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Abstract

This paper examines algorithms for solving fixed point problems for enriched nonexpansive mappings.
We combine the inertial technique with our algorithms for a better rate of convergence. Strong
convergence of proposed algorithms in a real Hilbert space is proved. We also provide a numerical
example to demonstrate that our algorithm defined by equation (3.1) converges more quickly than
Modified Kransnoselskii Mann Algorithm (MKMA) [4].
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1 Introduction

Fixed point theory provides a crucial tool for nonlinear analysis while investigating the existence and
approximation of solutions of nonlinear functional equations. (integral equations, differential equations,
integro-differential equations, etc) [1, 9, 11, 14]. The initial movable theorem in metric fixed point theory
has been given by Banach [2] in the setting of complete normed space (what we now call Banach space),
which is called the Banach contraction principle and further extended by Caccioppoli to complete metric
space. It states that

“Let (X, d) be a complete metric space and let U : X — X be a contraction on X. Then, U has a unique
fixed point.”

Banach contraction principle has many applications in various fields, such as in biology, computer science,
physics, and also in many branches of mathematics. The study of fixed points for nonexpansive mapping
has risen in recent years due to its numerous applications in areas like compressed sensing, economics, and
other applied sciences. Contrary to the Banach contraction principle, the nonexpansive mapping U on a
nonempty, closed, and convex subset @ of a real Hilbert space H may not have a fixed point or if it has a
fixed point then it may not be unique; additionally, it is possible that, if U has a single fixed point, the Picard
iteration may not converge to that fixed point. This makes the problem of the existence and approximation
of its fixed points crucial. Due to these aspects of nonexpansive mapping, the study of such mapping has
become a significant area of research. Now for approximation(estimation) of fixed points of nonexpansive
mappings, one way is to use another iteration scheme instead of Picard iteration. For instance, Mann [12]
and Krasnoselskii [10] considered the following iteration:

Tny1 = (1= pn)Tn + pnUzp, n >0, (1.1)
where the initial value zg € @ is arbitrary. In 2020, Tan et al.[15] introduced a modified inertial Mann
algorithm for nonexpansive mappings and proved its strong convergence. In 2019, on the other hand, Berinde
[3] proposed the notion of enriched nonexpansive mapping as an extension of the nonexpansive mappings
and approximated its fixed points by Kransnoselskij iteration. In 2022, the same author [4] approximated
fixed points of enriched nonexpansive mappings using a modified KransnoselskijMann algorithm.

Inspired and motivated by the all above results, our main contributions to this research are as follows:
e We introduce modified inertial Mann and viscosity algorithms for enriched nonexpansive mapping
which is inspired and motivated by algorithms defined in [15] for nonexpansive mappings;
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e We prove the strong convergence of proposed algorithms under some conditions;

e We also provide two numerical examples to compare Modified Inertial Mann Halpern Algorithm(MIMHA)
with Modified Krasnoselskii Mann Algorithm(MKMA)[4] and show that MIMHA has a better rate of
convergence than MKMA.

2  Preliminaries

Assume that H is a real Hilbert space during this study. We use the symbol — for strong convergence and
for weak convergence, we use the symbol —. We now provide a few definitions and lemmas that will be
applied to prove our findings. Assume @) is a nonempty, closed and convex subset of H and Fiz(U) denotes
the collection of all fixed points of a mapping U i.e., Fiz(U)={x € Q: Uz = z}.

Definition 2.1 ([5]). A mapping U : Q — Q is said to be nonexpansive if
10z — Uyl < |1z — ]| for all 2,y € Q.

Definition 2.2 ([5]). A mapping Pg : H — Q is called metric projection if
|z — Poz| = inf {|lx —yl :y € Q} for allz € H.
Note that projection mapping is nonexpansive and it satisfies the following:
(1) (x — Po(z),y — Po(x)) <0 forallx € H,y € Q.
(ii) [|Po(z) — Po(y)|* < (Po(x) — Poly),x —y) for all z,y € H.

