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Abstract

The object of this paper is to establish certain unified integrals associated with I-function of two
variables. First, we have evaluated integrals whose integrand is the product of generalized Mittag-Leffler
function, generalized M -series and I-function of two variables. Moreover, the integrand of the last
integral is the product of generalized Mittag-Leffler function, generalized M -series, H-function of one
variables and I-function of two variables. We have evaluated this integral by means of Mellin transform
of H-function of one variables. In consequence of general nature of I-function of two variables, some
special cases also have been considered.
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1 Introduction
Using various special functions, numerous integrals have been established. For example, in 2003, Garg and
Mittal [13] obtained new unified integrals whose integrands contain product of general class of polynomial
and H-function having general arguments. Saha et al.[19] presented certain new type of integrals having the
product of I-function with exponential function, hypergeometric function and H-function in 2011. In 2011,
Agarwal et al.[1] established some new finite integrals containing Jacobi polynomials and I-function of one
variable. In 2019, Agarwal et al.[2] established some new integral formulas with the involvement of ℵ-function
associated with Laguerre-type polynomials. Abeye and Suthar[3] evaluated three definite integrals involving
the H-function together with the Srivastava’s general class of polynomial in 2019. Ayant et al.[4] established
two finite integrals containing the product of Legendre function, generalized hypergeometric function and
the modified generalized multivariable I-function in 2020. For similar work, we may also refer to Kumar et
al.[15], Suthar et al. [20], Bohara and Jain [6], Singh and Chandel [32], Goyal and Agrawal [12].

Motivated by these results, in this paper, we have established certain unified integrals associated with two
variable’s I-function defined by Goyal and Agrawal[11]. In first to sixth integrals, we have evaluated integrals
whose integrand is the product of generalized Mittag-Leffler function, generalized M -series and I-function
of two variables. The integrand of the seventh integral is the product of generalized Mittag-Leffler function,
generalized M -series, H-function of one variables and I-function of two variables. We have evaluated this
integral by means of Mellin transform of H-function of one variables. The results of all the integrals are
expressed in terms of I-function of two variables.

The results evaluated here are quite general and a large number of known and new integrals can be
evaluated as special cases by specializing the parameters in I-function of two variables. For the sake of
illustrations, we have recorded some special cases of our main findings at the end of the paper.

The I-function of two variables defined by Goyal and Agrawal[11] in 1995 due to double Mellin-Barnes
type contour integral and they discussed the asymptotic behavior and convergence conditions also. The
I-function of two variables is very general in nature and specializing the parameters we obtain I-function of
one variable, H-function of one variable,H-function of two variables and many more as its special case. For
current research of I-function of two variables, see [26, 28].
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The I-function of two variables is expressed in the following manner:
(1.1)

Im1,n1:m2,n2;m3,n3

p,q:p
(1)
i ,q

(1)
i ;p

(2)
i ,q

(2)
i :r

[
z1 [(ep : Ep, E

′

p)] : [(aτ , ατ )1,n2
], [(aτi, ατi)n2+1,p

(1)
i

]; [(cτ , γτ )1,n3
], [(cτi, γτi)n3+1,p

(2)
i

]

z2 [(fq : Fq, F
′

q)] : [(bτ , βτ )1,m2 ], [(bτi, βτi)m2+1,q
(1)
i

]; [(dτ , δτ )1,m3 ], [(dτi, δτi)m3+1,q
(2)
i

]

]

=
1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2 dξ dη,

where ω =
√
−1 and φ1(ξ), φ2(η), ψ(ξ, η) are given by

(1.2) φ1(ξ) =

m2∏
τ=1

Γ ( bτ − βτξ )

n2∏
τ=1

Γ ( 1− aτ + ατξ )

r∑
i=1

 q
(1)
i∏

τ=m2+1

Γ(1− bτi + βτiξ)

p
(1)
i∏

τ=n2+1

Γ(aτi − ατiξ)


,

(1.3) φ2(η) =

m3∏
τ=1

Γ(dτ − δτη)

n3∏
τ=1

Γ(1− cτ + γτη)

r∑
i=1

 q
(2)
i∏

τ=m3+1

Γ(1− dτi + δτiη)

p
(2)
i∏

τ=n3+1

Γ(cτi − γτiη)


,

(1.4) ψ(ξ, η) =

m1∏
τ=1

Γ(fτ − Fτξ − F
′

τη)

n1∏
τ=1

Γ(1− eτ + Eτξ + E
′

τη)

q∏
τ=m1+1

Γ(1− fτ + Fτξ + F
′

τη)

p∏
τ=n1+1

Γ(eτ − Eτξ − E
′

τη)

,

where an empty product is termed as unity, z1, z2 are two non zero complex variables, and L1, L2 are two
Mellin-Barnes type contour integrals.

(i) m1, n1;m2, n2;m3, n3 and p, q; p
(1)
i , q

(1)
i ; p

(2)
i , q

(2)
i are non-negative integers satisfying the conditions

0 ≤ n1 ≤ p, 0 ≤ n2 ≤ p
(1)
i , 0 ≤ n3 ≤ p

(2)
i , 0 ≤ m1 ≤ q, 0 ≤ m2 ≤ q

(1)
i , 0 ≤ m3 ≤ q

(2)
i for all

i = 1, 2, 3, . . . , r where r is also a positive integer.

