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Abstract

The filter theory of Cl-algebras was first introduced by Meng(2009). This concept plays a significant role in
the study of Cl-algebras. In this paper, we continue to study the notion of closed filter in CI-algebra with some
characteristic properties. We also study closed filters in the Cartesian product of Cl-algebra and the function algebra
of CI -algebra.
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1. Introduction

In 1966 the concepts of BCK and BCl-algebras were first introduced by Imai and Iseki[7] and Iseki[8]. Since then
mathematicians have made further studies in the field and developed concepts of similar type such as BCH [6], BH
[9], d [14], etc. In 2006, the idea of BE -algebras [11] was introduced by Kim and Kim as a generalization of dual
BCK-algebras [10]. In 2010, Meng[12] propounded the notion of a new algebraic structure called Cl-algebras as a
generalization of BE-algebras. In his paper Meng[12] defined the filter theory of CI-algebras which is considered to
be very significant in the study of CI -algebras. Closed filters in Cl-algebras was also studied in details by Meng[13].
The present author(s)[15] developed the concept of Cartesian product of Cl-algebras which led to further research in
the direction and findings were had in 2018 in respect of some special types of CI-algebras [17] obtained from a given
Cl-algebra. In this paper we continue to study closed filters in Cl-algebras and investigate some new properties of it
in Cartesian product of CI-algebras and the function algebra of CI-algebras

2. Preliminaries
Definition 2.1. An algebraic system (S; &, 1) is called a BE-algebra if it satisfies the following axioms:
(Al)pop=1,
(A2)pol =1,
(A3)1ep=p,
(Ad)po(dr=td(pdr) forall p,t,reS.

Definition 2.2 ([12,16,18]). An algebraic system (S;®, 1) is called a Cl-algebra if it satisfies the following axioms:
(A)pep=1,
(A3)lep=p
(Ad)pe(ter)=t®(p®r)forall p,t,res.

Example 2.1. Let A be a non-empty set and let F'(A) be the set of all function f : A — (0, 00). For i,k € F(A), we

define a binary operation * as
k(1)
h+k)(t)= —,t€A.
(h s k)(7) )
If we put 1(r) = 1 for all € A, then 1 € F(A) and simple computation proves that (F(A); %, 1) is a CI-algebra.
In S, we can define a binary relation < by s < riff s®r = 1.

Lemma 2.1 ([12]). In a Cl-algebra (S ; ®, 1) following results are true:
LLso((sonon =1,
2.senel=G®l)e@® ) forall s,tes,
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Notation 2.1 ([12]). If (S;®, 1) is a CI - algebra and let B(S) ={x € S : x® 1 — 1}. B(S) is called the BE - part of S.
Clearly B(S) is non - empty, since 1 € B(S).

Definition 2.3 ([12]). If for any non-empty subset A of S we have x € Aandy € A imply x®y € A, then A is called a
sub-algebra.

Theorem 2.1 ([15]). Let (S;®, 1) be a system consisting of a non-empty set S, a binary operation ® and a distinct
element 1. Let Q = S XS = {(p1,p2): p1,p2 € S}. For p,t € Q with p = (p1, p2),t =(t1,12), we define an operation ©
in Q as

pOt = (p1 @11, p2 1)

Then (Q;®,(1,1)) is a Cl-algebra iff (S; &, 1) is a Cl-algebra.

Corollary 2.1 ([15]). If (S;®,1) and (Q;o0,e) are two Cl-algebras, then R = S X Q is also a Cl-algebra under the
following binary operation:
For p = (p1,t)) andt = (p2,t) in R,

p®@t = (p1 @ p2, 1iot).
Here (1, e) is the distinct element of R.

Theorem 2.2 ([17]). Let (S;®, 1) be a Cl-algebra and let F(S) be the class of all functions f : S — S. Let a binary
operation (-) be defined in F(S) as follows:
For f,fie F(S)andp € S,

(f € fp) = f(p) @ fi(p).
Then (F(S);0,17) is a Cl-algebra where 17 is defined as 1~ (p) = 1 forall p € S.
Here two functions f, fi € F(S) are equal iff f(p) = fi(p) forallp € S.

Notation 2.2 ([17]). (a) For any set Sy — S, let F(S1) denote the set of all functions f € F( S) such that f(p) € S for all
pES.
(b) For any t € S, we consider f; € F(S) defined as f;( p) =t forall p € S.

Definition 2.4 (12). A nonempty subset F of a Cl-algebra S is called a filter of S if it satisfies
1.1€F.
2.x®@yeFandxeFeyeF

Note 2.1. In example (2.3), F = {1,a, b, c} is a filter inS. However, E = {1, a, b} is anot a filterin S.

Lemma 2.2. Let F be a filter of a Cl-algebra (S;®, 1).
Ifx®y=1(ie,x<y)and x € F theny € F.

3. Closed Filters of CI-Algebras
Definition 3.1 ([13]). A filter F of a Cl-algebra S is said to be closed ifxe Fe x®l € F.

