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Abstract

In these researches we introduce a generalized Barnes type double series and then, discuss its convergent
conditions. We obtain some of its results related to the known and new Hurwitz -Lerch zeta function of two variables
and also derive Eulerian and Mellin- Barnes type integral representations of these functions and analyze various
properties these functions.
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1. Introduction, Definitions and Preliminaries
Rainville [30, p. 309] and MacRobert [24, p. 180] studied a second order elliptic function of Weierstrass, ℘(z), in the
double series as

℘(z) =
1
z2 +

∞∑′

m,n=−∞

{
1

(z −Ωm,n)2 −
1

Ω2
m,n

}
, (1.1)

where, Ωm,n = 2mω1 + 2nω2,∀m, n ∈ Z,Z is a set of integers, 2ω1 and 2ω2 are fundamental periods , and 2ω1 and
2ω2 ∈ C,C is set of complex numbers, the summation

∑′∞
m,n=−∞ (.) indicates that the indices m, n of summation are

not both to be zero at once. The function (1.1) is a doubly periodic in the parallelogram of a complex plane and even
function, whereas, MacRobert [24, p. 91] shows that the function

F (ε) =

∞∑
m=−∞

∞∑′

n=−∞

{
1

(Ωm,n)ε

}
, converges for ε > 2. (1.2)

Val [50] discussed various properties and applications of the elliptic functions (1.1) and (1.2). Erëmenko and
Lyubich [11] studied their many dynamical properties. Pastras [29] has applied these functions in classical and
quantum mechanics.

For<(s) > 2, Barnes [4] in 1901, (see also in the researches of Matsumoto [26]), introduced a double zeta function
by the meromorphic continuation of the series given as

ζ2(s;α,w) =

∞∑
m,n=0

(α + m + nw)−s, (1.3)

provided that α > 0, s ∈ C and w is a non-zero complex number in C, with | arg(w)| < π. Each term in the right hand
side of (1.3) understand as

exp[−s log(α + m + nw)],

where, the logarithm takes the principal branch. The series (1.3) is convergent absolutely in the parallelogram of a
complex plane and its continuation is holomorphic with respect to s except for the poles at s = 1 and s = 2. A famous
single series

ζ(s) =

∞∑
n=1

n−s, (1.4)

is a Riemann zeta function, ∀s ∈ C,<(s) > 1, (see in [25, p. 13], [49] and others).
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A generalization of (1.4) in the form ([3], p. 249)

ζ(s, α) =

∞∑
n=0

(n + α)−s, (1.5)

is the Hurwitz zeta function where, α > 0, s ∈ C,<(s) > 1.
A further generalization of (1.4) and (1.5) in the Hurwitz - Lerch zeta function is presented as in [10, p. 27]

Φ(z, s, α) =

∞∑
n=0

zn

(n + α)s , (1.6)

where, α ∈ C\Z−0 ,Z−0 = {0,−1,−2,−3, . . .}, s ∈ C. The series in (1.6) is convergent for all s ∈ C and |z| < 1, and when
z = 1,<(s) > 1. The meromorphic continuation is also studied in ([1], [2], [3], [27] and [51], etc.).

In 2017, Choi and Parmar [7] made extension of the functions (1.4) - (1.6) in another way to define and analyze a
two variables Hurwitz-Lerch type zeta function for α ∈ C\Z−0 , s ∈ C, in the form

Φa,b,b′ ,c(x, y, s, α) =

∞∑
m,n=0

(a)m+n(b)m(b′)n

(c)m+nm!n!
xmyn

(m + n + α)s , (1.7)

provided that |x| < 1, (x , 1); |y| < 1, (y , 1) and<(s) > 0. Again, for x = 1, y = 1,<(c + s − a − b − b′) > 1.
Here, for a , 0, the Pochhammer symbol [45, p. 22] is defined as factorial function by

Γ(a + n)
Γ(a)

= (a)n =

 a(a + 1)(a + 2) . . . (a + n − 1); n ≥ 1,
1; n = 0.