(ii) ατ (τ = 1, . . . , n2), βτ (τ = 1, . . . ,m2), γτ (τ = 1, . . . , n3), δτ (τ = 1, . . . ,m3), ατi(τ = n2 + 1, . . . , p
(1)
i ),

βτi(τ = m2 + 1, . . . , q
(1)
i ), γτi(τ = n3 + 1, . . . , p

(2)
i ), δτi(τ = m3 + 1, . . . , q

(2)
i ) are termed to be positive

quantities for standardization purposes.Eτ , E
′

τ , Fτ , F
′

τ are also positive quantities.

(iii) aτ (τ = 1, . . . , n2), bτ (τ = 1, . . . ,m2), cτ (τ = 1, . . . , n3), dτ (τ = 1, . . . ,m3), aτi(τ = n2+1, . . . , p
(1)
i ), bτi(τ =

m2 +1, . . . , q
(1)
i ), cτi(τ = n3 +1, . . . , p

(2)
i ), dτi(τ = m3 +1, . . . , q

(2)
i ) are complex for all i = 1, 2, 3, . . . , r.

(iv) The contour L1 lies in the complex ξ-plane which runs from −ω∞ to +ω∞ with loops, if necessary,
to ensure that the poles of Γ ( bτ − βτξ )(τ = 1, . . . ,m2),Γ ( fτ − Fτξ − F

′

τη )(τ = 1, . . . ,m1) lies to the
right and the poles of Γ ( 1 − aτ + ατξ )(τ = 1, . . . , n2),Γ ( 1 − eτ + Eτξ + E

′

τη )(τ = 1, . . . , n1) to the
left of the contour L1.

(v) The contour L2 lies in the complex η-plane and runs from −ω∞ to +ω∞ with loops, if necessary, to
ensure that the poles of Γ ( dτ − δτη )(τ = 1, . . . ,m3),Γ ( fτ − Fτξ − F

′

τη )(τ = 1, . . . ,m1) lies to the
right and the poles of Γ ( 1 − cτ + γτξ )(τ = 1, . . . , n3),Γ ( 1 − eτ + Eτξ + E

′

τη )(τ = 1, . . . , n1) to the
left of the contour L2. All the poles are simple poles.

Convergence conditions are as follows:

(1.5) | arg z1| <
Aiπ

2
, | arg z2| <

Biπ

2
,
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where

Ai =

n1∑
τ=1

Eτ +

m1∑
τ=1

Fτ −
p∑

τ=n1+1

Eτ −
q∑

τ=m1+1

Fτ+(1.6)

m2∑
τ=1

βτ +

n2∑
τ=1

ατ −
q
(1)
i∑

τ=m2+1

βτi −
p

(1)
i∑

τ=n2+1

ατi > 0

and

Bi =

n1∑
τ=1

E
′

τ −
p∑

τ=n1+1

E
′

τ +

m1∑
τ=1

F
′

τ −
q∑

τ=m1+1

F
′

τ+(1.7)

m3∑
τ=1

δτ −
q
(2)
i∑

τ=m3+1

δτi +

n3∑
τ=1

γτ −
p

(2)
i∑

τ=n3+1

γτi > 0,

for i = 1, . . . , r.
For the sake of brevity throughout the paper, following notations will be used:
P = m2, n2;m3, n3,

Q = p
(1)
i , q

(1)
i ; p

(2)
i , q

(2)
i : r,

U = [(aτ , ατ )1,n2
], [(aτi, ατi)n2+1,p

(1)
i

]; [(cτ , γτ )1,n3
], [(cτi, γτi)n3+1,p

(2)
i

],

V = [(bτ , βτ )1,m2
], [(bτi, βτi)m2+1,q

(1)
i

]; [(dτ , δτ )1,m3
], [(dτi, δτi)m3+1,q

(2)
i

],

The generalized Mittag-Leffler function Eθ,ϕ(z) is a complex function involving two complex parameters
θ and ϕ. It is defined by means of following series when <(θ) is strictly positive

(1.8) Eθ,ϕ (z) =
∑
k≥0

zk

Γ (θk + ϕ)
.

If θ and ϕ are positive and real, the function converges for all z. By specializing the parameters, Mittag-
Leffler function reduces to the exponential function, error function, hyperbolic sine function, hyperbolic
cosine function.

This function was studied by Wiman [33] in 1905, Agrawal [5] in 1953, Humbert and Agrawal [14] in
1953 and Dzrbashjan [8, 9, 10]. Kilbas et al. [16] studied the several properties of the Mittag-Leffler function
related to the generalized fractional calculus operators.

During the last some decades, the special importance to Mittag-Leffler function is given by the
mathematicians due to its vast and vivid involvement to solve the problems of probability, engineering
and statistical distribution theory. The solution of fractional order differential and integral equations occurs
naturally in terms of Mittag-Leffler function.

A detailed description about the basic properties of Mittag-Leffler function has been described in the
third volume of Batemann Manuscript Project which was written by Erdélyi et al in 1955. For current
research of Mittag-Leffler function, see [29].

