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Abstract

Applying weakly compatible for eight self-mappings in fuzzy metric space, we demonstrate common
fixed-point theorems in this analysis after already formulating the generalised - weak contraction
condition, which involves third and fourth components of M(z,y,t).
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1 Introduction

The idea of fuzzy sets was developed by Zadeh [22] in 1965 as a novel approach to depict the ambiguity in
daily life. The development of fuzzy mathematics started at this point. In 1975, Kramosil and Michalek [10]
defined the fuzzy metric space with the help of continuous t-norm by using the concepts of fuzziness. Fuzzy
set theory is used in a wide range of real-world applications, including neural networks, fixed theory, health
care, image processing, and control theory. When Zadeh [22] introduced the idea of a fuzzy set, which served
as the basis for fuzzy mathematics, it marked a turning point in the history of mathematics.

Fuzzy mathematics has developed rapidly over the past three decades as a result, and recent studies have
revealed that practically all fields of mathematics, including arithmetic, topology, graph theory, probability
theory, logic, etc., have been fuzzyfied [1, 2, 4, 8, 9, 12, 13]. Communication, image processing, control theory,
mathematical programming, neural network theory, stability theory, engineering, and medical sciences are
among the applied areas where fuzzy set theory is used (medical genetics, nervous system). It makes sense
that fuzzy fixed point theory has become more popular among experts in the discipline and that fuzzy
mathematics has opened up new opportunities for fixed point theorists. For more details on this topic, one
can see [5, 11, 14, 15, 16, 17, 18, 20]

2 Preliminaries

Definition 2.1 ([19]). Let (B, M, x) be a fuzzy metric space and G and H be two self-mappings of this space.
When {xz,} is a sequence in B such that lim,,_, o, Gx,, = lim,, oo Ha,, = u for some u € B, the mappings G
and H are known as compatible if lim,, oo M(GHxy, HGxy, t) =1, for all t > 0.

Jungck [6, 7] presented the idea of weakly compatible mappings in 1986 and demonstrated that weakly
compatible maps are compatible maps, despite the possibility that the opposite is also true. Later
Subrahmanyam [19] extended the definition as follows:

Definition 2.2 ([19]). If G and H commute at their coincidence sites, they are considered to be weakly
compatible.

Definition 2.3 ([3]). If B is arbitrary set, x is a continuous t-norm, M is a fuzzy set in B2 x [0,00), the
triplet (B, M, x) meets the following requirements for being a fuzzy metric space:

(i) M(z,y,t) >0,

(ii) M(z,y,t) =1 for allt > 0 if and only if x =y,
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(iii) M(z,y,t) = M(y, 2, 1),
(iv) (M(z,y,t) * M(y, z,5)) < M(x,z,t+ s),
(v) M(x,y,.):[0,00) = [0,1] is left continuous for all x,y,z € B and s,t > 0,
(vi) im0 M(z,y,t) = 1, for all x,y, € B.
M(z,y,t) is a measure of how close together x and y are with regard to t.

Definition 2.4 ([14]). Let (B, M, %) be a fuzzy metric space. A sequence {x,} in B is defined as:
(i) Converge to x € B if lim,, oo M(zp,x,t) =1 fo each t > 0.

(i1) Cauchy sequence if lim,_ oo M(xp, Ty, t) =1 for allt >0 and p > 0.

(iii) Complete if every Cauchy sequence in B is convergent in B.

Proposition 2.1 ([6]). Let A and B be compatible mappings of a fuzzy metric space (5B, M, *) into itself.
If At = Bt for some t in B, then ABt = AAt = BBt = BAt.

Proposition 2.2 ([6]). Let A and B be compatible mappings of a fuzzy metric space (5B, M, x) into itself.
Suppose that lim, Az, = lim,Bx, =t for some t in B. Then the following holds:

(i) BAz, = At if A is continuous at t;

(i) ABx,, = Bt if B is continuous at t;

(i11) ABt = BAt and At = Bt if A and B are continuous at t.

Lemma 2.1 ([19]). Let (B, M, x) be a fuzzy metric space. If there exists ¢ € (0,1) such that M(x,y, qt) >
M(z,y,t) for all z,y € B, and t > 0, then x = y.