. (1.8)

By Gauss formula for gamma function (see Mathai and Haubold [25, p. 3], Srivastava and Manocha [45, p. 20]),
and in view of the symbol in Eqn. (1.8), a relation with the Eulerian gamma function

Γ(z) =

∫ ∞

0
e−ttz−1dt,<(z) > 0,

may be put in the form
lim
n→∞(s)nΓ(s) = lim

n→∞Γ(n)ns, s , 0,−1,−2, . . . , and s ∈ C. (1.9)

In our study, we suppose large values for the numbers M and N, and recall a Kampé de Fériet function [46], in the
form

F p:q;k
l:u;v;(M,N)[

(ap) : (bq); (ck);
(αl) : (βu); (γv);x, y] =

∞∑
m=M,n=N

∏p
j=1 (a j)m+n

∏q
j=1 (b j)m

∏k
j=1 (c j)n∏l

j=1 (α j)u+v
∏u

j=1 (β j)m
∏v

j=1 (γ j)n

xmyn

m!n!
, (1.10)

which converges for |x| < ∞, |y| < ∞; if l + u + 1 − p − q > 0, l + v + 1 − p − k > 0; or if l + u + 1 − p − q = 0,
l + v + 1− p− k = 0, then the function (1.10) converges for |x| 1

(p−l) + |y| 1
(p−l) < 1; if p > l and for max{|x|, |y|} < 1; if p ≤ l.

Lemma 1.1. If α ∈ C\Z−0 , s ∈ C , then for large values M and N, the Hurwitz-Lerch type zeta function in the double
series (1.7) acts as Kampé de Fériet function (1.10). Thus for max{|x|, |y|} < 1, it is represented as

Φa,b,b′ ,c(x, y, s, α) =

<M,<N∑
m,n=0

(a)m+n(b)m(b
′
)n

(c)m+nm!n!
exp[−slog(α + m + n)]xmyn

+
Γ(α)

Γ(s + α)
F2:1;1

2:0;0;(M,N)


 a, α : b; b′;

c, s + α : −;−;
x, y

 . (1.11)

Proof. We plug the series in (1.7) in two parts in which second series has summation indices m and n large values M
and N respectively and then ∀ s ∈ C, α > 0, on applying the formula (1.9) in it, we have

Φa,b,b′ ,c(x, y, s, α) =

<M,<N∑
m,n=0

(a)m+n(b)m(b′)n

(c)m+nm!n!
xmyn

(m + n + α)s +

∞∑
m,n=M,N

(a)m+nΓ(α + m + n)(b)m(b′)n

(c)m+nΓ(s + α + m + n)
xmyn

m!n!
. (1.12)

Here, in the relation (1.12) first series is finite and second series acts as Kampé de Fériet series (1.10) and hence,
on making an appeal to the conditions of the function (1.10), the second series in (1.12) converges for max{|x|, |y|} < 1.
Again on applying (1.3) in the first series of (1.12), each term understands as (a)m+n(b)m(b′)n

(c)m+nm!n! xmynexp[−s log(α + m + n)],
and then, we find the formula (1.11) and thus Lemma 1.1 is followed.
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Lemma 1.2. For all n ∈ Z , and z , 0, one of an Eulerian type integral representations of the Weierstrass elliptic
function (1.1) is found by the formula

℘(z) =

∫ ∞

0
t1e−zt1 dt1 − 2


∫ ∞

0
t2e−

z
2 t2

 ∞∑′

m,n=−∞
sin h(

z
2
−Ωm,n)t2

 dt2

 . (1.13)

Proof. Make the use of the Eulerian integral functions studied in ([12, [13]), in formula (1.1), we write

℘(z) =

∫ ∞

0
t1e−zt1 dt1 +

∞∑′

m,n=−∞

{∫ ∞

0
t2e−(z−Ωm,n)t2 dt2 −

∫ ∞

0
t3e−Ωm,nt3 dt3

}
. (1.14)

Then rearrange the integrands in last two integrals of Eqn. (1.14) and then define the sine hyperbolic function, we
obtain (1.13) as

℘(z) =

∫ ∞

0
t1e−zt1 dt1 − 2


∫ ∞

0
t2e−

z
2 t2

 ∞∑′

m,n=−∞
sin h(

z
2
−Ωm,n)t2

 dt2

 . (1.15)

Hence, the Lemma 1.2 is followed.

