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Abstract

In this paper, We established a new class of convex function (¢1,¢2) — B-convex, which includes
many well-known classes as its subclasses. We defined (¢1, ¢2) — B-convex function and discussed various
properties with non-differentiable and differentiable cases.
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1 Introduction
Convexity has been of great importance in both applied and pure mathematics for the purpose of generalizing
existing results in work over the past 60 years. In recent years, several extensions of the concept of convexity
of a set and a function have been introduced. There are several inequalities introduced by Minkowski [14],
Dragomir [10] and Ardic et al. [4] etc. using convexity. A class of convex functions introduced by Bector
and Singh [5] called b-vex functions with differentiable and nondifferentiable cases were presented.

Hanson [11] introduced mathematical Programming Problem for invex functions with inequality
constraints. He considered differentiable functions and then proved that instead of assumption of convexity,
the objective function and each of the constraints function involved satisfy inequality with respect to the same
function. Then Craven [8], inspired by Hanson’s work, first systematically introduced the term ”invariant
convex”. After that Craven and Glover [9], Ben Israel and Mond [6] and Martin [13] showed that the class
of invex functions is equivalent to the class of functions whose stationary points are points of global minima.

Mishra [15] obtained optimality and duality results by combining the concepts of type I, type II, pseudo-
type I, quasi-type I, quasi-pseudo-type I, pseudo-quasi-type I, strictly pseudo-quasi-type I, and univex
functions. Mishra and Rueda [16] also introduced and discussed SF.J-univex programming problems then
Ojha [18] extended the SFJ-univex programming problems in complex spaces. Antczak [1] introduced several
nonlinear programming problems of (p, r)-invexity type. Antczak [2] elongated the idea of p-invex set and
defined (p, r)-pre-invex function (non-differentiable) and (p, r)-invex function (differentiable) and obtained
optimality conditions for nonlinear programming problem under the idea of those functions. Antczak [3]
defined r-preinvexity, r-invexity and obtained optimality criteria and duality relations for these functions in
programming problem. Antczak [3] also designed duality theorems for modified r-invex functions based on
function 7.

Weir, Mond and Craven [25] and also [26, 27] showed that how and where pre-invex functions can replace
convex functions in multiple objective optimization. Then Bector - singh [5] and Suneja, Singh and Bector
[24] introduced a class of functions, called b-vex functions which forms a subset of the sets of both semi-
strictly quasi-convex and quasi-convex functions also.

Pini [19] introduced relations between invexity and generalized properties of convexity also gave a new

class of generalized convex sets. Pini and Singh [21, 22] established duality results also defined (¢1, p2)—
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convexity which is an extremely powerful principle for characterization of generalized convexity from an
integrated point of view. Where ¢, is a continuous deformation of straight line segments and ¢o identifies
generalized convex combinations of values. So after that other type of convexity can be introduced.
¢1: D x D x[0,1] — R", ¢1 = ¢1(z,y, M),
o1(x,y,0) =y, ¢1(z,z,\) =2, Vz,ye D, Xel0,1],
¢2: D x D x[0,1] x F— Re, ¢2=da(x,y,A\ f),
$2(2,9,0, ) = f(y), ¢2(w,2, A, f) = f(x), Ve,ye D,A€[0,1], f€F.

In this paper, (¢1, ¢2) — B— convexity is defined. It is a very powerful new principle for characterizing
the generalized convexity of sets and functions from a unified perspective.

In section 2, the definition of (¢, ¢2) — B—convex function is given; we show that to appropriate selection
of functions ¢; and ¢, some of the well-known classes of generalized convex functions are particular cases
of this new class. An example of a (¢1,¢2) — f—convex function is also provided that does not belong to
any of the known classes. We present some properties of nondifferentiable (¢, ¢2) — B—convex functions.
In this section, we also examine some properties of the solution of a mathematical programming problem
involving.(¢1, ¢2) — B—convex functions; moreover, we state a senstivity result.

In section 3, we consider the differentible case. Here we state a natural necessary condition for
differentiable (@1, ¢2) — S—convex functions; in particular, we provided criteria under which the differentiable
and the nondifferentiable conditions are equivalent. we state a second order sufficient condition for
(41, p2) — f—convexity.

2 The Nondifferentiable Case
Let G be a vector space of real valued functions defined on a set D C R™. We are assuming two maps ¢1, ¢
which satisfy the following assumptions:
¢1: D x D x|[0,1] = R", b1 = ¢1(z,y, N),
$1(p,q,0) =q, ¢1(p,p,\) =p, Vp,qe D, Xe[0,1],
P2:DxDx[0,1] x F—=R, ¢2=0a(p,q,\9),
$2(p,4,0,9) = g(y), d2(p,p,A.9) =g(p), Yp,a€ D,A€[0,1], g €G,
b2(p, 4, A, g) < ln()\eﬁg(%(p,p,)\) +(1— )\)eﬁg(m(p,qao))l/B’ if B0,
$2(p, ¢ A, 9) = Agr(p, p, A) + (1 = N g1 (p, ¢, 0), if B=0,
P2(p 4, A, g) = Ag(p) + (1 = Ng(a), if B=0. (2.1)

We will also assume that ¢; is continuous with respect to A\. We give the following definitions and

preliminaries:

Definition 2.1 (¢;-convex set). A set D is said to be ¢1-convez if ¢1(p,q,\) € D for allp,q € D, X € [0,1].
The intersection of ¢1-convex sets is also ¢1-conver.