Definition 2.3 ([3]). Assume (E,||.||) is a normed linear space. A mapping U : E — E is called enriched
nonezxpansive if there exists a non-negative real number k such that

|k(z —y) + Uz —Uy|| < (k+1)||x —yl| for all z,y € E. (2.1)

Definition 2.4 ([7]). Assume that U : Q — Q is a mapping of a convex subset Q of a normed linear space
E. Then, for all p € (0,1], the mapping U, is said to be averaged mapping ( a term coined in [§]) and is
defined as

Up(z) =1 —p)z+ Uz forallz € Q
and the mapping U, satisfies Fix(U,) = Fiz(U).

Lemma 2.1 ([15]). For each xz,y € H,
(i) llz+yl? < 2] + 2(y, z + y)
(i) [tz + (L= t)yll* = tllz]* + (L = D)llyl|* — (1 = t)l|l= — y[|*, for all t € R.

Lemma 2.2 ([6]). Suppose that Q is a nonempty, conver and closed subset of H and U : Q@ — H is a
nonexpansive mapping. Assume that {x,} € Q and x € H such that x,, = = and Ux,, — x,, = 0 as n — co.
Then x € Fiz(U).

Lemma 2.3 ([16]). Suppose that {z,} € [0,00) be a sequence such that
Tnt1 = (1 = )T + Ynsn, n 20,

where {v,} € (0,1) and {s,} is a sequence of real numbers such that

(i) Sngn =
(ii) limsup s, < 0 or limsupy,s, < co.
n—oo n—oo
Then, lim,_ oz, = 0.

Lemma 2.4 ([13]). Let {x,} C [0,00) such that there exists a subsequence {xn;} of {xn} such that x,; <
Tn,;4+1- Then, there exists a sequence (nondecreasing) {ny} of natural numbers satisfying lim, ., ni = 0o,
Tn,, < Tnpt1 and

g < Xpy41 for all k € N. Also, ny, is the greatest number n in the set {1,2,...,k} satisfying €, < Tpi1.
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3 Main Results

3.1 Modified Inertial Mann Halpern Algorithm

Theorem 3.1. Suppose that H is a real Hilbert space, @ is a nonempty, convex, closed subset of H and
U: Q — Q is an enriched nonexpansive mapping with Fix(U) # ¢. For any given u € @ and two
real sequences {vn},{fn} € (0,1) and {a,} is a real sequence satisfying lim,, f“y—: = 0. Also, suppose

0 >0, ZZO:O Y = 00 and lim, oo v, = 0. Let x_1,x9 € Q be chosen arbitrarily. Assume that the sequence
{z,} is defined by the following algorithm:

. afn, 9} ’ . . -
Zp = Tp + 071(1'77. - mnfl), where gn = man { len—zn_1ll me 7& Tn—1
0, otherwise (3.1)

Yn = (1 - Mﬁn)zn + M/BnUZn;
Trg1 = Yot + (1 = Yn)Yn,
where n > 0.
Then the sequence given by equation (3.1) strongly converges to fixed point v of U, where v = Prig@yu and
w € (0,1] is some constant.
Proof. First we prove that the mapping U, : Q — @ defined by
Uu(z) = (1 — p)x+ pUx for all z € Q,

is nonexpansive.
Since U is given to be enriched nonexpansive, so according to definition of enriched nonexpansive mapping,
there exists a nonnegative constant k such that

|k(z —y) + Uz —Uy|| < (k+1)|jz —y| for all z,y € Q. (3.2)
Substituting k = i — 1, we have u € (0, 1] and equation (3.2) becomes,
(1= p)(z —y) + pUz — pUy| < |lz — y|| for all z,y € Q,
which implies
1 = Ungll < llz — gl for all 2,y € Q.
So, the mapping U, is nonexpansive.
Now, we prove that the sequence {z,} defined by equation (3.1) is bounded. Let v € Fiz(U) = Fixz(U,).
Consider,
[#nt1 = vl = lrnu + 1 = vn)yn — V|
= [ln(u=v) + (1 =) (yn =),
which implies
[#n41 — ]| < Ynllu — vl 4+ 1 = 32)llyn — 7. (3.3)
From equation (3.1),
lyn = vl = [(1 = pBn)zn + pfnUzn — v
= [[(1 = Bn)zn + BnUpzn — v
Now,
yn = vII* = 120 = v = Bulzn — Upza) 1%,
which gives
lyn = 212 = llzn = VII® + [18n(2n = Upzn)lI* = 2{zn — v, Bu(2n — Unza)) (3-4)
= |lzn — V||2 + | Bn(2n — U,uzn)”2 = 2B (2n — Vy 2n — Uuzn>'
Since, U,, is nonexpansive, so for all z € @), we have
(U —v, Uz —v) = U,z —v|?
< o —v)?

