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Abstract

The aim of this paper is to present graphical version of Brouwer’s fixed point theorem and to establish
some useful results of partial order set and nonexpansive mapping defined on a partial order set. One
application of the fixed point theory by combining graph theory is discussed here by using Dijkstra’s
algorithms which is useful in computer science.
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1 Introduction

In 1922, Banach [4] established ”Banach contraction principle” that is considered as a source of fixed point in
the field of analysis. Banach proved that ” Every contraction mapping define on a complete metric space has
a unique fixed point”. Recall that a point z € X is called fixed point of a mapping f: X — X if f(z) = x.
Later several author’s developed fixed point results for contraction mappings over different spaces.

Fixed point theory plays an important role not only in the field of analysis, but also used to find solutions
of different mathematical problems like integral equations, differential equations, convex minimization
problems, image recovery, signal processing (refer to [7, 9, 28]) etc.

On the other hand, it was crucial to obtain fixed point result for nonexpansive mappings. The first
existing result of fixed point for nonexpansive mappings was obtained by Brouwer [6] in 1910. Brouwer
proved that A closed unit ball of a finite-dimensional normed linear space has a fixed point. Lots of work
has been done to established fixed point results for nonexpansive mappings (refer to [18, 30, 34, 35]).

Fixed point theory has many applications in different fields of mathematics (refer to [10, 17]). One of
such field is graph theory. The study of fixed points endowed with graph has increased rapidly in past few
years. The fixed point theory by using graph was first studied by Echnique [15] in 2005. After that, in 2006
Espinola and Kirk [16] proved that ” Any commuting family of edge-preserving mappings of a connected
reflexive graph G that contains no cycles or infinite paths always has at-least one common fixed edge”. Also,
Espinola and Kirk [16] verified that a commutative family of nonexpansive mappings of a complete R tree
X into itself always has a non-empty common fixed points set if X does not contain a geodesic ray. For
further results refer to [19, 26, 29].

In 2008, Jachymsky [21] gave a generalization of the Banach contraction principle to a mapping on
metric space endowed with graphs. In 2015, Alfuraidan and Khamsi [3] define the concept of multi-valued
G— monotone nonexpansive mapping defined on a metric space with a graph. Tiammee [33] proved Browde’s
convergence theorem for G— nonexpansive mapping in Banach space with a directed graph.

In 2016, Tripak [34] obtained common fixed points for nonexpansive mapping in Banach space endowed
with directed graph by using Ishikawa [20] iteration scheme. In 2022, Dewangan et al. [12] established some
fixed point theorem in Hilbert spaces by using Mann [24] and normal S—iteration scheme.

In the same year, Aggarwal et al. [1] obtained Browder and Gohde fixed point theorem for nonexpansive
mapping in CAT(0) space. For more results in this direction, refer to [13, 14, 21, 22, 26, 27, 29] etc.

The aim of this paper is to study some fixed point results for nonexpansive mapping by using graph
theory. This paper contains following sections. The first section of the paper contains some results related to

113



partial order set and fixed point results for nonexpansive mappings. The next section contains an application
of Dijkstra’s algorithm [23]. Recall that Dijkstra’s algorithm [23] is one of the known algorithm, which is
used in calculation of shortest path in graph theory.

2 Preliminaries
first recall some of the definitions and terminologies, which will be used here onwards and restate a few
earlier results exists in the literature.

Definition 2.1 ([23]). A directed graph or digraph G is defined as an ordered pair (V(G), E(G)), where
V(G) is a set and E(G) is a binary relation on V(G). The elements of V(G) are called vertices, and the
ordered pairs in E(G) are called the edges of the directed graph.

Definition 2.2 ([25]). Let (X, d) be a metric space and G = (V(G), E(G)) be a directed graph with the set of
vertices V(G) = X and a set of edges E(G) that contains all the loops, that is E(G) 2 {(z,x) : x € V(G)}.
Suppose that G has no parallel edges. If x,y € V(QG) then a directed path from x to y is a sequence {x;},
1=0,1,.... M of length M of M + 1 vertices such that xo = x, xp; = y, where xo and xp; are initial and
terminal vertices respectively, and (z;,x;11) € E(G) for i =0,1,..., M. If there is a path between every pair
of vertices, then such graph is called connected. In a directed graph if (u,v) € E(G) and (v,u) ¢ E(G), then
such a graph is called oriented graph.