Lemma 1.3. ∀α ∈ C\Z−0 , s, w ∈ C, and <(s) > 0, an Eulerian type integral representation of the Barnes type zeta
function (1.3) is obtained by

ζ2(s;α,w) =
1

Γ(s)

∫ ∞

0
e−αt(1 − e−t)−1(1 − e−wt)−1ts−1dt. (1.16)

Proof. The right hand side of (1.16)

=
1

Γ(s)

∫ ∞

0
e−αt(1 − e−t)−1(1 − e−wt)−1ts−1dt

=

∞∑
m,n=0

1
Γ(s)

∫ ∞

0
e−(m+α+nw)tts−1dt

=

∞∑
m,n=0

(α + m + nw)−s = Left hand side of (1.16), (on use of the formulae in ([12], [13]).

Lemma 1.1 shows that the Hurwitz-Lerch type zeta function in the double series (1.7) becomes a hypergeometric
function in the form of the Kampé de Fériet function (1.10) when indices of the series are large, as given in (1.11),
and hence last large terms of the series of (1.11) converges according to the ruling of convergence of the Kampé de
Fériet series (1.10). By Lemmas 1.2 and 1.3, we show that Weierstrass elliptic function (1.1) and the Barnes type zeta
function (1.3) are represented by Eulerian type integrals and under the given conditions therein and accordingly given
conditions in Lemma 1.2 and 1.3, these functions are convergent.

To explore new ideas in the field of analytic number theory studied in the researches of ([1], [2], [3], [10], [27],
([34]-[38]), [51] and others) and by the above motivations (1.1)-(1.16), we introduce a generalized Barnes type double
series and then, discuss its convergent conditions and obtain its related Hurwitz -Lerch zeta function of two variables.
We also derive its Mellin- Barnes type integral representation to analyze various properties and relations with other
known special functions, we refer to the researches given in the books ([1], [10], [24], [27], [51]), for introductory
number theory in ([1], [2], [3], [10], [27], [51]), for convergence conditions of double series see in ([4], [5], [12], [15],
[16], [17], [18], [28] and [44]) and for special functions see in ([13], [25], [30], [34], [40], [41], [44], [45] and others).
Zeta functions, Hurwitz-Lerch zeta functions and their related functions are studied in the researches of ([2], [6], [7],
[8], [9], [14], [16], [17], [22], [23], ([31]-[33]), ([37]-[39]), [43], [47], [48] and others).

2. Generalized Barnes type Double Series, its Convergence Conditions and its related Hurwitz-Lerch Zeta
Functions and Special Functions

In this section to explore extensions in analytic number theory, we make a generalization of Barnes type double series
(1.3) in following double series. We study its convergence conditions and its related Hurwitz-Lerch zeta functions.

A generalized Barnes type double series is introduced and defined as

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
m,n=0

A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

xmyn

(mw1 + α)σ(mw1 + nw2 + β)ρ
. (2.1)

Here, the double function A(τ, κ) satisfying certain restrictions, µ, ν, γ, δ, σ, ρ,w1, x, y and w2 are complex numbers
such that<(ρ) > 0, β ≥ α > 0, α, β ∈ R, i.e. α ∈ R\{0}, |( kw2+r

mw1+α
)| < 1, for all k,m ∈ N and r ∈ N0.