From now onwards, we take D as a ¢1-convex set [21].

Definition 2.2 ((¢1, ¢2)-convex(concave) function). A function g € G is (¢1, p2)-convex(concave) if

f(d)l(pa q, A)) < ¢2(pa q, >\a f) (2)7
forallp,ge D and 0 < A < 1.
If g = (91,92, 9x) : D = RF g, € G, and g; is (¢1, ho)-convex(concave) for i=1,2,....k, then the vector

valued function g is said to be (¢1, p2)-convexr(concave) [21].
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Definition 2.3 ((¢1,¢2) — B-convex(concave) function). A function g € G is said to be (¢1,¢2) — B-

convex(concave) if

(D10, . V) < da(p, g, A, g) < In(API@1 @A) 4 (1 — \)eP9(dr(pa0))1/B

if B#0 (>),
F(o1(p,q, N) = ¢2(p,q, N, g) = Ag(p) + (1 = N)g(q) (2.)
if B=0 (>), '

forallp,ge D and 0 < XA < 1.
Ifg= (91,92, 9x) : D — R* g, € G, and g; is (¢1, p2) — B-convex(concave) for i=1,2,....k, then the vector

valued function g is said to be (¢1, o) — B-convex(concave).

Definition 2.4 (¢1-quasi-convex function). A function g € G is said to be ¢1-quasi-convex [21] on D if for
every p,q € D, \ € [0,1]
9(61(p, q, A)) = maz{g(p), 9(a)}.

Definition 2.5 (¢; — S-quasi-convex function). A function g € G is said to be ¢p1 — B-quasi-convex on D if
for every p,q € D, X € [0,1]

(D10, @, N) < da(pq, A, g) < ln(Aeﬁg(aﬁl(p,p’A) +(1— A)eﬂg(%(p,q,o))l/ﬂ
< max{g(p),9(p)} if B#O0,

9(1(p, ¢, N)) = ¢2(p, g, A, g) = Ag(p) + (1 — Ng(q) = maz{g(p),9(p)} if B=0. (2.3)

Remark 2.1. We say that this definition is independent on the vector or topological structure on D; In fact,

D can be any set.

Remark 2.2. If ¢1, po satisfy the assumptions of (2.1), then every (¢1,¢2) — (- convex function is ¢ — S-

quasi-convex. We give some examples below.

Example 2.1. Let D be a convex subset of ", and define ¢1(p,q,\) = Ap + (1 — N)g, ¢2(p,q, N\, g) <
In(AeP9(@1 (2 A) (1 — \)eP9Sr1aON/Bjf B0 and ¢o(p,q, N, g9) = Ag(p) + (1 — Nglq) if B=0,
then the convex function on D is (41, ¢2) — S-convex.

Example 2.2. If n: " x ™ — R™, D is a pre-invex set with respect to 7, then an n-pre-invex function
g:D = Ris (¢1,¢2) — B-convex with ¢1(p, ¢, A) = An(p, q) + ¢ and ¢2(p, ¢, A, g) < (A9 PP 4 (1 —

N)efa@rpaO) /B if 3oL 0 also ¢a(p,q,\ g) = Ag(p) + (1 — N)g(q) if B =0, where n(p,q) =p—gq
[27].

Example 2.3. Let D C N where N is an Euclidean manifold and D is geodesically convex. A geodesically

convex function on D is (¢1, ¢2) — f-convex, with ¢1(p, ¢, A) = v 4(A) and ¢a2(p, ¢, A, g) < In(AeP90rr(N)

(1=N)eP90ma OB if 5240 also ¢a(p, g, A g) = Ag(1pp(N) + (1= N)g(1,,4(0)) if =0, where 7,4
is the geodesic from g to p [23].

Example 2.4. Let D be a convex subset of R™, ¢1(p, ¢, ) = M\(p,q) + ¢ and
$2(p, 4, A, 9) < In(ai(p, g, \)e 91 PPar@aX) 4 (1 —ay(p, g, \))elIPa/E i g0

also

¢2(p7qa )‘79) :al(pvqa )‘)g(p)+(1_a1(p7Q7>‘))g(q) Zf 5:0
Then every B-vex function on D (with respect to ay) is (¢1, ¢2) — S-convex [5, 24].
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Example 2.5. Let I be a one - to - one mapping from D C R™ to R™, and ® a strictly monotone increasing
function mapping a subset >  of £ onto . A function g : D — > is called (I,®) — S-convex if, for any
p,q € D and X € [0,1]
F(N1([p,a], ) = na[(9(p). 9(a)), AL,
provided that rangeg C dom®. Here
Ni(lp. ), A) < T (In(Ae?" O 4 (1= N)PHO@a Yo if gy,

also
Ni([p.q},A\) =A(p) + (1= N)I(q) if B=0,

nsl(9(p).9(0)), N] < @ (In(AP PGP | (1 - X)PPOCEaNE i g,

nel(9(p),9(a)), A = 27 (A®(g(p) + (1 — N)®(g(q)) if B=0.