Definition 2.3 ([25]). Let G = (V(G), E(G)) be a directed graph. The inverse of G = (V(G), E(G)) is
denoted by G~L. It is a graph obtained from G by reversing direction of its edges, i.e., E(G™') = {(z,y) €
X xX:(y,x) € E(G)}.

Remark 2.1 ([21)). Let G = (V(G), E(G)) be any graph, then (V'(G), E'(GQ)) is a sub graph of G , if
V(@) D2 V(G) and E'(G) 2 E(G) and for any edge (x,y) € E (G), z,y € V' (G).

Remark 2.2. An undirected graph can be obtained from directed graph G by removing direction of its edges.
An undirected graph is called weighted graph if there is a weight associated to each edge.

Remark 2.3 ([3]). A relation R on V(G) exists by the rule yRz if there is a (directed) path in G from y to
z.

Definition 2.4 ([16]). An undirected graph that have a loop at every vertez (i.e., (a,a) € E(QG)) for each
a € V(G) and no multiple edges, is called reflexive graph.

Definition 2.5 ([23]). The length of a path in weighted graph is defined to be the sum of the lengths of the
edges in the path. A path with shortest length between any two vertices is called shortest path.

Definition 2.6 ([31]). Let X be a non-empty set endowed with a graph G = (V(G), E(G)) anddg : X x X —
R be a function satisfying the conditions-

e dg(z,y) >0 for all z,y € X,

o da(a,y) =0z =y,

o dg(z,y) =da(y, @),

e (zPy)g, z € (zPy)c = da(z,y) < dg(z,2) +da(z,y).
Then dg is called graphical metric on X and (X,dg) is called graphical metric space.

Example 2.1 ([31]). Every metric space (X, d) with graph G is graphical metric space, where V(G) = X
and E(G) =X x X.

Remark 2.4 ([31)). In a graphical metric space the triangle inequality is satisfied by those points which are
situated on some path included in the graphical structure associated with the space.

Remark 2.5 ([8]). Recall that the standard metric used on graphs is the distance metric d(u,v) = length of
the shortest path joining nodes u and v.

Definition 2.7 ([2]). Let G = (V(G), E(G)) be a graph. A mapping T : V(G) — V(G) is called G— edge
preserving mapping if (z,y) € E(G) = (T(x),T(y)) € E(G), Vz,y € V(G).
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Example 2.2. Consider a finite connected graph in which each edge has path length 1. Let G; be a sub
graph of G, then a mapping f : V1 — V is an edge preserving mapping, since d(f(a), f(b)) < d(a,b). Tt is
clear that f is nonexpansive mapping. Note that a mapping is nonexpansive if d(f(a), f(b)) < d(a,b) for all
a,b.

Definition 2.8 ([23]). Let P be a nonempty set and < be a binary relation on P. Then, if the binary relation
= is reflexive, anti symmetric and transitive on P, then binary relation =< is called partial order relation on
P and (P, =) is called partial order set or poset.

Definition 2.9 ([23]). If = is partial ordering on A, then < is called total ordering if for all x,y € A, either
r=yory=c.

Definition 2.10 ([11]). Let (P, =) be a poset and A C P. If uw € P is an element such that a < u for all
a € A, then wu is called an upper bound of A and it is called least upper bound of A if u < v for all upper
bounds v of A. Similarly u € P is an element such that u < a for all a € A, then u is called a lower bound
of A and it is called greatest lower bound of A, if v = u for all lower bounds v of A.

Definition 2.11 ([32]). Let (P, <) be a poset. An element y € P is called least element of P if y < x for
all x € P. Similarly, an element y € P is called greatest element of P if x <y for all z € P.

Lemma 2.1 ([5]). A subset S C P of a poset P have at-most one greatest and at-most one least element, if
they exists.

Definition 2.12 ([23]). A partially ordered set is called well ordered if every non-empty subset of it has a
least element.