Sharma and Jain [24] introduced generalized M -series which is defined as

pM
θ,ϕ
q (z) = pM

θ,ϕ
q (c1, . . . , cp; d1, . . . , dq; z)(1.9)

=
∑
k≥0

(c1)k . . . (cp)k
(d1)k . . . (dq)k

zk

Γ(θk + ϕ)
,

where θ, ϕ ∈ C, z ∈ C, <(θ) > 0; (cτ )k (τ = 1, . . . , p) and (dς)k (ς = 1, . . . , q) are Pochhammer symbols. The
series (1.9) is defined when no parameters dς (ς = 1, . . . , q) is a negative integer or zero; if any numerator
parameter cτ is a negative integer or zero, then series terminates to a polynomial in z. The series (1.9) is
convergent for all z if p ≤ q; it is convergent for |z| < δ = θθ if p = q + 1 and divergent if p > q + 1. When
p = q + 1 and |z| = δ, the series is convergent on conditions depending on the parameters. The detailed
description of the M -Series can be seen in the paper [24]. The M -series has interesting relationship with
various classical functions, for instance, see [25, 27, 30].
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2 Required Results
We require following results for our study.

In view of Mellin inversion theorem and using the definition of H-function, The Mellin transform of
H-function is given by ∫ ∞

0

xs−1Hm,n
p,q

[
ax

∣∣∣∣ (aτ , ατ )1,p

(bτ , , βτ )1,q

]
dx = a−sχ(−s)(2.1)

= a−s

m∏
τ=1

Γ(bτ + βτs)

n∏
τ=1

Γ(1− aτ − ατs)

q∏
τ=m+1

Γ(1− bτ − βτs)
p∏

τ=n+1

Γ(aτ + ατs)

,

where

| arg a| < πA

2
, δ = −

p∑
τ=1

ατ +

q∑
τ=1

βτ > 0, A > 0,

A =

n∑
τ=1

ατ +
m∑
τ=1

βτ −
p∑

τ=n+1

ατ −
q∑

τ=m+1

βτ > 0,

and

− min
1≤τ≤m

<
(
bτ
βτ

)
< <(s) < min

1≤τ≤n
<
(

1− aτ
ατ

)
.

From Rainville [18], we have

(2.2)
∑
f≥0

∑
u≥0

A(u, f) =
∑
f≥0

f∑
u=0

A(u, f − u),

(2.3)

∫ 1

−1

(1 + x)ς−1 (1− x)e−1 dx = 2ς+e−1B(ς, e), ς > 0, e > 0.

3 Main Results
In this section, we evaluate certain type of new unified integrals with the involvement of the product of I-
function of two variables with generalized Mittag-Leffler function, generalized M -series and Fox’s H-function.
Result 3.1.

I1 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(3.1)

× Im1,n1:P
p,q:Q

[
z1x

µ1(t− x)ν1 [(ep : Ep, E
′

p)] : U

z2x
µ2(t− x)ν2 [(fq : Fq, F

′

q)] : V

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1,n1+2:P
p+2,q+1:Q

[
z1t

µ1+ν1 E1, [(ep : Ep, E
′

p)] : U

z2t
µ2+ν2 [(fq : Fq, F

′

q)], E2 : V

]
,

where

E1 = [(1− ρ1 − ρ2m : µ1, µ2)], [(1− σ1 − (σ2 − 1)m− k : ν1, ν2)],

E2 = [(1− σ1 − ρ1 − (ρ2 + σ2 − 1)m− k : µ1 + ν1, µ2 + ν1)],

and

f(m) =
am(a′1)m...(a

′
u)m

(b′1)m...(b′u)mΓ(µ(k −m) + λ)Γ(Gm+ T )
,

provided
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(i) <(µ) > 0, <(λ) > 0, <(G) > 0, <(T ) > 0,
(ii) µ1 ≥ 0, µ2 ≥ 0, ν1 ≥ 0, ν2 ≥ 0. (Not all zero simultaneously),

(iii) ρ2, σ2 are positive integers such that ρ2 + σ2 ≥ 1,
(iv) Ai > 0, Bi > 0, | arg z1| < πAi

2 , | arg z2| < πBi
2 ,

(v) <(ρ1) + µ1 min
1≤τ≤m2

<
(
bτ
βτ

)
+ µ2 min

1≤τ≤m3

<
(
dτ
δτ

)
> 0,

<(σ1) + ν1 min
1≤τ≤m2

<
(
bτ
βτ

)
+ ν2 min

1≤τ≤m3

<
(
dτ
δτ

)
> 0.

Proof.

I1 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}

× Im1,n1:P
p,q:Q

[
z1x

µ1(t− x)ν1 [(ep : Ep, E
′

p)] : U

z2x
µ2(t− x)ν2 [(fq : Fq, F

′

q)] : V

]
dx.