Choosing ¢1(p,q, \) = Ni([p,q], \) and ¢2(p, q, A, g9) = na[(9(p), 9(q)), A], we see that an (I, P) — S-convex
function is a particular (¢1, ¢2) — S-convex function [7].

Remark 2.3. The functions ¢1, ¢2 of the Examples 1 - 5 satisfy (2.1).

Example 2.6. A function g : " — R = RU {—o0} is called G-convex on the convex set D if, for every
p.g€ D, p#q, Ae(0,1),
9((L = Na+ Ap) = G(g(p), 9(a), llp — all. M),

where G(mqy,me,d,a) R x R x Ry x Ry — R is continuous and non-decreasing in
(m1,m2) and |.|| is an arbitrary norm on R™. If we take ¢1(p,q,A\) = Ap + (1 — N)g and
$2(p, 0 A 9) = Gl9(p),9(q),llp — qll, ) < In(AePIOr P22 4 (1 — \)ePoorpa0)1/B  we get that a G-
convex function is an example of (¢, ¢2) — S-convex function [12].

Now we will give some examples of (¢1, ¢2) — S-convex function that justify our results.

Example 2.7. Let D C R be the set D = (—o00,00), and g : D — R be the function defined as follows:
(p) = 4p, ifp>0
g\ pPP—p+1, ifp<0’
Define the functions ¢1 : D x D x [0,1] and ¢ : D x D x [0,1] x G as follows:

A =XNg+Ip, ifpg>0
¢1(p7q7>‘)_{ q, prq<07
Ag) = 9(q), ifA=0 '

P(p:0, 1,9) {maw{g(p)y(Q)}, if0<A<1

This function is (¢1, ¢2) — S— convex and also justify our results.
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Example 2.8. Let D C R be the set D = (—o0,—1) U (1,00), and g : D — R be the function defined as

follows:
el =1, ifpl <1
g(p) = . .
1, iflpl > 1

Define the functions ¢; : D x D x [0,1] and ¢2 : D x D x [0,1] x G as follows:

) A=XNg+Ap, ifpg>0
¢1(pan)‘)_{ q, Z'qu<0’
’ a)‘v = . .
P2{r: 2. 9) { max{g(p), 9(q)}, if0O<A<1

This function is (¢1, ¢2) — f— convex and also justify our results.

Now for suitable assumptions on ¢; and/or ¢5, we will discuss some properties of the class of (¢1, ¢2) — -
convex functions.
Observation (a). We are assuming that, ¢, issuperlinear with respect to g € G, that is ¢ is superadditive
and positively homogeneous. Then the class of (¢1, ¢2) — S-convex functions is a convex cone. (Practically,

if g,h are (¢1, ¢2) — S-convex, and o > 0.

(g + h)(¢1(p7qa )‘)) g ¢2(p7 q, )‘79) + ¢2(p7 q, Aa h) é ¢2(p7 q, >\ag + h)
(g + h)(d1(p, ¢, ) < In(AePI@1@PN) 4 (1 _ ))ePa(61(p.a,0))1/8

+ln()\eﬂh(¢1(17,p,>\) +(1— )\)eﬁh(qsl(p,q,o))l/g
< ln()\eﬁ(g-i-h)((bl(p,p,A) +(1— )\)65(9+h)(¢1(p,q,0))1/,6’ if B0

(9+h)(¢1(p,a,N) < d2(p, 4, A, 9) + d2(p, ¢, A h)
= Ag(p) + (L = Mh(q) + Ag(p) + (1 = Mh(q) = A(g + h)(p) + (1 = A)(g + h)(q)
if B=0
(ag)(o1(p.q, ) = alg(¢1(p, 4, A)) = aga(p. ¢, A, ) = 2(p, 4, A, ag)
< ln()\eﬁo‘g(%(”’p”\) +(1— /\)65049(¢1(p,q$0))1/ﬁ if B#0
(ag)(¢1(p,q,A)) = a(g(1(p, q, ) = aga(p,q, A, g)
= ¢2(p, ¢, A ag) = Mag)(p) + (1 = A)(ag)(q) if B=0.