Now to obtain convergence conditions of the function (2.1), we present following theorems:
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Theorem 2.1. In (2.1) considering w1,w2, µ, ν ∈ R+; α, β, γ, δ, ρ, σ ∈ C and supposing that

A(m, n) = H
A : B; B′

C : D; D′(m, n) =

∏A
j=1 Γ(a j + θ jm + ϑ jn)∏C
j=1 Γ(c j + δ jm + κ jn)

∏B
j=1 Γ(b j + ψ jm)∏D
j=1 Γ(d j + ϕ jm)

∏B
′

j=1 Γ(b
′
j + ψ

′
jn)∏D′

j=1 Γ(d′j + ϕ
′
jn)Γ(m + 1)Γ(n + 1)

, (2.2)

where, the coefficients are taken as θ j, ϑ j ∈ R+, with ( j = 1, 2, . . . , A); ψ j ∈ R+, with ( j = 1, 2, . . . , B) ; ψ
′
j ∈ R+ with

( j = 1, 2, . . . , B
′
); δ j, κ j ∈ R+ with ( j = 1, 2, . . . ,C); ϕ j ∈ R+, with ( j = 1, 2, . . . ,D); ϕ

′
j ∈ R+ with ( j = 1, 2, . . . ,D

′
);

R+ = { a set of positive real numbers }; then for large values of M and N, the double series (2.1) is plugged as

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2)

=

<M,N∑
m,n=0

H
A : B; B′

C : D; D′(m, n)

Γ(µm + µn + γ)Γ(νm + δ)
xmyn

(mw1 + α)σ(mw1 + nw2 + β)ρ
+ S

A + 1 : B + 1; B
′

C + 2 : D + 2; D
′ (M,N)

×
 [(a) : θ, ϑ] ,

[
β : w1,w2

]
:
[
(b) : ψ

]
, [α : w1] ;

[
(b
′
) : ψ

′]
;

[(c) : δ, κ] ,
[
γ : µ, µ

]
,
[
β + ρ : w1,w2

]
:
[
(d) : ϕ

]
, [δ : ν] , [α + σ : w1] ;

[
(d
′
) : ϕ

′]
;
x, y

 . (2.3)

Further by (2.2) and (2.3), the series (2.1) is convergent for |x| < ∞, |y| < ∞, for Large values M,N of under the
conditions

C∑
j=1

δ j +

D∑
j=1

ϕ j + µ + ν −
A∑

j=1

θ j −
B∑

j=1

ψ j + 1 > 0;

C∑
j=1

κ j +

D
′∑

j=1

ϕ
′
j + µ −

A∑
j=1

ϑ j −
B
′∑

j=1

ψ
′
j + 1 > 0.

On the other hand when
C∑

j=1

δ j +

D∑
j=1

ϕ j + µ + ν −
A∑

j=1

θ j −
B∑

j=1

ψ j + 1 = 0;

C∑
j=1

κ j +

D
′∑

j=1

ϕ
′
j + µ −

A∑
j=1

ϑ j −
B
′∑

j=1

ψ
′
j + 1 = 0. (2.4)

Also, the function S
A + 1 : B + 1; B

′

C + 2 : D + 2; D
′ (M,N)(., .) in (2.3) converges for max{|x|, |y|} < 1, provided that A + 1 ≤

C + 2∀A ≤ C and for Large M,N.

Proof. Under the conditions w1,w2, µ, ν ∈ R+, and α, β, γ, δ, ρ and σ ∈ C, and for large M,N, and on using the Gauss
formula (1.9), the function (2.1) with (2.2), is written by

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

<M,N∑
m,n=0

H
A : B; B′

C : D; D′(m, n)

Γ(µm + µn + γ)Γ(νm + δ)
xmyn

(mw1 + α)σ(mw1 + nw2 + β)ρ

+

∞∑
m,n=M,N

H
A : B; B′

C : D; D′ (m, n)Γ(mw1 + α)Γ(mw1 + nw2 + β)

Γ(µm + µn + γ)Γ(mw1 + nw2 + β + ρ)
xmyn

Γ(νm + δ)Γ(mw1 + α + σ)
.