Now expressing Mittag-Leffler function andM -series in summation form and I-function in its well known
Mellin-Barnes contour integral, we get

I1 =

∫ t

0

xρ1−1(t− x)σ1−1
∑
k≥0

(t− x)kzk

Γ(µk + λ)

∑
m≥0

(a′1)m · · · (a′u)m
(b′1)m · · · (b′v)m

amxρ2m(t− x)σ2m

Γ(Gm+ T )

× 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2x

µ1ξxµ2η(t− x)ν1ξ(t− x)ν2η dξ dη dx

=

∫ t

0

xρ1−1(t− x)σ1−1
∑
k≥0

∑
m≥0

(a′1)m · · · (a′u)m
(b′1)m · · · (b′v)m

zkamxρ2m

Γ(µk + λ)

(t− x)σ2m+k

Γ(Gm+ T )

× 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2x

µ1ξ+µ2η(t− x)ν1ξ+ν2η dξ dη dx.

Now by an application of (2.2), the above result turns to

I1 =

∫ t

0

xρ1−1(t− x)σ1−1
∑
k≥0

k∑
m=0

(a′1)m · · · (a′u)m
(b′1)m · · · (b′v)m

zk−mamxρ2m

Γ(µ(k −m) + λ)

(t− x)σ2m+k−m

Γ(Gm+ T )

× 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2x

µ1ξ+µ2η(t− x)ν1ξ+ν2η dξ dη dx.

Changing the order of integral and summation which is valid due to the conditions mentioned with the
equation (3.1), we obtain

I1 =
∑
k≥0

k∑
m=0

f(m)zk−m
1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2

×
{∫ t

0

xµ1ξ+µ2η+ρ2m+ρ1−1(t− x)ν1ξ+ν2η+σ2m+k−m+σ1−1 dx

}
dξ dη,

where f(m) is given with the integral (3.1).
On putting x = st in the x-integral, the above expression becomes

I1 = tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2
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× t(µ1+ν1)ξ+(µ2+ν2)η

{∫ 1

0

sµ1ξ+µ2η+ρ2m+ρ1−1(1− s)ν1ξ+ν2η+σ2m+k−m+σ1−1 ds

}
dξ dη

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2

× Γ(µ1ξ + µ2η + ρ2m+ ρ1)Γ(ν1ξ + ν2η + σ2m+ k −m+ σ1)

Γ(µ1ξ + µ2η + ρ2m+ ρ1 + ν1ξ + ν2η + σ2m+ k −m+ σ1)
t(µ1+ν1)ξ+(µ2+ν2)η dξ dη,

Finally, by re-arranging the double Mellin-Barnes contour integrals by means of I-function of two variables
represented by (1.1) , we get

I1 = tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1,n1+2:P
p+2,q+1:Q

[
z1t

µ1+ν1 E1, [(ep : Ep, E
′

p)] : U

z2t
µ2+ν2 [(fq : Fq, F

′

q)], E2 : V

]
,

where E1 and E2 are given with (3.1). Hence the desired result.
Result 3.2.

I2 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(3.2)

× Im1,n1:P
p,q:Q

[
z1x
−µ1(t− x)−ν1 [(ep : Ep, E

′

p)] : U

z2x
−µ2(t− x)−ν2 [(fq : Fq, F

′

q)] : V

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1+2,n1:P
p+1,q+2:Q

[
z1t
−µ1−ν1 [(ep : Ep, E

′

p)], E3 : U

z2t
−µ2−ν2 E4, [(fq : Fq, F

′

q)] : V

]
,

where

E3 = [((ρ2 + σ2 − 1)m+ ρ1 + σ1 + k : µ1 + ν1, µ2 + ν2)],

E4 = [(ρ1 + ρ2m : µ1, µ2)], [((σ2 − 1)m+ σ1 + k : ν1, ν2)],

provided

<(ρ1)−
[
µ1 max

1≤τ≤n2

<
(
aτ − 1

ατ

)
+ µ2 max

1≤τ≤n3

<
(
cτ − 1

γτ

)]
> 0,

<(σ1)−
[
ν1 max

1≤τ≤n2

<
(
aτ − 1

ατ

)
+ ν2 max

1≤τ≤n3

<
(
cτ − 1

γτ

)]
> 0,

and also satisfies the conditions (i) to (iv) (3.1) and f(m) is given with (3.1).
Result 3.3.

I3 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(3.3)

× Im1,n1:P
p,q:Q

[
z1x

µ1(t− x)−ν1 [(ep : Ep, E
′

p)] : U

z2x
µ2(t− x)−ν2 [(fq : Fq, F

′

q)] : V

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1+1,n1+1:P
p+1,q+2:Q

[
z1t

µ1−ν1 E5, [(ep : Ep, E
′

p)] : U

z2t
µ2−ν2 E6, [(fq : Fq, F

′

q)], E7 : V

]
,
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where

E5 = [(1− ρ1 − ρ2m : µ1, µ2)],

E6 = [(σ1 + (σ2 − 1)m+ k : ν1, ν2)],

E7 = [(1− ρ1 − σ1 − (ρ2 + σ2 − 1)m− k : µ1 − ν1, µ2 − ν2)],

provided µ1 > 0, µ2 > 0, ν1 ≥ 0, ν2 ≥ 0 such that µ1 − ν1 ≥ 0, µ2 − ν2 ≥ 0,

<(ρ1) + µ1 min
1≤τ≤m2

<
(
bτ
βτ

)
+ µ2 min

1≤τ≤m3

<
(
dτ
δτ

)
> 0,

<(σ1)−
[
ν1 max

1≤τ≤n2

<
(
aτ − 1

ατ

)
+ ν2 max

1≤τ≤n3

<
(
cτ − 1

γτ

)]
> 0,

and also satisfies the conditions (i) to (iv) of (3.1) and f(m) is given with (3.1).
Result 3.4.