Lemma 2.2 ([19] ). Let {yn} be a sequence in a fuzzy metric space (B, M, *). If there exists ¢ € (0,1) such
that M(Y(n+2)s Yn+1)> 4t) = M(Yn41)sYn,t),t > 0,n € N, then y, is a Cauchy sequence in B.

Lemma 2.3 ([20]). Let (B, M, x*) be a fuzzy metric space. If there is a sequence {x,} € X, such that for
everyn € N,
M(zp, 241y, 1) > M(20, 21, K"1)

for every k > 1, then the sequence is a Cauchy sequence.

3 Main Results
Let ¥ be set of all continuous functions ¢ : [0,1]* — [0, 1] increasing in any coordinate and (t,t,t,t) > t.

Theorem 3.1. Let (B, M, x) be a complete fuzzy metric space. Let N, P,Q,8,T,K,L and W are eight
self-mappings of a complete fuzzy metric space (B, M, x) into itself satisfying
(C1)TK(B) C NP(B), WL(B) C QS(B),
(C2)QS = SQNP = PN, TK = KT, WL = LW, (TK)S = S(TK), WLYP = PWL),(NP)L =
LNP), (QS)K = K(QS)
(C3) One of NP(B),WL(B), QS(B) or TK(B) is complete ,
(C4) The pair (TK, QS) and (WL, NP) are weakly compatible,
(Cs) M3(TKu, WLv,t)
M?(Q8u, TKu, ht)M(WLv, NPv, ht),
> M (QSu, TKu, ht)M?(WLv, NPv, ht),
= M (QS8u, TKu, ht) M (T Ku, WLy, ht) MWLy, N'Pv, ht),
MWLy, NPv, ht) M (QSu, N'Pv, ht) M (QSu, T Ku, ht)
forallu,v e B,h>1 and Y € V.
Then N',P,Q,8,T,K, L and W have a unique common fized point in 8.

Proof. Let x¢ € B be an arbitrary point. By (C1) we can search a point 1 such that TKC(xo) = NP(z1) = yo.
For this point 27 one can search a point x5 € B such that WL(z1) = QS(x2) = y1. By continuing in this
manner, a sequence {z,} can be created, such that ys, = JK(z2n) = NP (z2541),

Yont1 = WL(x2n41) = OQS(22p42), for each n > 0. (3.1)
]
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For simplicity, we take au,(t) = M(Ym, Ym+1,1)-
Initially, we establish that {y,} is Cauchy sequence.
Case I. If n is even, considering v = x9, and v = zg,41 in (Cs), we get
]\43 (TICIQH, WLI2n+1, t)
M2(QS$2n, T’CZZ?Qn, ht)M(Wﬁ$2n+1,Npl‘27,+1, ht),
> ¢ M(QS.%Qn,T]CxQn, ht)Mz(W£$2n+1,NPl’2n+1,ht),
- M(stgn, T’Cl’zn, ht)M(T’C(EQn, W£$2n+1, ht)M(Wﬁxan,NngnH, ht)7
M(W£$2n+1 5 NpﬂfgnJrh ht)M(QSl‘gn, NP$2n+1, ht)M(Qszn, T’Cl‘zn, ht)
Using (3.1), we have
M3 (Qva Yon+1, t)
M?(yan—1, Y2n, ht)M (Y2n11, Yon, ht),
M (y2n—1, Yons ht) M? (Yon 41, Yon, ht),
M (yan—1,Y2n, ht) M (Y2n, Y2n+1, ht) M (Y2n+1, Yon, ht),
M(y2n+17 Yon s ht)M(yanla Yon, ht)M(yanlv Yon s ht)

On using a9y, (t) = M(y2n, Y2n+1,t) in the above inequality, we have

03 (1) > v {a%nl(ht)agn(ht), (agn_l(ht)agn(ht),} . (3.2)

>

azn—1(ht)az, (ht), (azn(ht)ad,  (ht)

We claim that ag, (ht) > ag,—1(ht)
If o (ht) < azn—1(ht), then (3.2) reduces to

a3 (1) > ¥ {03, (ht), 03, (ht), a3, (ht), o3, (ht)) } .