Observation (b). We are also assuming that, g : D — R is (¢1, ¢2) — S-convex, h : ® — R is an increasing
function and (¢s, ¢4) — S-convex and hog € G. Then, if

b2(p, a0 A, 9) = ¢3(9(p), 9(0), ),
¢4(9(p), 9(a), A, 1) = d2(p, ¢, A, hog),
the function hog is (¢1, ¢2) — S-pre convex.(Practically, we have that)
(hog)(¢1(p, 4, N)) = h(¢2(p,q, A, 9))
= h(¢3(g9(p), 9(a), N))
< ¢a(9(p), 9(q), A )
< ¢2(p, 4, A, hog)
< In(AePhe)(@1(ppA) (1 — \)efalhog)(1(pa O /B - jr g2

= Ahog)(p) + (1 — A)(hog)(q) if B=0.
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Remark 2.4. In Examples 2.1 - 2.4, we see that ¢o is linear with respect to g. In Example 2.5, if @ is

superlinear then ¢, will be superlinear.
Now we will consider a scalar value optimization problem, which can be expressed as
(P) ming(p) s.t. h(p) <0,
where g : D — R, h : D — R* Denote the feasible set by Dy, where
Do={pe€D:h(p) <0}.
Then the following holds:
Proposition 2.1. Suppose that
(i) h = (hi,ha,....,h) is (¢1,P2) - B- convex(see Definition (2.3):
(ii) g is (¢1,¢2) - B- convex.

Then the set of solutions of problem (P) will be ¢1- 8- convex.

Proof. The feasible set Dy is ¢1- S-convex; Practically, if p1,ps € Dy, from (i) and (2.1) we have
hi(¢1(p1,p2, N)) < da(p1, pas A, i) < ln()\eﬂhi(d)l(p,p,/\) +(1— )\)eﬁhi(¢l(p7%0))1/6
< max{hi(¢1(p1,p2, ), hi($1(p1,p2,0))} <0
for any i = 1,2, ..., k. Next, let min,ep, g(p) be attained at p$ and p3. By the hypothesis (ii) and (2.1)
F(@1(p, 95, 0) < 6298, 99, A, 9) < In(AP@ PIIN) 4 (1 — \)ePo(on (pir0)) 1/
< maz{g(¢1(p1, Y, M), 9(61 (11, p3,0))} = 9(p})
But g(p}) = g(p3) = minpep, g(p), hence g(¢1(p}, P}, A)) = g(p}) which completes the proof. O

Definition 2.6 ((¢1, ¢2)—/3 - pre-strictly convex(concave) function). Let p° € D. We say that g is (¢1, 2 )—f3

strictly convex(concave) at pg if

g(¢1(qap07)‘)) < ¢2(qap0a)‘7g) (>)
< In(AeP9(P1(@0A) 4 (1 — \)ePa(P1(a:p0,0))1/8 (>), (2.4)

we say that g is weakly (¢1, ¢2) — B strictly convex(concave) at po if (4) holds for some X € (0,1). If (4) is
satisfied at any po € D, then g is (¢1,p2) — B strictly convex(concave) on D.

Proposition 2.2. Suppose that Dy is a ¢1 — 3 convez set, and
(i) g is (é1,d2) — B strictly convex at py € Dy.
(i) po is a solution of problem (P).
Then pg is the unique solution of problem (P).
Proof. Let p* be another solution of (P). p* # po. Then, for all A € (0,1)
9(@1(",p0, A)) < G2(p*,pos A, g) < In(APIOLETPTA) g (1= N)P9(O1 (070, 0)1/5
< mazx{g(o1(p*,p*, N)), 9(61(p", 10, 0))} = g(po)

which contradicts hypothesis(ii).

In case of (¢1,¢2) — B concave functions(see Definition 3), we have the following: O

Theorem 2.1. Suppose that
(i) g is (¢1,d2) — B strictly concave in D;
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(1) Vpo € int(Do)Ip,q € Do,p # q, X € (0,1] such that ¢1(p,q, ) = po;
(iii) Dg is ¢1 — B convex;
(iv) ¢2(p,q, A, g) > In(APIO PP 4 (1 — N)eP9 1 @aNE > min{g(é1 (p, p, N)), 9(¢1(p, 4,0))} for every
p,q € Dy, X €[0,1].
Then there are no interior points of Dy which are solution of (P), i.e. if po is a solution of (P), then pg is

a boundary point of Dy.

Proof. If the solution set of (P) is empty, or int(Dy) is empty, there is nothing to prove. Let py is a solution
of (P), and pg € int(Dy). Then by (ii) there exist p,q € Dy, p # ¢ and X € (0, 1] such that py = é1(p, ¢, ).
By (i) we have that

9(po) = 9(e1(p, 4, N)) > ¢2(p, 4, A, 9)

> In(AeP9 PR (1 — X)ePo O aONE > min{g(é1(p, p, N)), 9(61(p,4,0))} > g(po)-

Contradiction, so it is concluded that pg is not a solution of (P). Let us(py) denote a neighbourhood of pg
of radius §. O

Theorem 2.2. Suppose that
(i) gis (¢1,d2) — B strictly convex;
(i) po € Dy is a local minimum of (P);
(iii) ¥o1 > 0, and Vp € Do, 3N € (0, 1] such that ¢1(po,p, A) € ps, (Po);
(iv) Dg is ¢1 — B convex;
Then pg is a strict global minimum of (P).

Proof. By hypothesis (iv), for every p € Dy, and for every A € [0, 1], ¢1(po,p, A\) € Dy. Since pq is a local
minimum of (P), there exists us,(pg) such that for every p € us,(po) N Do, g(po) < g(p). Now let p € Do,
p # po. Then, by hypothesis (ii) and (iii), with §; = d2 we have that g(po) < é1(po, p, A)) for some X € (0, 1].