I4 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(3.4)

× Im1,n1:P
p,q:Q

[
z1x

µ1(t− x)−ν1 [(ep : Ep, E
′

p)] : U

z2x
µ2(t− x)−ν2 [(fq : Fq, F

′

q)] : V

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1+1,n1+1:P
p+2,q+1:Q

[
z1t

µ1−ν1 E8, [(ep : Ep, E
′

p)], E9 : U

z2t
µ2−ν2 E10, [(fq : Fq, F

′

q)] : V

]
,

where

E8 = [(1− ρ1 − ρ2m : µ1, µ2)],

E9 = [(ρ1 + σ1 + k + (ρ2 + σ2 − 1)m : ν1 − µ1, ν2 − µ2)],

E10 = [(σ1 + (σ2 − 1)m+ k : ν1, ν2)],

provided µ1 ≥ 0, µ2 ≥ 0, ν1 > 0, ν2 > 0 such that ν1 − µ1 ≥ 0, ν2 − µ2 ≥ 0,

<(ρ1) + µ1 min
1≤τ≤m2

<
(
bτ
βτ

)
+ µ2 min

1≤τ≤m3

<
(
dτ
δτ

)
> 0,

<(σ1)− ν1 max
1≤τ≤n2

<
(
aτ − 1

ατ

)
− ν2 max

1≤τ≤n3

<
(
cτ − 1

γτ

)
> 0,

and also satisfies the conditions (i) to (iv) of (3.1) and f(m) is given with (3.1).
Result 3.5.

I5 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(3.5)

× Im1,n1:P
p,q:Q

[
z1x
−µ1(t− x)ν1 [(ep : Ep, E

′

p)] : U

z2x
−µ2(t− x)ν2 [(fq : Fq, F

′

q)] : V

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1+1,n1+1:P
p+2,q+1:Q

[
z1t
−µ1+ν1 E11, [(ep : Ep, E

′

p)], E12 : U

z2t
−µ2+ν2 E13, [(fq : Fq, F

′

q)] : V

]
,

where

E11 = [(1− σ1 − (σ2 − 1)m− k : ν1, ν2)],
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E12 = [(ρ1 + σ1 + (ρ2 + σ2 − 1)m+ k : µ1 − ν1, µ2 − ν2)],

E13 = [(ρ1 + ρ2m : µ1, µ2)],

provided µ1 > 0, µ2 > 0, ν1 ≥ 0, ν2 ≥ 0 such that µ1 − ν1 ≥ 0, µ2 − ν2 ≥ 0,

<(ρ1)− µ1 max
1≤τ≤n2

<
(
aτ − 1

ατ

)
− µ2 max

1≤τ≤n3

<
(
cτ − 1

γτ

)
> 0,

<(σ1) + ν1 min
1≤τ≤m2

<
(
bτ
βτ

)
+ ν2 min

1≤τ≤m3

<
(
dτ
δτ

)
> 0,

and also satisfies the conditions (i) to (iv) of (3.1) and f(m) is given with (3.1).
Result 3.6.

I6 ≡
∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(3.6)

× Im1,n1:P
p,q:Q

[
z1x
−µ1(t− x)ν1 [(ep : Ep, E

′

p)] : U

z2x
−µ2(t− x)ν2 [(fq : Fq, F

′

q)] : V

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

× Im1+1,n1+1:P
p+1,q+2:Q

[
z1t
−µ1+ν1 E14, [(ep : Ep, E

′

p)] : U

z2t
−µ2+ν2 E15, [(fq : Fq, F

′

q)], E16 : V

]
,

where

E14 = [(1− σ1 − (σ2 − 1)m− k : ν1, ν2)],

E15 = [(ρ1 + ρ2m : µ1, µ2)],

E16 = [(1− ρ1 − σ1 − (ρ2 + σ2 − 1)m− k : ν1 − µ1, ν2 − µ2)],

provided µ1 ≥ 0, µ2 ≥ 0, ν1 > 0, ν2 > 0 such that ν1 − µ1 ≥ 0, ν2 − µ2 ≥ 0,

<(ρ1)−
[
µ1 max

1≤τ≤n2

<
(
aτ − 1

ατ

)
+ µ2 max

1≤τ≤n3

<
(
cτ − 1

γτ

)]
> 0,

<(σ1) + ν1 min
1≤τ≤m2

<
(
bτ
βτ

)
+ ν2 min

1≤τ≤m3

<
(
dτ
δτ

)]
> 0,

and also satisfies the conditions (i) to (iv) of (3.1) and f(m) is given with (3.1).
The integrals (3.2) to (3.6) can be established on similar lines as of integral (3.1).

Result 3.7.