Remark 2.6. From definition 2.12, it can be concluded that every non-empty well ordered set has a least
element.

Definition 2.13. If < is partial ordering on A, then =< is called total ordering if for all x,y € A, either
z=yory .

Definition 2.14 ([2]). Let (V(G),d) be complete metric space, where G is connected graph and E(G) contains
all the loops. Let x, € V(Q), then x, is called minimal element of V(G) if x X x, then x = x, where < is
partial order relation on V(Q).

Remark 2.7. Let (A, <) be a poset. If A has least element, then it is unique and also a minimal element

of A.

3 Main Result

Lemma 3.1. Let (V(G),d) be a metric space and G is reflexive complete graph and E(G) contains all the
loops. Let f : V(G) — V(G) be a mapping defined by f(x) = x. Let < be a binary relation define on V(G)
by © =< y < there is a path between x and y and f(x) = f(y). Then (V(G), X) is poset.

Proof. (i) Reflexivity is obious.

(ii) Suppose that z < y and y = x. Then (x,y) € E(G) with f(z) = f(y) and (y,x2) € E(G) with
fly) = f(x). Since f is identity mapping, therefore x = y.

(iii) Suppose that z,y,z € V(G) such that < y and y < 2. Then (x,y) € E(G) with f(z) = f(y) and
(y,2) € E(GQ) with f(y) = f(z). Clearly f(z) = f(z), hence x < z (It is possible because V(G) is
complete graph). Hence (V(G), <) is poset.

O

Lemma 3.2. Consider the poset (V(G), =) as in Lemma 3.1. Suppose that =< is total ordering on V(QG),
then every non-empty subset of V(G) has a least element (equivalently greatest element).

Proof. To show the existence of least element, induction method is proceed on number of vertices. Suppose
that A C V(G) such that A has only one element. Clearly A has a least element. Now consider result is true
for the subsest having n elements. Consider a subset A with n + 1 elements, then A = A" U {y} for some
y € A and A" with n elements. By induction, since A’ has a least element say x and < is total ordering,. so
either x < y or y X z. In the first case x is the least element of A. In the second case, we claim that y is the
least element of A. If z € A then either z € A or z =y and y < z < z. In either case y < z as desired. [
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Corollary 3.1. From Lemma 3.2, (V(G), =) is well ordered set.

Lemma 3.3. Let (X,d) be a complete metric space with a graph G = (V,E), where V(G) = X and
E(G) =X x X. Consider a poset (V(G),=) as in Lemma 3.1. Then V(G) is complete.

Proof. To prove that V(G) is complete, it is sufficient to prove that for every A C V(G), sup A and inf A
exists. First of all, we will show that if a subset A of poset (V(G), =) has a greatest element, then this
element will be supremum of A. Due to Lemma 3.2, A has a greatest element say g, then z < g for all z € A,
so g is an upper bound of A. If b € V(G) is such that it is an upper bound of A, then g < b which implies
that ¢ is least upper bound (supemum) of A. This shows that A has a supremum.

Now suppose that sup A exists for every A C V(G). If inf A exists, then result will be proved. For this, we
claim that for every A C V(G),

inf A = supb(4),

where [b(A) and ub(A) are lower bound and upper bound of A. Since
b(A)={yeV(G):Vz € A,y < x}. (3.1)
Let suplb(A) = a. We will show that inf A = a. By Equation 3.1, z € A and y = z, i.e. x is an upper

bound of 1b(A) and sup(Ib(A)) < ub(lb(A)), i.e., sup(lb(4)) < z = a < x. Clearly, a is lower bound of A,
i.e., a €lb(A), so by Equation (3.1), for every y € Ib(A), y < a. O

Lemma 3.4. Let G = (V(G), E(G)) be a connected an undirected graph and G1 = (V1(G), E1(G)) be a sub
graph of G. Let f : V1(G) — V(G) be G—edge preserving mapping as well as nonexpansive mapping. Then
[ is uniformly continuous.