Therefore, using (i) and (2.1), we have

9(po) < g(d1(po, p, A)) < d2(po,p, A, 9)
< In(AeP9(0rPopo ) (1 — \)eP9(0r(rorONE < maz{g(¢1(po, pos ), g(¢1(po, p, 0))}

Obviously, maz{g(¢1(po, pos \)), 9(1 (po, p, 0))} # g(po) since g(po) £ g(po). Therefore g(po) < g(p). Since
p is an arbitrary member of Dy, the proof is complete.
On the basis of Theorem 2.2, the following results can be obtained. O

Theorem 2.3. Suppose that
(i) g is (¢1,d2) — B convex;
(#) po € Dg is a strict local minimum of (P);
(#ii) V61 > 0, and Vp € Do, 3\ € (0, 1] such that ¢1(po,p, A) € us, (po) \ {po};
(iv) Dy is ¢1 — B convex;
Then po is a strict global minimum of (P).

Theorem 2.4. Suppose that
(i) g is (¢1,¢2) — B convex;
(ii) po € Do is a local minimum of (P);

(iii) V61 > 0, and Vp € Dg, 3\ € (0, 1] such that ¢1(po,p, A) € ps, (Po);
(iv) Dy is ¢1 — B convex;
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(’U) ¢2 (p07p7 )‘7 g) < ln()\eﬁg(d)l (po,po.A) + (1 - )\)eﬂg(d)l (po,p,o))l/ﬂ é max{g((bl (p07p07 )\))7 g((bl (p07p7 0))} for
every p € Do with g(p) # g(po), and for all X € (0,1).
Then po is a global minimum of (P).

Example 2.9. Let D C R be the set D = (—00,—3) U (3,00), and g : D — R be the function defined as

follows:
) lpl =3, iflpl <3
g(p) = . .
1, iflp 23

Define the functions ¢1 : D x D x [0,1] and ¢ : D x D x [0,1] x G as follows:

A =XNag+Ap, ifpg>0
¢1(p7q7>\)_{ g, zqu<07
Ag) = 9(q), ifA=0 .

P2lp -2 9) {maw{g(p)y(Q)}, ifo<A<1

This function is (¢1, ¢2) — S— convex which verifies our results.

Now we will study a regularity property of the product of (¢1,¢2) — 8 convex functions (i=2,3). First,

we say the following

Lemma 2.1. Suppose that g,h are satisfying the conditions and also real valued functions defined on D,
(i) g(p) 20, h(p) 20
(it) g(p) — 9(a))(h(p) — h(q)) 20V p,q € D.

Then for every p,q € D, either

g(@)h(p) and g(p)h(p) = g(p)h(q)

or

v

g(p)h(q) and g(q)h(q) = g(q)h(p).

Proof. Since, by (ii),

< )

= =

= = I

>

S EEOEES
|

@ 1\ 1\Y%

it follows that either

9(q) 2 g(p) and h(q) = h(p)

which further implies(in view of (i)) that either

g(p)h(p) = g(¢)h(p) and g(p)h(p) = g(p)h(q)

or

Proposition 2.3. Suppose that

(i) g,h are nonnegative functions defined on D and satisfying the inequality

(9(p) — 9(q))(h(p) — h(q)) 2 0, Vp,q € D;
(ii) g is (¢1,P2) — B convex, h is (¢1,¢2) — B convex.
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Then pq is ¢1 — B quasi-conver.

Proof. For any p,q € D and A € [0, 1],

g ¢2(p7 q, )‘7 g)¢2(pa q, )‘7 h)
< {ln()\eﬁf(¢1(p,p,>\) +(1— )\)eﬁf(¢1(p,q,0))1/6}

x{ln()\eﬂh(%(lhp,)\) +(1— A)eﬁh(¢1(p7q’0))1/ﬁ}

< maz{g(p), 9(q)}-maz{h(p),h(q)}.

Now maz{g(p), g(q) }.max{h(p), h(q)}, in view of lemma, is less than or equal to
maz{g(p), 9(q)} . max{h(p), h(q)}; hence it follows that

(gh)(G1(p, g, N)) < In(APEMB1EA) L (1 _ 3)oBloh) (61(p.a,0)y1/8
< maz{g(p)h(p), 9(a)h(q)}
= max{(gh)(p), (gh)(q)}.

Therefore gh is ¢1 — [-quasi-convex. O

Now we will consider the following family of problems:
ming(p) s.t. h(p) Se,
where g : R* — R, h: R* — R e € RE. Denote by g*(e) the function
g* R =R, g (e) = inf{g(p) : h(p) < €} ([25]).

Assume that g is (41, ¢2) — 5 convex, where ¢2(p1,p2, A, g) = ¢4(9(p1), g(p2), A) and the vector function
h is (¢1, ¢2) — B convex, where

¢;2 (R xR X [07 1] X Gk — %kv QS_Q(pﬂ]a)‘?h) = Qﬁg(h(])),h((]),)\),

and ¢3(by, ba, ) is nondecreasing in (by, by) with respect to the component wise order (if b} < ¢ and b}, < ¢},
Vi,j, then ¢3(b17b2a A) g ¢3(Cl7c27 >\)7 for every A€ [03 1])
We have the following

Theorem 2.5. The function g* is a (¢3,¢4) — Bconvex on R* (i.e. g*(ds(er,ea,N)) < da(g*(e1), 9" (€2), N)).