=(x—v,x—V)
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=(@—v,e—Uyz)+ (x —v,Usx —v),

which implies
Upr —v,Ux —v)—(x —v,Upz —v) < (@ — v,z — Uyx).

Therefore
Upr —z,Uyx —v) < (x — v,z — Uyx)
(Upr —z, Uz —x) + (Upr —z,2 —v) < (x —v,z — Uyx),

which implies
(Upr —z,Upx —x) < (x —v,x —Upx) — (Uyx —z,2 — V).

Hence
Uz —z||* < 2(x —v,x — U,z) for all x € Q. (3.5)
Since, equation (3.5) holds for all « € @, therefore we have
Uuzn — 2ol < 2(zn — v, 2 — Upzn). (3.6)

Using equation (3.6) in equation (3.4), we have
lyn = vII* < 2 = VII® + [1Ba(zn — Upza)II” = BullUnzn — zal®,
which gives
lyn = vII* < llzn = VII® = Ba(L = Ba)lUpzn — 201,
and
lyn = vII* < llzn — VI (3.7)
Therefore
lyn — vl < llzn — vl (3.8)
From equations (3.1), (3.3) and (3.8), we have
[#n1 = vl < Anllu = vl + (1 =) llyn — vl
S llu—vli+ Q@ =)z —v|
< llu—=vl[+ 1 = w)lzn + 0n(zn —2n-1) — V||
< Ynllu = vl + A = vn)lllzn = v + [[0n (20 — zn-1)l]
<A =w)llzn — vl +Anllu— v+ (1 = w)bnllzn — zn_a]l-

(1_771)6

Let K =2 max{|u—v|, sup ||y — Zpn—1]|}, therefore we have

Hl'nJrl —v <@ =m)lzn — vl +mk
< max {||x, — V|, K}.
Continuing in this way, we have
[#n+1 —v]| < max {[lzo —v[|, K}

This shows that the sequence {z,} is bounded and consequently the sequence {z,} and {y,} are also
bounded. From equation (3.1) and Lemma (2.1.1) , we obtain

zns1 = vII* = 1y (e = v) + (1 = 72) (Yo — v)
< (=) ?llyn = vII* + 2y u — v, 2np1 —v)
< @ =v)llyn = vI? + 290 u — v,z —v).

I?

Using equation (3.7), we have

< (=) {llzn = VI = Ba(l = Bad Uz — 2all*} + 29n{u — v, 21 — ) (3.9)
<=y ){llzn - VH2 + 92||xn xanHQ + 200 (Tn — V,Tn — Tn-1) = Bu(l — Bn)|Upzn — Zn||2}
+ 29 (U — v, Tnp1 — V),
<

_'Yn){Hxn_VHQ"i'eQHxn xn—1||2+29n<$n_yaxn_xn—1>}+27n<u_yvxn+l_l(/>- )
3.10

[
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Now, on assuming
tn = llzn — VH27

62(1 — 20,
5y = MH% RN il

So, the inequality (3.8) becomes,

(1 =~y ){@p — v, Tp — Tp—1) + 2{ — V, Tppi1 — V).

tnt1 = (1 — v )tn + Ynsn. (3.11)
From equation (3.1), we have
911 . n
lim — ||z, — p-1] < lim I
Therefore
. Oy
nlgr;o —||zn — p_1|| = 0. (3.12)

n

Now, we look at two situations.