I7 ≡
∫ ∞

0

xl−1Eµ,λ(ax) uM
G,T
v (axρ)Im1,n1:P

p,q:Q

[
z1x

σ1 [(ep : Ep, E
′

p)] : U

z2x
σ2 [(fq : Fq, F

′

q)] : V

]
(3.7)

×Hm,n
p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ

′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dx

= w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−kIm1+n,n1+m:P
p+q′,q+p′:Q

[
z1w

−σ1 E17, [(ep : Ep, E
′

p)], E18 : U

z2w
−σ2 E19[(fq : Fq, F

′

q)], E20 : V

]
,

where

E17 = [(1− d′τ − δ′τ (k + (ρ− 1)m+ l) : σ1δ
′
τ , σ2δ

′
τ )1,m],

E18 = [(1− d′τ − δ′τ (k + (ρ− 1)m+ l) : σ1δ
′
τ , σ2δ

′
τ )m+1,q′ ],

E19 = [(1− c′τ − γ′τ (k + (ρ− 1)m+ l) : σ1γ
′
τ , σ2γ

′
τ )1,n],

E20 = [(1− c′τ − γ′τ (k + (ρ− 1)m+ l) : σ1γ
′
τ , σ2γ

′
τ )n+1,p′ ],
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and

f(m) =
ak(a′1)m...(a

′
u)m

(b′1)m...(b′u)mΓ(µ(k −m) + λ)Γ(Gm+ T )
,

provided
(i) <(µ) > 0, <(λ) > 0, <(G) > 0, <(T ) > 0,
(ii) Ai > 0, | arg z1| < πAi

2 ,

(iii) Bi > 0, | arg z2| < πBi
2 ,

(iv) ∆ > 0, | arg w| < π∆
2 ,

(v) ∆ ≥ 0, | arg w| ≤ π∆
2 ,<(Ω + 1) < 0,

(vi) σ1 > 0, σ2 > 0,−σ1 min
1≤τ≤m2

<
(
bτ
βτ

)
− σ2 min

1≤τ≤m3

<
(
dτ
δτ

)
− min

1≤τ≤m
<
(
d′τ
δ′τ

)
,

< <(l) < σ1 min
1≤τ≤n2

<
(

1− aτ
ατ

)
+ σ2 min

1≤τ≤n3

<
(

1− cτ
γτ

)
+ min

1≤τ≤n
<
(

1− c′τ
γ′τ

)
,

where

∆ =

m∑
τ=1

δ′τ +

n∑
τ=1

γ′τ −
q′∑

τ=m+1

δ′τ −
p′∑

τ=n+1

γ′τ ,

Ω =
1

2
(p′ − q′) +

q′∑
τ=1

d′τ −
p′∑
τ=1

c′τ ,

Ai and Bi are same as given in (1.6) and (1.7).
Proof.

I7 ≡
∫ ∞

0

xl−1Eµ,λ(ax) uM
G,T
v (axρ)Im1,n1:P

p,q:Q

[
z1x

σ1 [(ep : Ep, E
′

p)] : U

z2x
σ2 [(fq : Fq, F

′

q)] : V

]
×Hm,n

p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ

′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dx,

now expressing Mittag-Leffler function and M -series in summation form and I-function in its well known
Mellin-Barnes contour integral, we get

I7 =

∫ ∞
0

xl−1
∑
k≥0

akxk

Γ(µk + λ)

∑
m≥0

(a′1)m · · · (a′u)m
(b′1)m · · · (b′v)m

amxρm

Γ(Gm+ T )

× 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2x

σ1ξxσ2η

×Hm,n
p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ

′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dξ dη dx

=

∫ ∞
0

xl−1
∑
k≥0

∑
m≥0

(a′1)m · · · (a′u)m
(b′1)m · · · (b′v)m

ak+m

Γ(µk + λ)

xk+ρm

Γ(Gm+ T )

× 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2x

σ1ξxσ2η

×Hm,n
p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ

′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dξ dη dx.
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Now with an appeal to (2.2), the above mentioned result reduces to

I7 =

∫ ∞
0

∑
k≥0

k∑
m=0

(a′1)m · · · (a′u)m
(b′1)m · · · (b′v)m

ak

Γ(µ(k −m) + λ)

xk−m+ρm+l−1

Γ(Gm+ T )

× 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2x

σ1ξxσ2η

×Hm,n
p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ

′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dξ dη dx.

Changing the order of integral and summation which is valid due to the convergence conditions given with
(3.7),

I7 =
∑
k≥0

k∑
m=0

f(m)
1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) zξ1 z
η
2

{∫ ∞
0

xk+(ρ−1)m+l+σ1ξ+σ2η−1

×Hm,n
p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ

′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dx

}
dξ dη,

where f(m) is given with (3.7).
Now using Mellin transform of H-function by means of (2.1), we obtain

I7 = w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−k 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) (z1w
−σ1)ξ (z2w

−σ2)η

×

m∏
τ=1

Γ(d′τ + δ′τ (l + (ρ− 1)m+ k + σ1ξ + σ2η))

q′∏
τ=m+1

Γ(1− d′τ − δ′τ (l + (ρ− 1)m+ k + σ1ξ + σ2η))

×

n∏
τ=1

Γ(1− c′τ − γ′τ (l + (ρ− 1)m+ k + σ1ξ + σ2η))

p′∏
τ=n+1

Γ(c′τ + γ′τ (l + (ρ− 1)m+ k + σ1ξ + σ2η))