Proof. Notice that if h(p1) < €1, h(p2) < €3 then
h(p1(p1,p2,A)) = @3(h(p1), h(p2), A) = d3(e1, €2, );

in particular,

{(p1,p2) : h(p1) = €1, h(p2) = €2} € {(p1,p2) : A(P1(P1, P2, A)) = P3(€1,€2,\)}
Hence
9" (¢3(e1,e2,0)) = inf{g(p) : h(p) = Ps(e1,e2,A)}
S inf{g(¢1(p1,p2, A)) : h(d1(p1,p2,A)) = ¢3(er, €2, M)}
S inf{d2(p1,p2, A, g) : h(p1) = €1, h(p2) < 2} (from(2.6))
<inf{ln(AePIOrPPA) 4 (1 — N)ePoor@aONE p(p) < €1, h(p2) < €2}
= da(g”(e1), g% (€2), A). O
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3 The Differentiable Case
Let us assume that ¢1, ¢ have right partial derivative with respect to A at A = 0, for all p,q € D, for all
g € G. If we consider a differentiable (¢1, ¢2) — 8 convex function g, defined on D C ", taking into account
(1), for p,q € D and A € (0,1] we get that
9(o1(p, ¢, A) = $2(p ¢, A, 9)
= 9(1(p, 0, A) — 9(q) = ¢2(p.q; A, 9) — 9(q)
= 9(01(p, ¢, A) — 9(01(p,4,0) = ¢2(p. ¢, A, 9) — $2(p, 4,0, 9)
= 5(9(61(p, 0, A) = 9(61(p,4,0)) < X(62(p, ¢, X, 9) — ¢2(p, 4,0, 9))
= 3(9(¢1(p, 0, A) — 9(¢1(p, 4, 0))
= < 1(In(AeP9O P22 4 (1 - N)ePg(¢1(p,q,0))? — ¢2(p, 4,0, 9))
and, taking the limit of both sided for A — 07 (and since ¢1(p, ¢,0) = ¢), we have

8+gz51 8+¢2 8+¢>1
\V4 < \V4
qg(¢1(pan0)) O\ (paQ7>‘) =0 = I\ (pv(L A79) \—o qg(¢1(pan0)) O\ (paQ7>‘) \—o
1(p,p,A 1(p,q,
- T (In(AeP9(@1 (2 A) 4 (1 — ))efo(d1(p.a,0))1/5)
= N o

We therefore have the following.

Proposition 3.1. We are assuming that ¢1, ¢ have right partial derivative with respect to A at A = 0.

Then a differentiable (¢1, ¢2) — B convex function g satisfies the inequality

¢2(pa Q7g) 2 vqg(Q)(bl(pv q))
for every p,q € D, where

_ a+¢1 _ a+¢2 _ 8+¢1
$1(p,q) = By (P, q, ) A:O,cbz(p,q,f)— B3\ (P,a, A\ 9) - o1(p,q) = B\ (p.q, ) N
Ot (In(\eP9(@1(ppA) 1 (1 — )\)ef9(d1(p,q,0))1/8
b2(p,q,9) = (in{ ( ) )70 :
2 A=0

Remark 3.1. The same result holds in a more general setting, where D is a subset of a Riemannian manifold,
and the r.h.s. of (2.4) is defined as dgq(¢1(p, q))-
It is easy to verify that a ¢1 — 8 quasi-convex function h satisfies the condition
h(p) = h(q) = Vqh(@)d1(p,q) =0,
for every p,q € D.

Definition 3.1. Let ¢ : D x D — D. We say that ¢ is skew-symmetric on D x D if ¥(p,q) = —(q,p) for
every (p,q) € D x D.

Corollary 3.1. (To Proposition 3.1) Suppose that g is differentiable and (p1,d2) — B convex; if ¢1, do
are related to ¢1,¢2 as in (Proposition 3.1), and skew-symmetric for any (p,q) € D x D, then Vg is

¢1 — B—monotone on D, i.e.
(Vpg(p) = Vag(@))1(p,q) 20 V(p,q) € D x D.
Proof. By (Proposition 3.1) we have that
$2(P,0:9) 2 Vag()91(p, @) b2(¢,0,9) 2 Vpg(p)91(¢, p)

and the conclusion follows from the skew-symmetry.
The local condition expressed by (Proposition 3.1) is usually not sufficient to guarantee the (¢1, ¢2) — f—

convexity of g, unless we specify some more restrictive and global properties of the functions ¢, and ¢s.
Indeed, consider ¢1(p,q,\) = g+ An(p,q), d2(p,q. A, 9) = (1 = N)g(q) + Ag(p) O
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In Mohan and Neogy provided a counterexample, showing that the condition

fx) = fly) 2 Vyfy)n(z,y)

does not imply in general that

9(q+M(p,q) = (1= Ng(g) + Ag(p) VA€ [0,1].
We will assume that the function g is differentiable on D. The following results relate the necessary condition
for a differentiable ¢1, ¢2) — S-convex function g, and the definition of ¢1, ¢) — B—convexity. In the first result
we assume that a "regularity condition” is satisfied by ¢, whereas ¢- is the usual r.h.s. of the definition of

convexity, providing a slight extension of the ordinary convex case.