Case 1. The sequence ||x,, — v||? is decreasing. Then the sequence |z, — v||? is convergent and therefore
we obtain ||z,41 — v||*> — ||z, — v||* = 0 as n — co. Equation (3.9) can be written as

62 20
lnsr = vI* < llon = vI* + Fyallen — @nal® + Tn%llwn —vlllen = nall + 290 (w = v, 2n g1 —v)
n n

(3.13)
= Ba(1 = Ba)|Upzn — 2n|*.
Taking limit n — oo in equation (3.13) and using condition (3.12) and lim,, . ¥, = 0, we obtain
nh—>néo |Upzn — 20|l = 0.
Also, we have
On
llzn — an = Yn—||Tn — xnle'
n
Taking limit n — oo in above equation and using equation (3.12), we get
lim ||z, — 2,] = 0. (3.14)
n— oo

Since the sequence {x,} is bounded, so there exists a subsequence {z,,} of {z,} such that z,, — ¢ as
k — oo and from equation (3.14), z,, — ¢ as k — co. From Lemma 2.2, we obtain ¢ € Fiz(U,) = Fiz(U).
Now,
lyn — znll = |(1 — 1Bn)zn + 1BulUzn — zn|
= H(l - Bn)zn + ﬁnUuzn - Zn”

= BnllUpzn — znl|-
Taking limit n — co in above equation, we derive
Jim g, — 2] =0 (3.15)
Using equations (3.14), (3.15) and triangle inequality, we obtain
lim |y, — x| = 0. (3.16)
n—oo

Also by using equation (3.1) and condition lim, . v, = 0, we obtain
241 — Tnll = (e + (1 = y0)yn — 2|
< Yllu = znll + (1 = 7)) lyn — @al|-
Using equation (3.16), lim, o 7, = 0 and taking limit n — oo in above equation, we have
lim ||zpe1 —2n] =0. (3.17)
n—oo
Now by combining the projection property and using the fact that v = Py, )u, we have

limsup(u — v,z, —v) = lim (u — v, 2,, — V)
n—00 k—o0

=(u-v,q-v)
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<0

which implies
lim sup(u — v, z, — v) < 0. (3.18)
n—oo
Combining equations (3.17) and (3.18), we have
hmsup<u —V,Tnt1 — V> < 0;
n—roo

Using above condition and condition (3.12), we obtain that limsup s, <0.
n—oo

Thus, by using Lemma 2.3, lim,, ,o t, = 0 and hence z,, = v as n — oo.
Case 2. The sequence ||z, — v|? is not decreasing.
Then, there exists a subsequence {t,, } of {t,} such that

tn, < tn,41 for any k € N, (3.19)
Using Lemma 2.4, there exists a nondecreasing sequence {ny } of N such that limy_, np = oo which satisfies
b, <tngt1- (3.20)
and
te < tn,+1- (3.21)
Similarly as in Case 1,
limg o0 [[Up2ny, — 2nill =0
lmg oo |20, — Zny, || =0
limg 00 ||y’ﬂk — Zny H =0
limy, o0 ||y7lk — Ty, || =0
limy o0 ”xﬂk+1 — Ty, ” =0.
Using the similar proof as in Case 1, we get v € Fiz(U) = Fixz(U,) and
limsup(u — v, xp, ., —v) <0. (3.22)
k—o0
From equation (3.11), we get
trt1 < (1= Vg )t =+ Yng S (3.23)

Using equation (3.20) in equation (3.23), we obtain

Trrtng < YnySny-
Since 7y, > 0, we obtain ¢,, < s,,. Therefore, we have

07, (1= vn) 20y,
e |2y, = @y P
'Ynk nk

”xnk - VH2 < k (1 - ’ynk)<xnk — UV, Tny, — mnk—1> + 2<u —V,Tnyyq — V>v

which implies
62 (1— 26,
nk( ’Y’I'Lk)”znk _xnk71||2 + ng
Wnk Nk
Using condition (3.12) and from equation (3.22), we obtain t,, — 0 as k — oo.
By using equation (3.23), we obtain limy_,o tn,+1 = 0 and from equation (3.21), we have limg_, o tx = 0.