= w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−k 1

(2πω)2

∫
L1

∫
L2

φ1(ξ)φ2(η)ψ(ξ, η) (z1w
−σ1)ξ (z2w

−σ2)η

×

m∏
τ=1

Γ(d′τ + δ′τ (l + (ρ− 1)m+ k) + σ1δ
′
τξ + σ2δ

′
τη)

q′∏
τ=m+1

Γ(1− d′τ − δ′τ (l + (ρ− 1)m+ k)− σ1δ
′
τξ − σ2δ

′
τη)

×

n∏
τ=1

Γ(1− c′τ − γ′τ (l + (ρ− 1)m+ k)− σ1γ
′
τξ − σ2γ

′
τη))

p′∏
τ=n+1

Γ(c′τ + γ′τ (l + (ρ− 1)m+ k) + σ1γ
′
τξ + σ2γ

′
τη)

.

Finally, by re-arranginging the double MB contour integrals by means of two variables I-function defined by
(1.1), we establish

I7 = w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−kIm1+n,n1+m:P
p+q′,q+p′:Q

[
z1w

−σ1 E17, [(ep : Ep, E
′

p)], E18 : U

z2w
−σ2 E19[(fq : Fq, F

′

q)], E20 : V

]
,
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where E17, E18,E19 and E20 are given with (3.7). Hence the desired result.

4 Special Cases
I-function of two variables is of very general nature, it can be reduced in a large number of special functions
by suitably specializing the parameters involved in the function. Here we record some special cases of main
results.
(i) If we set m1 = 0 and r = 1 in integral (3.1), the I-function of two variables occurring in integral (3.1)
reduces into two variable’s H-function [23] then we have following result∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(4.1)

×H0,n1:m2,n2;m3,n3

p,q:p
(1)
1 ,q

(1)
1 ;p

(2)
1 ,q

(2)
1

[
z1x

µ1(t− x)ν1 [(ep : Ep, E
′

p)] : T1

z2x
µ2(t− x)ν2 [(fq : Fq, F

′

q)] : T2

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+k

×H0,n1+2:m2,n2;m3,n3

p+2,q+1:p
(1)
1 ,q

(1)
1 ;p

(2)
1 ,q

(2)
1

[
z1t

µ1+ν1 E1, [(ep : Ep, E
′

p)] : T1

z2t
µ2+ν2 [(fq : Fq, F

′

q)], E2 : T2

]
,

where
T1 = [( aτ , ατ )

1,p
(1)
1

]; [( cτ , γτ )
1,p

(2)
1

], T2 = [( bτ , βτ )
1,q

(1)
1

]; [( dτ , δτ )
1,q

(2)
1

].

Also E1, E2 and f(m) are similar as given with integral (3.1).
The validity conditions of above mentioned result easily followed from integral (3.1).
(ii) If we set m1 = n1 = p = q = 0 in the integral (3.1) then we have following result in terms of product of
I-function of one variable introduced by Saxena [31].∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(4.2)

× Im2,n2

p
(1)
i ,q

(1)
i :r

[
z1x

µ1(t− x)ν1

∣∣∣∣ (aτ , ατ )1,n2
, (aτi, ατi)n2+1,p

(1)
i

(bτ , βτ )1,m2
, (bτi, βτi)m2+1,q

(1)
i

]

×Im3,n3

p
(2)
i ,q

(2)
i :r

[
z2x

µ2(t− x)ν2

∣∣∣∣ (cτ , γτ )1,n3
, (cτi, γτi)n3+1,p

(2)
i

(dτ , δτ )1,m3
, (dτi, δτi)m3+1,q

(2)
i

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+kI0,2:m2,n2;m3,n3

2,1:p
(1)
i ,q

(1)
i ;p

(2)
i ,q

(2)
i :r

[
z1t

µ1+ν1 E1, ..., : U
z2t

µ2+ν2 ..., E2 : V

]
,

where E1, E2 and f(m) are similar as given in integral (3.1).
The validity conditions of above mentioned result easily followed from integral (3.1).
(iii) If we set m1 = n1 = p = q = 0 and r = 1 in the integral (3.1) then we have following result in terms of
product of H-function of one variable [23].∫ t

0

xρ1−1(t− x)σ1−1Eµ,λ{(t− x)z} uMG,T
v {axρ2(t− x)σ2}(4.3)

×Hm2,n2

p
(1)
1 ,q

(1)
1

[
z1x

µ1(t− x)ν1

∣∣∣∣ (aτ , ατ )
1,p

(1)
1

(bτ , βτ )
1,q

(1)
1

]

×Hm3,n3

p
(2)
1 ,q

(2)
1

[
z2x

µ2(t− x)ν2

∣∣∣∣ (cτ , γτ )
1,p

(2)
1

(dτ , δτ )
1,q

(2)
1

]
dx

= tρ1+σ1−1
∑
k≥0

k∑
m=0

f(m)zk−mt(ρ2+σ2−1)m+kH0,2:m2,n2;m3,n3

2,1:p
(1)
1 ,q

(1)
1 ;p

(2)
1 ,q

(2)
1

[
z1t

µ1+ν1 E1, ..., : T1

z2t
µ2+ν2 ..., E2 : T2

]
,
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where E1, E2 and f(m) are same as given in integral (3.1). T1 and T2 are also same as given in (4.1).
The validity conditions of above mentioned result easily followed from integral (3.1).
Special cases of the integral (3.2) to integrals (3.6) can be obtained on following similar procedure but we
do not mention them here.
(iv) If we set r = 1 in integral (3.7), we obtain following result in terms of two variable H-function introduced
by Prasad and Gupta[17],∫ ∞