Proposition 3.2. Assume that ¢, is differentiable with respect to X in [0,1]: if the following are satisfied
(i) ¢1(p,q,0) = q,¢1(p, ¢, 1) = p;
(ii) 22 (p,q,v)(t' —v) = ¢1(d1(p, ¢, 1), (61(p, 4, v));
(iii) ¢2(p,q, A, g) = (1 = A)glq) + Ag(p)
for every p,q € D, v,t', X € [0,1], then a function f satisfying (Proposition 3.1) is ¢1, P2 — S-conver.

Proof. By Proposition 3.1 and condition (i), it follows that g(p) — g(¢) = V,9(¢)é1(p.q), and for every
p,q € D, we get that the function h(w) = f(¢1(p,q,w)) is convex ; indeed

h(t') = h(v) = g(é1(p, ¢, 1)) — 9(é1(p, q,v))
2 Vi, 9(¢1(p,¢,v))d1(61(p '), (¢1(p, ¢, v)) (by Proposition 3.1 )

= Vo901 (0, 0, 0) 2 (9,0, 0) (¢~ ) (by ()
B (v)(t — ).
It follows that h is convex. Hence, h(\) < (1 — A)A(0) + Mh(1). Now by hypotheses (i) and (i) we get that
9(¢1(p,¢; A) = (1 = N)g(q) + Ag(p) = d2(p. ¢, A, 9),

(see [26], where a special case of the Proposition 3.2 is proved).

More generally, the following result relating Proposition 3.1 and ¢1, ¢3 — B—convexity holds. O

Theorem 3.1. We are assuming that, g is a differentiable function on D, where D is a ¢1— convex subset
of R™. Let ¢;(i = 1,2) be the function associated with ¢; as in (Proposition 3.1). Then we are assuming that
there exists a function H' : R x ® x [0,1] = R, H' = H'(w,t’, \), and the following conditions are satisfied:

(1) H'(¢2(p, 91(p, 0 A), 9), ¢2(0, ¢1(P, 05 A), 9), A) = ¢2(p, 4 A, 9) — 9(D1(p, 4, V)3
(i) H’ is non decreasing in (w,t’), for every X\ fized (if w1 £ waq,t) < t,. we have that H'(wy,wi, A) <
Hl(w2at/2a)‘));

(i) H' (Vg (9(01(p,q, N)d1(ps 01(0: ¢ N)), Vg, (9(01(p. ¢, ) d1(q, ¢1(p, q, X)) = 0 for every X € [0,1], g €
G, p,q € D;

(iv) ¢2(p,,9) 2 Vrg(r)di(p,r), Vp,r € D.
Then g is (¢1, ¢2) — B—convex on D.

Proof. From (iv), with r = ¢1(p, ¢, \) we have that

¢2(p7 (,251 (p, q, >‘)7 g) g v¢1 (g(¢1(p, q, A))(ybl (p> ¢1 (p, q, >‘))7
d)Q(qv ¢1 (pv q, )‘)7 g) 2 vcf?l (g(¢1(pv q, )‘))d)l (qv d)l (p, q, )‘))

Let w = ¢2(p7 ¢1(pa q, A)79)3 t/ = ¢2(q7 djl(pa q, A)ag)v from (11) and (111)7 we get that
H'(w,t',A) 2 H'(V,9(61(p, ¢, N) b1 (p, d1(p: 4, M),
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v¢1g(¢1 (pa q, )‘))(bl (q7 (bl (p7 q, )‘)>7 )‘) = 07
Finally, by (i), we have that

¢2(p7q7)‘7g)_g(¢l<paq7)‘))20, vpaq€D7)\€ [071]7
that is g is (¢1, ¢2) — B—convex. Notice that Condition C in [27] is a particular case of Theorem 3.1 where
¢1(p: 4, A) = ¢+ 2n(p, ), 42(p, ¢, A, 9) = (1 = N)g(q) + Ag(p), and H'(w, ', A) = Aw + (1 = A)t". -

Example 3.1. Let D C R be the set D =[0,2], and f: D — [0, 1] be the function defined as follows:
T, ifre0,1
fa) = { G 0.1

V27, ifre(1,2]
Define the functions ¢1 : D x D x [0,1] and ¢2 : D x D x [0,1] x F as follows:

(9, \) = { (1=N2(2 - vy) + A2~ V), ifey>0

2(2 — \/27)7 ifry <0 ’
i _ [ ree- v, iA=0
¢2(@:9,2 f) { max{f(2 - VD), f22 - B}, if0<A<L

This function is (41, ¢2) — f— convex which verifies our results.