That is, ||, — v||* = 0 as n — oco. Hence, x,, — 0 as n — oo. This completes the proof.

||z"k - V||2 S (1 - ’}/nk)”xnk - V||||z"k — Tngp_y ” + 2<’LL - xnk+1 - V>'

3.2 Modified Inertial Viscosity Algorithm
Theorem 3.2. Let Q) be a nonempty, convex and closed subset of H and U : Q@ — Q be enriched nonerpansive
mapping and Fix(U) # ¢. Assume that f : Q — Q is \- contraction mapping with X € [0,1). For two real
sequences {yn},{Bn} € (0,1) and {a,} is a real sequence satisfying lim,,_ o g2 = 0. Also, suppose that
0 >0, ZZO:O Yn =00 and lim, oo v, = 0. Let x_1,x9 € Q be chosen arbitrarily. Assume that the sequence
{zn} is defined by the following algorithm:
Zn = Ty + Op(Ty — Tp_1),where 0, = { - { lzn~n—a]” 9} VST # P

0, otherwise, (3.24)

Yn = (1 - /-Lﬁn)zn + ,uﬁnUZnQ

Tn41 = ’Ynf(xn) + (1 - ’Yn)ynQ
where n > 0.
Then the sequence given by equation (3.24) strongly converges to fized point v of U, where v = Ppiy ) f(v).

Proof. If we replace u by f(x,) in theorem (3.1), then we obtain the desired result.
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4 Numerical Example

This section includes two numerical examples which indicate that Modified Inertial Mann Halpern
Algorithm(MIMHA) has better rate of convergence than Modified Kransnoselskii Mann Algorithm(MKMA)
[4]. In both examples, we show that Modified Inertial Mann Halpern Algorithm (MIMHA) converges faster
than Modified Kransnoselskii Mann Algorithm (MKMA) [4]. We performed all numerical experiments on
a Dell computer equipped with a 3.20 GHz Intel (R) Core (TM) i5-3470 CPU and 8 GB of memory. The
MATLAB R 2022 a platform was used as the implementation environment.

Example 4.1. Let H = R and @ = [0,1]. Suppose that U : Q — @ is defined by U(z) = 2 — z for all
z € Q. Clearly, U is nonexpansive (0-enriched nonexpansive) mapping. Assume that a,, = %, Bn = %, Yo =
ﬁ, u=0, 60=0.999, pu=0.andweselect ||z, —2z,_1]| < 107° as the stopping criterion. The values of
iteration number(n) for Modified Inertial Halpern Algorithm (MIMHA) and Modified Kransnoselskii Mann
Algorithm (MKMA) are given in Table 4.1 and a comparison of both algorithms is shown in Figure 4.1.

Table 4.1
Algorithm | Iteration Number(n) | cpu time(in seconds)
MIMHA 494 0.076035
MKMA 587 0.078332
1 -
MIMHA
MKMA
0.8 r
—, 06
=
=
;{:
= 047
0.2r
M———_. .
0 i — = = B—
0 5 10 15 20

Iteration Number(n)

Figure 4.1 Comparison of MIMHA with MKMA for U(z) =2 —

Example 4.2 (Example 2.1, [3]). Let @ = [3,2] C R and suppose that U : Q — Q is defined by U(z) = 1
for all z € Q. Then U is %—enriched nonexpansive mapping. We take «;, = %,ﬁn = %,'yn = %%,u =
0, 6=0.999, p = 0.5 and we select ||z, — z,,—1]| < 107° as the stopping criterion which is the same
as we take for Example 4.1. The values of iteration number(n) for Modified Inertial Halpern Algorithm
(MIMHA) and Modified Kransnoselskii Mann Algorithm (MKMA) are given in Table 4.2 and a comparison

of both the algorithms is shown in Figure 4.2.
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Table 4.2

Algorithm | Iteration Number(n) | cpu time(in seconds)
MIMHA 379 0.069946
MKMA 480 0.072002
iR
MIMHA
MKMA
0.8
=,_|1 0.6 1
=
X
=
= 04}
0.2t

0 , — —
0 5 10 15 20

Iteration Number(n)

Figure 4.2 Comparison of MIMHA with MKMA for U(z) = %

5 Conclusion

In this study, the strong convergence of modified inertial Mann Halpern and viscosity algorithms for
approximating fixed points of enriched nonexpansive mappings is demonstrated. Additionally, we numerically
compared the rates of convergence of the modified inertial Mann Halpern algorithm with the modified
Kransnoselskii Mann algorithm [4].
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