0

xl−1Eµ,λ(ax) uM
G,T
v (axρ)Hm1,n1:m2,n2;m3,n3

p,q:p
(1)
1 ,q

(1)
1 ;p

(2)
1 ,q

(2)
1

[
z1x

σ1 [(ep : Ep, E
′

p)] : T1

z2x
σ2 [(fq : Fq, F

′

q)] : T2

]
(4.4)

×Hm,n
p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ
′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dx

= w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−k

×Hm1+n,n1+m:m2,n2;m3,n3

p+q′,q+p′:p
(1)
1 ,q

(1)
1 ;p

(2)
1 ,q

(2)
1

[
z1w

−σ1 E17, [(ep : Ep, E
′

p)], E18 : T1

z2w
−σ2 E19[(fq : Fq, F

′

q)], E20 : T2

]
,

where E17, E18, E19, E20 and f(m) are same as given in integral (3.7). T1 and T2 are also similar as given in
(4.1).
The validity conditions of above mentioned result easily followed from integral (3.7).
(v) If we set m1 = n1 = p = q = 0 in the integral (3.7) then we have following result in terms of product of
I-function and H-function of one variable.∫ ∞

0

xl−1Eµ,λ{ax} uMG,T
v {axρ} × Im2,n2

p
(1)
i ,q

(1)
i :r

[
z1x

σ1

∣∣∣∣ (aτ , ατ )1,n2
, (aτi, ατi)n2+1,p

(1)
i

(bτ , βτ )1,m2
, (bτi, βτi)m2+1,q

(1)
i

]
(4.5)

×Im3,n3

p
(2)
i ,q

(2)
i :r

[
z2x

σ2

∣∣∣∣ (cτ , γτ )1,n3
, (cτi, γτi)n3+1,p

(2)
i

(dτ , δτ )1,m3 , (dτi, δτi)m3+1,q
(2)
i

]
×Hm,n

p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ
′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dx

= w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−kIn,m:m2,n2;m3,n3

q′,p′:p
(1)
i ,q

(1)
i ;p

(2)
i ,q

(2)
i :r

[
z1w

−σ1 E17, · · · , E18 : U
z2w

−σ2 E19, · · · , E20 : V

]
,

where E17, E18, E19, E20 and f(m) are similar as given in integral 3.7.
The validity conditions of above mentioned result easily followed from integral (3.7).
(vi) If we set m1 = n1 = p = q = 0 and r = 1 in the integral (3.7) then we have following result in terms of
product of three H-function of one variable.

(4.6)

∫ ∞
0

xl−1Eµ,λ{ax} uMG,T
v {axρ} ×Hm2,n2

p
(1)
1 ,q

(1)
1

[
z1x

σ1

∣∣∣∣ (aτ , ατ )
1,p

(1)
1

(bτ , βτ )
1,q

(1)
1

]

×Hm3,n3

p
(2)
1 ,q

(2)
1

[
z2x

σ2

∣∣∣∣ (cτ , γτ )
1,p

(2)
1

(dτ , δτ )
1,q

(2)
1

]
×Hm,n

p′,q′

[
wx

∣∣∣∣ (c′τ , γ
′
τ )1,n, (c

′
τ , γ
′
τ )n+1,p′

(d′τ , δ
′
τ )1,m, (d

′
τ , δ
′
τ )m+1,q′

]
dx

= w−l
∑
k≥0

k∑
m=0

f(m)w−(ρ−1)m−kHn,m:m2,n2;m3,n3

q′,p′:p
(1)
1 ,q

(1)
1 ;p

(2)
1 ,q

(2)
1

[
z1w

−σ1 E17, · · · , E18 : T1

z2w
−σ2 E19, · · · , E20 : T2

]
,

where E17, E18, E19, E20 and f(m) are similar as given in integral (3.7). T1 and T2 are also similar as given
in (4.1).
The validity conditions of above mentioned result easily followed from integral (3.7).
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5 Conclusion
This paper has successfully achieved its objective of establishing unified integrals associated with the I-
function of two variables. Through a systematic exploration, the authors have derived integrals encompassing
a wide range of mathematical functions, including the generalized Mittag-Leffler function, generalized M -
series, and H-function of one variable in addition to the I-function of two variables. The utilization of
the Mellin transform technique for the evaluation of the integral (3.7) demonstrates the versatility and
effectiveness of the methods employed in this study.

Moreover, the authors have highlighted the generality of the I-function of two variables, allowing for the
consideration of various special cases. This not only adds depth to the understanding of these integrals but
also opens the door to potential applications in diverse areas of mathematics and science.
Acknowledgement. We are very much thankful to the Editor and Referee for valuable suggestions to
prepare the paper in its present form.
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