Proposition 3.3. If g: D — R is differentiable, and ®1 satisfies assumptions (ii) and (i) in Theorem 3.1,
then g is ®1-quasi-conver if and only if (Remark 3.1) holds.

Proof. Similar to the proof given in [27].
Under appropriate assumptions on @9, a differentiable (¢1, ¢2) — f—convex function, turns out to be invex,
and we can guarantee that a stationary point is a global minimum. Here is a sufficient condition. Assume

that ¢o satisfies the inequality

for all p,q € D, X € [0,1],¢9 € G, and for some function ¢ = ¢(p,q, A, g) : D x D x [0,1] x G — R, with
c(p,q,0,9) =1, %(p,q, )\,g)|)\:0 = 0. Then we have the following. O

Proposition 3.4. Let g be a differentiable (¢1, ¢2) — S—convex function, where ¢1 and ¢o are differentiable
with respect to A at A\ = 0, for every p,q € D. Assume that condition (3.1) holds. Then g is invex with

respect to n(p,q) = ¢1(p,q). In particular, every stationary point of g is a global minimum.

Proof. From (3.1), we have that

(1=Ng(q) +Ag(p) — g(q) 2 c(p,q, A, 9)2(p, ¢ A, 9) — ¢(p, 4,0, 9)$2(p, 4,0, 9)-

Adding and subtracting ¢(p,q,0, g)¢2(p,q, A, g) to the right hand side of the above inequality and then
dividing both sides by A and taking the limit A — 0", we get

)
g(p) —g(q) 2 8%(17, g\t $2(p,4,0,9) +c(p,q,0,9)02(p, ¢, 9) = ¢2(p, 4, 9)
A=0

Since, by Proposition 3.1, ¢2(p, q,9) = V49(q)$1(p, q), we have that

9(p) — 9(a) Z d2(p. ¢, 9) Z Vag(a)d1(p, @)
This proves that g is ¢1(p, ¢)— invex and hence every stationary point is a global minimum point.
Now we will assume that g : D — R and ¢1 : D x D x [0,1] — D satisfy the assumptions
(i) g € C*(D);
(i) ¢1(p,q) € C*([0,1)).
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After that we have the following sufficient condition for (¢1, ¢2) — f— convexity: O

Proposition 3.5. In our previous assumptions, g is (¢1,¢2) — B— convex for every ¢a(p,q,t',g) =

fo (p, g, w)dw + g(q), where h is any solution of the differential inequality

oh N> 3(;51 T / / / a¢1 /
%(I%QJS ) = ( ot ) (paqvt )H¢1g(¢1(p7Q7t )) ot (p7Q7t )
82
Vo910, ) S (.0, 1)

h(p,q,0) = Vqg9(q)91(p; q) (3.2)
T/
%"z}) the transpose of <%t})>

( )_g(¢1(p7q7 )) ¢2(p7q7 79)7

where ¢o(p,q,t',g) = fo (p, ¢, w)dw + g(q), and h satisfies (Proposition 3.4). We prove that s(t') < 0 for
every t' € [0,1]. We have that

<H('ﬁ1 denotes the Hessian of the function ¢1, and (

Proof. Consider, for every p,q € D,

5(0) = g(q) —g9(q) =0,
5'(0) = Vqg(q)61(p. a) — Vag(a)d1(p, @) = 0,

, oo\ " 9
0= (22) 00 1000 2

iy 0
+V e, g(d1(ps g, 1)) af,l

Therefore, s(t) < 0 for every t’' € [0,1], and g(¢1(p, q,t') < ¢2(p,q,t', g) for every p,q € D, t' € [0,1]. O

(p.q,t')—H (') 0.

4 Conclusions
In this paper, we established a new class of convexity named (¢1, ¢2) — S-convexity. Our new class is a super
class of many well-known classes.
e When we take ¢1(p,q,\) = An(p,q) + ¢ and ¢2(p, ¢, A, g) = Ag(p) + (1 — A)g(g)  then it shows the
result of [16]
e When we take ¢1(p, ¢, A) = Yp,q(A) and ¢2(p, ¢, A, g) = Ag(¥p,p(A)) + (L — A)g(7p,4(0)) then it shows
the result of [23]
e If a1(p, g, A) = A then it shows the result of [4, 19]
e When we take ¢1(p,q,\) = Ni([p, q], A) and ¢2(p, ¢, A, 9) = na[(9(p), 9(q)), A], we see that an (I, ) — -
convex function is a particular (¢1, ¢2) — B-convex function, which shows the result of [24]
o If we take ¢1(p,q,\) = Ap + (1 — A)q and ¢2(p, ¢, A, 9) = G(g(p), 9(a), I — qll, A) < In(AeP9(rPP) 4
(1 —X)eP9@1Pa0)1/B e get that a G-convex function is an example of (¢1, ¢2) — S-convex function,
which shows the result of [25]
e If we take 8 = 0 then this function is convert into (¢1, ¢2)-convex function, which shows the result of
22]
We can extend results of our paper for interval-valued function under the assumptions of (¢1,¢2) — -

convexity.
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