(2.5)
Now in the second series of (2.5), make an appeal to the Srivastava and Daoust double series ([40]-[42]) given as

(also see in the researches of ([5], [19]-[21], [28])

S
A : B; B

′

C : D; D
′

(
[(a) : θ, ϑ] : [(b) : ψ]; [(b

′
) : ψ

′
];

[(c) : δ, κ] : [(d) : ϕ]; [(d
′
) : ϕ

′
]; x, y

)
=

∞∑
m,n=0

H
A : B; B′

C : D; D′(m, n)xmyn, (2.6)

it converges for |x| < ∞, |y| < ∞, under the conditions given by
C∑

j=1

δ j +

D∑
j=1

ϕ j −
A∑

j=1

θ j −
B∑

j=1

ψ j + 1 > 0;
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C∑
j=1

κ j +

D
′∑

j=1

ϕ
′
j −

A∑
j=1

ϑ j −
B
′∑

j=1

ψ
′
j + 1 > 0. (2.7)

On the other hand when
C∑

j=1

δ j +

D∑
j=1

ϕ j + µ + ν −
A∑

j=1

θ j −
B∑

j=1

ψ j + 1 = 0;

C∑
j=1

κ j +

D
′∑

j=1

ϕ
′
j + µ −

A∑
j=1

ϑ j −
B
′∑

j=1

ψ
′
j + 1 = 0, (2.8)

it converges for max{|x|, |y|} < 1, provided that A ≤ C.
Hence making an appeal to (2.6)-(2.8) in second series of (2.5), we prove the Theorem 2.1.

Theorem 2.2. If for parameters w2, γ, δ, ρ, µ, ν and σ ∈ C, such that<(µ) > 0,<(ν) > 0,<(γ) > 0, <(δ) > 0 and
w1, α, β, λ ∈ R+,∀β ≥ α > 0, and | A(m,n)

Γ(µm+µn+γ)Γ(νm+δ) | < 1∀m ≥ 1, n ≥ 0, then for x = y = 1, the double series given in
right hand side of (2.1) has the form

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
m,n=0

A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

1
(mw1 + α)σ(mw1 + nw2 + β)ρ

, (2.9)

and it is convergent when λ +<(σ) > 0,<(ρ) > λ + 2; where, λ is finite positive.

Proof. For w2 ∈ C; w1, α, β, λ ∈ R+ and β ≥ α > 0, then ∀m ≥ 1, n ≥ 0, there exists an inequality

|mw1 + nw2 + β| ≥ C(w2)(mw1 + β)∀n ≥ 0,m ≥ 1;

where

C(w2) =

 1; if 0 ≤ arg(w2) ≤ π
2 ;

sin(π − arg(w2)), if π
2 ≤ arg(w2) ≤ π. (2.10)

Then, by inequality (2.10), for β ≥ α > 0, there exists a formula |mw1+nw2+β|
(mw1+α) ≥ C(w2) which with an appeal to

techniques of Matsumoto [26, Lemma 1, p.11], gives the series (2.9) in the form

|
∞∑

m,n=0

A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

1
(mw1 + α)σ(mw1 + nw2 + β)ρ

|

≤
∞∑

m,n=0

| A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

|| 1
(mw1 + α)σ(mw1 + nw2 + β)ρ

|

≤
∞∑

m,n=0

| A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

| 1
|(mw1 + α)σ||(mw1 + nw2 + β)ρ|

≤ eπJ(ρ)
∞∑

m=0

| 1
Γ(νm + δ)(mw1 + α)<(σ)

|
∞∑

n=0

|A(m, n)|
|Γ(µm + µn + γ)|(mw1 + nw2 + β)<(ρ)

. (2.11)

Since, λ > 0, and λ +<(σ) > 0, therefore making an appeal to (2.10) and (2.11), we get

|
∞∑

m,n=0

A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

1
(mw1 + α)σ(mw1 + nw2 + β)ρ

|

< eπJ(ρ)| 1
(α)<(σ)

|
∞∑

n=0

|A(0, n)|
|Γ(µn + γ)|Γ(δ)(nw2 + β)<(ρ)