Using property of 1) we get
a3, (t) > a3, (ht) == aon(t) > agn(ht),

a contradiction.

Therefore g, (ht) > aon—1(ht).

Like in similar manner, if n is odd, then we can achieve aay,11(ht) > agy, (ht).
It follows that the sequence oy, (t) is increasing in [0, 1], thus (3.2) reduces to

agn(t) Z w {agn—l(ht)’ agn—l(ht)’ agn—l(ht)agn—l(ht)} .
Using property of ¢ we get
a3, (t) > a3, 1 (ht) = s, (t) > asn_1(t).

Similarly for an odd integer 2n + 1, we have agy,+1(t) > g, (ht),
Hence o, (t) > a,—1(ht), that is,

M (Yn, Yns1,t) = M(Yn—1,Yn, ht) > ... > M(yo,y1, h"t).

Hence by Lemma 2.3 {y,} is a Cauchy sequence in B.

Case II. NP(B) is complete. In this case {yan} = {NPxan41} is a Cauchy sequence in NP(9B), which is
complete then the sequence {ya,} converges to some point z € NP(B). Consequently, the subsequences
{TKzan}, {982}, {NPxoyi1}, and {WLxs, 1} also converges to the same point z. As z € NP(B),
there exists r € B such that z = N'Pr.

Now we claim that z = W.r. For this putting u = x2, and v = r in (C;), we get

M3(TKxay,, WLr,t)

M?(Q8xa,, TKxopn, ht) M (W Lr, NPr, ht),

> M (QS8w2y,, TKxop, ht)M?(W Lr, NPr, ht),
= M(QSzay, TKxap, ht) M (T Kxon, W Lr, ht) M (W Lr, NPr, ht)
MW Lr, NPr, ht)M(QSx2n, NPr, ht)M(QSxay, TKxan, ht)

Taking limit n — oo and using z = A'Pr in above inequality we have,

M?(z, z, ht)M (WL, z, ht),
M (z,z,ht)M?(WLr, z, ht),
M(z, z, ht)M (z, WLr, ht)YM(WLr, z, ht) ’
MWLr, z, ht)M (z, z, ht) M (z, z, ht)

M3 (2, WLr,t) > 1)
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1.1L.MOWLr, 2, ht),

L.M?*(WLr, z, ht),
1.M(z, WLr, ht)M (WLr, z, ht),

M(WCLr, z,ht).1.1
Suppose WLr # z, then M (z, WLr, ht) < 1, using this in above inequality we get

M3(2, WLr,t)
> {M3(z, WLy, ht), M3(z, WLr, ht), M3(z, WLr, ht), M3(z, WLr, ht)} .

Using property of ¢ we get

M (2, WLr,t) > 1)

M3 (2, WLr,t) > M?(z, WLr, ht)
= M(z,WLr,t) > M(z, WLr, ht), a contradiction.

Hence WLr =z
Thus WLr = z = N'Pr. Since (WL, N'P) are weakly compatible, so we have WLz = N'Pz.
Next, we will show that Pz = z, for this putting u = x9,, and v = Pr in (C5), we get
]\43 (TICIQW,, WEPT, t)
M?(QSwa,, TKxopn, ht)M(WLPr, NPPr, ht),
> M (QS8xa,, TKxay, ht)M*(WLPr, NPPr, ht),
= M98z, TKxopn, ht) M (T Kxn, WLPT, ht) M(WLPr, N'PPr, ht)
MOWLPr, NPPr,ht)M(QSx2,, NPPr, ht)M(QSxap, TKxoy, ht)
From (Cy) WLP = PWL and NP = PN using in above inequality we get,
M3(TKxzan, PWLr,t) >
M?(QS8wa,, TKxopn, ht) M (PWLr, PNPr, ht),
y M (QS8wan, TKxay, ht)M?(PWLr, PNPr, ht),
M(QSxon, TKx2n, ht)M(TKxon, PWLr, ht)M(PWLr, PN Pr, ht)
M(PWLr, PNPr, ht)M(QSxay,, PNPr, ht)M(QSxap, TKxop, ht)
Taking limit n — oo and using WLr = z = N'Pr in above inequality we have,
M?(z,z,ht)M(Pz, Pz, ht),
M (z, z, ht)M?(Pz, Pz, ht),
M(z, 2z, ht)M (z, Pz, ht) M (Pz, Pz, ht)
M(Pz, Pz, ht)M(z, Pz, ht)M (z, z, ht)
Suppose Pz # z, then M(z, Pz, ht) < 1, using this in above inequality we get
M?(z,Pz,t) > ¢ {M3(2, Pz, ht), M3(z, Pz, ht), M3(z, Pz, ht), M?(z, Pz, ht) } .
Using property of 1) we get