Proof. Define a metric d(u,v) = l(u,v), ,i.e., d denotes the path length between vertices u and v on V' where
u,v € V. Then (V,d) is a metric space. Let a,b € V then (f(a), f(b)) € E1. Choose 6 € R with § > 0 such
that d(a,b) < d. Since f is nonexpansive, d(f(a), f(b)) < d(a,b) < §. Choose € > 0 € R such that ¢ < ¢,
then d(f(a), f(b)) < € which implies that f is uniformly continuous. O

Lemma 3.5. Let (V(G),d) be complete metric space where G is a complete reflexive graph and E(G) contains
all the loops. Consider the poset (V(G), =) as in Lemma 3.1, then V(G) has a minimal element.

Proof. Consider a non-empty poset (V(G), =). Then by Lemma 3.2, (V(G), <) is well ordered set and due
to Remark 2.6, it has a least element. Due to Remark 2.7, this least element will be minimal element. [

Theorem 3.1. Consider (V(G),d.) as a complete metric space under metric d, where d, denote path length
as defined in Remark 2.5 and G is complete reflexive graph and E(G) contains all the loops. Let < be a
partial order relation on V(G) and T : V(G) — V(G) be a nonexpansive mapping. Then T has a fized point
in V(Q).

Proof. Suppose that {x,, : z, € V(G)} is any Cauchy sequence in V(G), then by completeness of V(G),
there exists a point « € V(G) such that x,, — x as n — co. Now
de(Txpn, T2) < dy(zy, ).

This implies that Tx,, — Tz as n — oo. Since z € V(G) = Tz € V(G), i.e., (z,Tz) € E(G). Due to anti
symmetry of <X, x = T'x. O

The following theorem is graphical version of Brouwer’s [6] fixed point theorem.

Theorem 3.2. Let G = (V(G), E(G)) be a finite complete reflexive graph and E(G) contains all the loops.
Let us define path length between two vertices x,y € V(G) by l(z,y) = |x —y| (i.e., the shortest path between
x and y) and assign metric d on V(G) by d(z,y) = l(z,y). Let G’ be a sub graph which contains those
circuits having path length is one. Then G’ leaves some vertex fized.

Proof. Clearly (V(G),d) is metric space. Let f : G — G be G—edge preserving mapping. The aim is, if
z, € V(G) is fixed point of f then (z., f(z.)) € E(G). Consider a binary relation < on G as in Lemma
3.1, then (G/, =) is poset due to Lemma 3.1. Now suppose that z, € V(G/) such that f(z.) = ., then
(22, 22) = (2., f(22)) € B(G') C E(GQ) = (2., f(z)) € E(Q), i.e., E(G) contains self loop at x,. This
shows that G’ has a vertex that is always fixed . O
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4 Application
A very nice application of fixed point theory in graph theory is discussed here. Dijkstra’s algorithm is used
to find shortest path in a given graph. First, recall Dijkstra’s algorithm.
Suppose that we have to calculate shortest path from vertex a to vertex z in a weighted graph. The algorithm
[23] is as follows-
(i) Initially, let P ={a} and T =V — {a}. For every vertex t € T, let I(t) = w(a,t).
(i) Select the vertex in T that has the smallest index with respect to P. Let = denote such vertex.
(iii) If 2 is the vertex we wish to reach from a, stop. If not, let P' = PN {z} and T" = T — {z}. For every
vertex t in T/, compute its index with respect to P.
(iv) Repeat step (ii) and (iii) using P" as P and T" as T

Theorem 4.1. Let G be a finite weighted undirected graph. Let d : V(G) x V(G) — R such that d(z,y) =
l(z,y) for xz,y € V(G) and l(z,y) is defined as in Theorem 3.2. Suppose that f: V(G) — V(G) is G—edge
preserving mapping. Then f always leave some edge fized.

Proof. Tt is clear that (V(G), d) is a metric space. Using Dijkstra’s algorithm, there exists a pair of vertices
(an edge) in E(G), that has shortest path length. This edge always remain fixed. O

5 Conclusion

The present paper contains version of Brouwer’s fixed point theorem by including graph theory. Some
properties of partial ordered set including graph theory is discussed here. One application of fixed point
theory is discussed here in finding shortest path in graph, which is most important area of study in computer
science.
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