hs have a unique CFP b in .

Proof. In the Theorem 3.1, if we put T3 = Ty = Ig, (where I is the identity mapping on ® ), we get this
result.
Next, we prove the following theorem to drop the condition of completeness of subspaces as follows. [

Theorem 3.2. Let (P, s) be a complete MCM space and L be a multiplicative normal cone with multiplicative
constant . Let Hy, Hy, T, To : ® — ® be four self-mappings of (P, s), which satisfy conditions (1) - (3) of
the Theorem 3.1 and one of the subspaces H1(®) or Ha(®) or T1(P®) or To(P) is a closed subset of ®. Then
mappings Hy, Hy, Th, and Ty have a unique CFP b in .

Proof. From (1), we have H1(®) C T5(®), then for considering a point ug € ®, we can have a point u; € ¢
such that Hyug = Touy = vy, since from (1) we also have Ho(®) C T1(®) then clearly for this point uy there
has to be a point us € ® such that Houy = Tius = v1. If we continue to do so, a sequence {v,,} in ® can be
defined as,

Hiyugy = Tougpy1 = v2n  and Hougpt1 = Tiuzpy2 = vont1 (3.10)

Then, from the Theorem 3.1, sequence {v,} is a multiplicative Cauchy sequence in ®. Also, by
multiplicative completeness of ®, we have a point b € ® s.t., lim, o v, = b.

Therefore, all the sub-sequences of {Hyusy,},{Tousnt1},{Houont1}, and {Tius,12} of sequence {v,}
also multiplicative converges to b € ®.

Now, let To(®) is a closed subset of ®, therefore, we have Ton = b for n € P.

Subsequently, we have,

lim Hl’U,Qn = lim HQU2n+1 = lim T1U2n+2 = lim T2U2n+1 =b= TQT] (311)
n—00 n—00 n—00 n—00
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Now, we claim that Hsn = b.
On putting u = ug, and v = 7 in inequality (2), we obtain

s (Hyuzn, Han) < {s (Tiusn, Hyuz,) - s (Ton, Han)}* - {s (Tyuzn, Han) - s (Ten, Hius, )}
s (Tyuzn, Tan)
Letting n — oo and using (3.11), we get
s (b, Han) < {s (b, Hon)}* - {5 (b, Hon)}” - 7 (b,)
5 (b, Hon) < ™7 (b, Hon)
This implies that, s'=(@+A) (b, Hyn) = 1 as a + B # 1. Therefore, Hyn = b.
Hence, we have,
b= Ty = Ha (3.12)
Since b = Han € Ho(®) C T1(P), so there has to be a point k € ® s.t.,

b= H277 = Tl,‘{ (313)

Now, we claim that Hix = b.
On putting v = k and v = 7 in inequality (2) and using (3.12) and (3.13), we obtain

s (Hik, Hon) < {s (Tvw, Hik) - s (Ton, Hon)}* - {s (Tuw, Hom) - s (Ton,  Hyk)} - s7 (Tyw, Ton)

s (Hyk,b) < {s (b, Hik)}* - {s (b, Hyr)}* - s7(b,b)
s (Hyk,b) < s*TP (Hyk, b)

This implies that, s'=(“+#) (H;k, b) =1 as a+ 3 # 1. Therefore, Hyx = b.
Hence, we have,

b:HlﬂiTlﬁl (314)

Since (Hy,Ty) and (Hs,T5) are pairs of weakly compatible mappings and clearly from (3.12) and (3.14),
k and 7 are their coincidence point respectively, therefore we have,

Hlb = H1 (Tllf) = T1 (Hllﬂi) = T’lb7 and HQb = H2 (TQT]) = T2 (Hg?]) = Tgb (315)
Now, on putting u = k and v = b in inequality (2) and using (3.14) and (3.15), we derive

S (Hlli, Hgb) S {8 (Tlli, Hll‘ﬁ) - S (Tgb, Hgb)}a . {S (Tlﬁ},HQb) - S (Tgb, Hlli)}ﬁ . S’Y (Tllﬂ,Tgb)
S (Hlli, Hgb) S {5 (Hlli, Hll-’i) - S (Hgb, Hgb)}a . {S (Hlﬂ, Hgb) - S (Hgb, Hlli)}ﬁ . S’y (Hlli, Hgb)
s (Hyk, Hyb) < s%8+7 (Hyk, Hyb)

This implies that, s'—(26+7) (Hik, Hsb)=1as 28+~ # 1. Therefore, Hix = Hsb.
Hence, we have, b = Hix = Hyb. Then from (3.15), we get
b= Hyb = Tob (3.16)
Thus b is a CFP of Hy and T5. Next, we show that b is also a CFP of Hy and T;.
On putting v = b and v = 7 in inequality (2) and using (3.12) and (3.15), we get
s (H1b, Hyn) < {s (T1b, H1b) - 5 (Tan, Han)}* - {s (Tab, Han) - s (Ton, Hib)}” - 57 (T1b, Tom)
s (Hyb,b) < {s(Hyb, H1b) - s(b,b)}* - {s (H1b,b) - s (b, Hlb)}ﬁ - 87 (H1b,b)
s (Hyb,b) < s*P%7 (H,b,b)
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This implies that, s'~(8+7) (H1b, b) =1 as 26 4+ # 1. Therefore, H;b = b, so from (3.15), we get

Hib=Tib=b (3.17)

Thus b is also a CFP of H; and T;.
Thus, from (3.16) and (3.17), we have

Hib=Hyb=Tib=Tob=5b

i.e., bis a CFP of all four mappings Hy, Ho, T}, and T5.
The proof is similar for cases in which subspace H(®) or Ho(®) or T;(®) is closed and therefore omitted.
Uniqueness: From inequality (2) we can see easily. O

Example 3.2. In Example 3.1, we have one of the subspaces Hy(®) or Ho(®) or T1(P) or To(®P) is complete,
therefore it has to be closed. Since ”the subspace of a complete multiplicative cone metric space is complete
if and only if it is closed.” Hence, all the conditions of the Theorem 3.2 are fulfilled, and b =  is a unique

CFP for all four mappings Hy, Hy, T, and T5 i.e., Hy (%) = H, (%) =T (%) =T, (i) = i. !

4 Conclusion

In this paper, we introduce the weak compatibility conception to multiplicative cone metric space, which is
the wider class of mappings in all other existing commutativity concepts, and by using properties of these
mappings with a new type of contractive condition and without using the notion of continuity of mappings,
we have proved some C'F'P theorems for two pairs of w-compatible maps. Our presented results generalize
numerous prevailing fixed-point results in the literature and also extend the scope of study of C'F' P theorems
in multiplicative cone metric space.

Acknowledgement. Authors are grateful to the Editor and Reviewer for their fruitful suggestions to bring
the paper in its present form.
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