Ms(z,Pz,t) >

M?(z,Pz,t) > M3(z, Pz, ht).
= M(z,Pz,t) > M(z, Pz, ht), a contradiction.

Hence z = Pz.
Thus Pz =NPz=2 = Nz=2z.
Thus Nz =Pz =WLz = 2.
Next, we will show that £z = z, for this putting v = x9, and v = Lr in (C;), we get
M3(TKxan, WLLT, t)
MQ(QS,TQH, T’CCCQn, ht)M(WEﬁT, N’PL‘T, ht),
> M (QS8z2,, TKxon, ht) M2(WLLr, NPLr, ht),
= M(QS8zon, TKxop, ht) M(TKxon, WLLr, ht)YM(WLLr, NPLr, ht),
MWLLr, NPLr, ht)YM(QSxon, NPLr, ht)M(QSx2n, TKxop, ht).
From (Cy) WL = WL and (N'P)L = L(PN) using in above inequality we get,
M3(TKxap, LNVLY t) >
M?(Q8wa,, TKxon, ht) M (LWL, LN Pr, ht),
M(QS8xo,, TKxoyn, ht)M2(LWLr, LN Pr, ht),
VN M(QSwan, Tham, ht)M (TKan, LWL, )M (LWLr, LAPr, ht),
M(LWLr, LN Pr, ht) M (QSz2y,, LNPr, ht) M (Qdxan, TKxap, ht)
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Taking limit n — oo and using WLr = z = A'Pr in above inequality we have,
M?(z,z,ht)M (Lz, Lz, ht),
M (2,2, ht)M?(Lz, Lz, ht),
M(z, 2z, ht)M (z, Lz, ht)M (Lz, Lz, ht),
M(Lz, Lz, ht)M (z, Lz, ht)M(z, 2, ht)
Suppose Lz # z, then M(z, Lz, ht) < 1, using this in above inequality we get
M3z, Lz,t) > b {M>(z, Lz, ht), M?(z, Lz, ht), M?(z, Lz, ht), M?(z, Lz, ht) } .
Using property of 1) we get

M3(z, Lz, t) > 1)

M?(z,Lz,t) > M>(z, Lz, ht).
= M(z,Lz,t) > M(z,Lz, ht), a contradiction.

Hence z = Lz.
Thus, L2=WLz=2 — Wz==z.
Thus Nz =Pz=Wz=Lz=z.
As WL(B) C QS(%B8), there exists m € B such that z = WLz = QSm.
Next, we will show that T/m = z, for this putting v = m and v = z,41 in (C5), we have

]\43 (TICm, Wﬁl‘gn_;_l, t)
MZ(QSm, T/Cm, ht)M(W£I2n+1, NPI2n+17 ht),
> ¢ M(Qsm,Tlcm,ht)MQ(W£$2n+1,pr2n+1,ht),
- M(QSm, T/Cm, ht)M(TICm, W£x2n+1, ht)M(W£$2n+1, NPxQnJrh ht)
M(W£$2n+1, prgnJrl, ht)M(QSm, pr2n+1, ht)M(QSm, TICm, ht)
Taking limit n — oo and using z = WLz = QSm in above inequality we have,
M?(z, TKm, ht)M(z, z, ht),
M (z, TKm, ht)M?(z, z, ht),
M(z, TKm, ht)M (TKm, z, ht) Mz, z, ht)
M(z, 2z, ht)M (z, z, ht)M (z, TKCm, ht).
Suppose TKm # z, then M (TKm, z, ht) < 1, using this in above inequality we get
M3(TKm, z, ht)M3(TKm, z, ht),
M3(TKm, 2z, ht)M3(TKm, z,ht) |

M3(TKm, z,t) >

M3(TKm, z,t) > 1/){

Using property of ) we get
M3(TKm, z,t) > M>(TKm, z, ht).