Example 3.1 ([13]). LetS =R* ={ueR:x>0}.
For x,y € S, we define x ® y = yx.
Then (S;®, 1) is a Cl-algebra. Let us consider G = {2" : n € Z}.
Then F is a closed filter in S. However, the set F; = {2" : n € N} is a filter of S but it is not closed.

Theorem 3.1. (a) Every filter of a BE-algebra is closed,
(b) Every filter of a finite Cl-algebra is closed,
(c) The BE-part B(S) of a Cl-algebra is a closed filter of S .

Theorem 3.2. A filter F of a Cl-algebra S is closed iff it is a subalgebra of S.
Proof. 1t follows directly from the definition.

Theorem 3.3. F is a closed filter in S € F(F) is a closed filter in F(S).
Proof. Let F be a closed filter in §. Then

H 1leF,

(i) foranyx,yeS,xeF andx®yeF eye ¥ and
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(i) xeFexdleF.

Now 17(x) =1 € Fforany x € S.

This means that 1~ € F(F).

Let f,ge F(S),fe F(¥)and f© g€ F(T).

Then f(x) € F and (f © g)(x) € F.

Then f(x) ® g(x) € F forall x € S.

Above conditions imply that g(x) € . So g € F(F).

Let f € F(F). Then f(x) € F forany x € S.

This means that f(x)® 1 € F forany x € S.

Sof(x)®17(x) =(fo17)(x) e Fforany x € S.

This proves that f © 1~ € F(¥). Hence F(¥) is a closed filter of F(S).

Conversely, suppose that F () is a closed filter of F(S). Then 1~ € F(¥).

This means that forany x € S, 17 (x) = 1 € ¥.

Also f,g e F(S),fe F(f)and fege F(F) e ge F(¥).

Let x,y € S,x € F and x®y € F. We consider functions f,, f, € F(¥) defined as in Notation (2.2)(b). Then
e F(F)and (0 f)(1) = @ () =x@y € F = f. O f, € F(¥). So from above we have f, € F(F). This
gives f,(t) =y € ¥ forallt € S.

Also fe F(F)= fol1 € F(F).

Letx € F. Then f, € F(F) = f,© 1~ € F(F).

=> (Lol =il @) =xdleFtes.
This proves that F is a closed filter of S

Theorem 3.4. Let F| and F; be subsets of a Cl-algebra (S;®, 1) and let F = F| X F,. Then F is a closed filter of
Q=S8 XS iff Fi and F, are closed filters of S.

Proof. Let F be a closed filter of Q. Then
O (1,1 eF,
(i) udve Fandu € F = v € F where u = (x1,y,),v = (x2,,) and x1, x,F1,y,, y,F> and
(i) u = (x,)F - ud(1,1) =(xd 1,y 1)F.
Now

@ (A,)eF=>1€F1€F,.
(b) Letx; @ xFy and x; F;. We consider (x,1),(x2,1)€Q.
Then (x1,1)®(x2,1) = (x; ® xp, 1)F and (x; 1)eF.
So from condition (ii) we get (x, 1)F. This implies that x, F| and hence F| is a filter of S.
Again let y; @ yo2F»,y, F>. We consider (1,y,),(1,y,) € O.
Then (1,y,)®(1,y,)=(1,y, ® y2)F and (1, y,)F.

So from condition (ii) we get (1,y,)F. This implies that y, € F,. So F is a filter of S.
(c) Let xF;. Then (x,1)F. So condition (iii) implies that (x,1)®(1,1)F, i.e., (x ® 1, 1)F which implies that x & 1 F.
Similarly yF, implies y & 1F.

Hence F and F, are closed filters of S.

Conversely, we assume that F'; and F, are closed filters of S. Then 1 € F|,1 € F; and so (1, 1)F.

Letu = (x1,y,),u®v e Fandu € F.

Then (x; ® x2,y, ® ¥2)G and (xy,y,)F. This implies that x; @ x, F, x; F,y, ® y»F> and y; & F,. Since F; and F,
are filters so we get x, F'}, y,F> which means that (x,,y,)F, i.e., v € F. So F is a filter of Q.

Finally, we assume that u = (x,y) € F. Then x € F| and y € F». Since F; and F; are closed filters of S, x® 1 € F;
and y @ 1F,. This proves that (x® 1,y ® 1)F i.e., (x,y)®(1, 1) € F. Hence F is closed.

Using the same technique it can be proved that

Corollary 3.1. Let F| and F be subsets of a Cl-algebra (S;®,1) and (Q; 0, ) respectively. Then F| X F, is a closed
filter of R = SxQif fF, and F, are closed filters of S and Q respectively.
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4. Conclusion

Here we want to mention the summary of the results included in the paper. In the preliminary section we include
some definitions and basic results. Theorem 3.1 and 3.2 contain some basic results of closed filters in CI-algebra. In
Theorem 3.3 we obtain a necessary and sufficient for a function algebra of a closed filter in a Cl-algebra to be a closed
filter. In Theorem 3.4 we have studied behaviour of cartesian product of two closed filters in a CI -algebra.
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