+eπJ(ρ)
∞∑

m=1

| 1
Γ(νm + δ)

|
∞∑

n=0

(mw1 + α)λ(mw1 + nw2 + β)−<(ρ)+λ|A(m, n)|
(mw1 + nw2 + β)λ|Γ(µm + µn + γ)|

< eπJ(ρ)| 1
(α)<(σ)

|
∞∑

n=0

|A(0, n)|(nw2 + β)−<(ρ)

Γ(δ)|Γ(µn + γ)|
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+eπJ(ρ){C(w2)}−λ
∞∑

m=1

∞∑
n=0

(mw1 + nw2 + β)−<(ρ)+λ|A(m, n)|
|Γ(µm + µn + γ)||Γ(νm + δ)| . (2.12)

Now in (2.12), making an appeal to conditions given in the Theorem 2.2 as | A(m,n)
Γ(µm+µn+γ)Γ(νm+δ) | < 1∀m ≥ 1, n ≥ 0,

and to the convergence conditions given in (1.3), the series (2.9) converges for

<(ρ) − λ > 2⇒<(ρ) > λ + 2, and λ +<(σ) > 0.

Hence, the Theorem 2.2 is followed.
Further to derive the relations involving the function (2.1) with known and new zeta functions and with other

special functions, we employ the series rearrangement techniques in the double series of (2.1) and write it in the form

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
n=0

yn

Γ(µn + γ)

n∑
m=0

A(m, n − m)
Γ(νm + δ)

(xy−1)m

(mw1 + α)σ+ρ
(1 +

(n − m)w2 + (β − α)
mw1 + α

)−ρ. (2.13)

Now in right hand side of Eqn. (2.12), suppose that λ(n,m) =
(n−m)w2+(β−α)

mw1+α
, and |λ(n,m)| < 1, ∀m ≥ 0, n ≥

0, and<(ρ) > 0, β ≥ α > 0, ρ > 0, such that α, β ∈ R+, |y| < R+, R+ is positive finite, then we get a relation for (2.1)
involving the special function 1 F0(.) as

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
n=0

yn

Γ(µn + γ)

n∑
m=0

A(m, n − m)
Γ(νm + δ)

(xy−1)m

(mw1 + α)σ+ρ 1 F0(ρ;−;−λ(n,m)). (2.14)

Remark 2.1. In relation (2.1) set A(m, n) = C(m)B(m + n), x = y, and suppose that

Kν,µ,γ,δ,α,β
B,C (y;σ, ρ,w1,w1) =

∞∑
m=0

C(m)B(m)
Γ(µm + γ)Γ(νm + δ)

ym

(mw1 + α)σ(mw1 + β)ρ
,

then we get

Φ
µ,ν,γ,δ
B,C (x, y, (σ, ρ), (α, β),w1,w2)

=

∞∑
m,n=0

C(m)B(m + n)
Γ(µm + µn + γ)Γ(νm + δ)

yn+m

(mw1 + α)σ(mw1 + nw2 + β)ρ

=

∞∑
m=0

C(m)B(m)
Γ(µm + γ)Γ(νm + δ)

ym

(mw1 + α)σ(mw1 + β)ρ

+

∞∑
n=1

B(n)yn

(nw2 + β)ρΓ(µn + γ)

n∑
m=0

C(m)
(mw1 + α)σΓ(νm + δ)

(1 +
m(w1 − w2)

nw2 + β
)−ρ

=

∞∑
m=0

C(m)B(m)
Γ(µm + γ)Γ(νm + δ)

ym

(mw1 + α)σ(mw1 + β)ρ
+

C(0)
(α)σΓ(δ)

∞∑
n=1

B(n)yn

(nw2 + β)ρΓ(µn + γ)

+

∞∑
r=0

(ρ)r(−1)r(w1 − w2)r

r!

∞∑
n=1

B(n)yn

(nw2 + β)ρ+rΓ(µn + γ)

n∑
m=1

C(m)(m)r

(mw1 + α)σΓ(νm + δ)
.