= M(TKm,z,t) > M(TKm,z, ht), a contradiction.

Hence TKm = z.

Since (TK, QS) are weakly compatible, so TK and QS commute their coincidence point m, then we have
TKz = 9QS8z.

Next we will show that TKz = z, for this putting u = z and v = z9,41 in (C;), we have

M3 (T’CZ, W[,Z‘Qn_H, t)

MQ(QSZ, TK:Z, hﬁ)M(Wﬁl‘ng_l, NP.Z‘Qn+1, ht),
> '(/1 M(QSZ,TICZ,ht)MQ(WE$2n+1,NP$27L+1,ht),
- M(QSZ, T}CZ, ht)M(T’CZ, W£I2n+1, ht)M(Wﬁ$2n+1, NP1'2n+1, ht)
M(Wﬁl’2n+1, NP$2n+1, ht)M(QSZ, N’Px2n+17 ht)M(QSZ, T’CZ, ht)
Taking limit n — oo and using 7Kz = QSz in above inequality we have
M*(TKz,TKz, ht)M(z, z, ht),
M(TKz, TKz, ht)M?(z, z, ht),
M(TKz, TKz, ht)M(TKz, z, ht)M(z, z, ht)
M(z, 2z, Rt M(TKz, z, t)M(TKz, TKz, ht)
Suppose TKz # z, then M(TKz, z,ht) < 1, using this in above inequality we get
M3(TKz, z, ht)M3(TKz, z, ht),
M3(TKz,z,ht)M3(TKz,2,ht) [

M3(TKz z,t) >

M3(TKz,z,t) > w{
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Using property of 1, we get
M3(TKz,z,t) > M*(TKz, 2, ht).

= M(TKz,zt) > M(TKz,z, ht), a contradiction.

Hence TKz = z.
Thus TKz = QSz = z.
Next we will show that Sz = z, for this putting p = Sz and v = xa,11 in (Cs), we have
M3 (T’CSZ, W[,J,‘g,H_l, t)
MQ(QSSZ, T’CSZ, ht)M(Wﬁl’zn+1, N’Px2n+1, ht),
> M(QS8S2, TKSz, ht)M?*(W L2911, NPxon i1, ht),
- M(QSSZ, T’CSZ, ht)M(TKSZ, W£$2n+1, ht)M(WEx2n+17 NP$2n+1, ht)
M(Wﬁxgn_H, NPx2n+1, ht)M(QSSZ, NP$2n+1, ht)M(QSSZ, T]CSZ, ht)
From (C3) QS = SQ and (TK)S = S(TK) using in above inequality we have,
1\43 (877(:2, WE.’L‘QnJrl, f)
M2 (SQSZ, ST’CZ, ht)M(W,CIerl’ NPI2n+17 ht),
> ¢ M(SQSZ,ST]CZ,ht)M2(W,C£L'2n+1,N’PSUQnJrl,ht),
- M(SQSZ, ST’CZ7 ht)M(ST’CZ, W£x2n+17 ht)M(W£x2n+17 pr2n+17 ht),
M(WﬁaﬁgnJrh NP$2n+1, ht)M(SQSZ, NPQ?QnJrl, ht)M(SQSZ, STK:Z, ht)
Taking limit n — oo and using 7Kz = QSz = z in above inequality we have,
M?(8z,8z,ht)M(z, 2, ht),
M(Sz,8z,ht)M?(z, z, ht),
M(Sz,8z,kt)M(Sz, z, kt)M (z, z, ht),
M((z,z,kt)M(Sz, z, kt) M (Sz,Sz, ht)
Suppose Sz # z, then M(Sz, z, ht) < 1, using this in above inequality we get

M3(Sz,2,t) > 1

3 3
M3(SZ7Z,t)>'¢{M (SZ,Z,]’LLL),M (Sz7z7ht),}

M3(8z,z,ht), M3(Sz, z, ht)
using property of ) we get

M3(8z,2,t) > M3(Sz, 2, ht)
= M(Sz,z,t) > M(Sz, z, ht), a contradiction.

Hence Sz = 2. Then z = @Sz = Qz. Therefore 2 =Sz = Oz = TKz.

Next we will show that Kz = z, for this putting u = Kz and v = 23,41 in (C5), we have
Mg(T]CICZ, WL.T27L+17 t)

M2(QSICZ, T’C’CZ, ht)M(W£$2n+1, Np(EgnJrl, ht),

> TZJ M(QS’CZ,TKKZ,ht)MQ(W£$2n+1,NP$2n+17ht),

- M(QS’CZ, TKK:Z, ht)M(T’CK:Z, W£$2n+1, hlf)M(WﬁmQ»,H_], NP$2n+1, ht),
M(Wﬁﬂ?gn_;,_l, NPCCQn+1, ht)M(QS’CZ, NP.T27L+17 ]’Lt)M(QS]CZ, T]C’CZ, ht)
From Cy, using TK = KT, (QS)K = K(QS) in above inequality we have

M3(TKICZ, W[,J,‘Qn_H, t)

]\4'2 (ICQSZ, KT’CZ, ht)M(W,CIQn_._l, NP$2n+1, ht),

> ¢ M(’CQSZ,’CT]CZ,ht)M2(W£l'2n+1,pr2n+1,ht),

= M(KQSz,KTKz, ht) M(KTKz, W Lxon i1, ht) M(W Lxoy 1, NPxopi1, ht),

M(Wﬁl‘2n+1, NP$2n+1, ht)M(ICQSZNPJJQn+1, ht)M(’CQSZ, ICTICZ, ht)
Taking limit n — oo and using 7Kz = QSz = z in above inequality we have,

M?(Kz, Kz, ht)M (2, z, ht),

M (Kz, Kz, ht)M?(z, z, ht),
MKz, Kz, ht)M(Kz, z, ht)M (z, z, ht),
M(z,z, )M (Kz, z, ht)YM (Kz, Kz, ht)
Suppose Kz # z, then M (Kz, z, ht) < 1, using this in above imnequality we get

3 M3(Kz, z, ht), M3(Kz, z, ht),
MZ(Kz,2,t) 2 ¢ { MS((ICZ, 2, ht)), MS((/cz, 2, ht)) } :

M*(Kz,2,t) > ¢

Using property of i we get
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M3(Kz,z,t) > M3(Kz, z, ht)
= M(Kz,zt) > M(Kz, z, ht), a contradiction,

Hence Kz = z.

Thus TKz =Tz = z.

Thus Oz =8z =Kz = z.

Hence N2 =Pz2=0z2=82=T2=Kz=Lz2=Wz =2z
Hence z be a unique fixed point of N, P, Q,S,7T,K, L, and W.

4 Application

A fixed point theorem for a single mapping satisfies an analogue of a Banach contraction principle for an
integral type inequality was discovered by Branciari in 2002.

As an application of Theorem 3.1, we now show the following theorem.

Theorem 4.1. Let N,P,Q.S8,T,K,L and W be eight self mappings of a complete fuzzy metric space
(B, M, %) satisfying the conditions (C1),(Cz2), (Cs3), (C4) and the following condition.

M (2,y,t)

o(u,v)
P(w )dwz/o (w)dw

M2 (QSu, TKu, ht)M (W Lv, NPv, ht),

QSu T Ku, ht)M?*(W Lv, NPv, ht),
= (qu TICICz ht)M(TKCu, W Lo, ht) M (W Lo, NPu, ht)
MW Lv, NPv, ht)M(QSu, NPv, ht) M (QSu, T Ku, ht)
[0

for all u,v € B, where v : [0,1]* [0,1] is increasing in any cooridanate and (t,t,t,t) > t for every
t €[0,1), where v : [0,1]* — [0, ] is a ”Lebesgue integrable function” which is summable, nonnegative, and
such that, for each e > 0, fo P(w)dw > 0. Then N, P,Q,S,T,K, L and W have a unique common fized point
mn W.

Proof. The theorem’s proof proceeds in a manner similar to that of Theorem 3.1. O

5 Conclusion
For eight self-mappings in fuzzy metric space that contain third and fourth power of the distance measure
M(z,y,t), we demonstrate the common fixed-point theorem.
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