= Kν,µ,γ,δ,α,β
B,C (y;σ, ρ,w1) +

C(0)
(α)σΓ(δ)

K0,µ,γ,1,α,β
B,1 (y; 0, ρ,w2)

+

∞∑
r=0

(ρ)r(−1)r(w1 − w2)r

r!

∞∑
n=1

B(n)yn

(nw2 + β)ρ+rΓ(µn + γ)
Kν,0,1,δ,α,0

1,C (1;σ,−r,w1, 1; n). (2.15)

Here,

Kν,0,1,δ,α,0
1,C (1;σ,−r,w1, 1; n) =

n∑
m=1

C(m)(m)r

(mw1 + α)σΓ(νm + δ)
. (2.16)

Now, we obtain a relation for (2.1) with the Srivastava’s zeta type function which is defined in ([34]-[36]) as

Eν,δ(φ; z, s, α) =

∞∑
n=0

φ(n)
(n + α)s

zn

Γ(νn + δ)
, (ν, δ ∈ C,<(ν) > 0). (2.17)

Here in (2.17), φ is a suitably-restricted function, the parameters ν, δ, s and α are appropriately
constrained.
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Then making an appeal to (2.14) and (2.17), we obtain a relation in the form

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
n=0

yn

Γ(µn + γ)

∞∑
r=0

(ρ)r

r!
{Eν,δ(A(m, n − m)(−z)r; (xy−1),w1, σ + ρ + r, α)}, (2.18)

where, the function Eν,δ(.) in relation (2.18) is given by

Eν,δ(A(m, n − m)(−z)r; (xy−1),w1, σ + ρ + r, α) =

n∑
m=0

A(m, n − m)(−z)r(xy−1)m

Γ(νm + δ)(mw1 + α)σ+ρ+r ,

and
z = (n − m)w2 + (β − α), β ≥ α > 0, 0 ≤ m ≤ n. (2.19)

Again in the general formula (2.1), setting A(m, n) =
(a)m+n(b)m(b′)n

(1)n
, µ = ν = δ = 1, γ = c, such that

c , 0,−1,−2, . . . .,and w1 = 1,w2 = w, we get a general Barnes type double series analogous to the Hurwitz-Lerch
function in the form

Φc
a,b,b′ (x, y, (σ, ρ), (α, β),w) =

1
Γ(c)

∞∑
m,n=0

(a)m+n(b)m(b′)n

(c)m+n(1)m(1)n

xmyn

(m + α)σ(m + nw + β)ρ
. (2.20)

The series (2.20) is absolutely convergent for all w, σ and ρ complex numbers, β ≥ α > 0, and with | arg(w)| < π
and |x| < 1, |y| < 1. Again, when x = y = 1; it converges absolutely for , β ≥ α > 0, w is a complex number with
| arg(w)| < π,<(σ) > −δ and<(ρ) > 2 + δ, δ is any positive real number.

Evidently, employing (2.20) with (1.7) for c , 0,−1,−2, . . . ., we derive

lim
σ→0,w→1

Φc
a,b,b′ (x, y, (σ, ρ), (α, β),w) =

1
Γ(c)

Φa,b,b′ ,c(x, y, ρ, β). (2.21)

provided that |x| < 1, (x , 1); |y| < 1, (y , 1) and<(ρ) > 0. Again, for x = 1, y = 1,<(ρ) > 1.
Again in (2.20) setting a = c, b = 1, b

′
= 1, x = 1, y = 1, σ→ 0 and c , 0,−1,−2, . . . ., we find it’s a relation with

the Barnes’ type function (1.3) as

lim
σ→0

Φa
a,b,b′ (1, 1, (σ, ρ), (α, β),w) =

1
Γ(c)

ζ2(ρ; β,w), (2.22)

provided that β > 0 and w is a non-zero complex number with | arg(w)| < π.
For all n,m ∈ N0 and |λ(n,m)| < 1, λ(n,m) =

(n−m)w2+(β−α)
mw1+α

, β ≥ α > 0, α, β ∈ R, w1,w2, ρ ∈ C,<(ρ) > 0,
n ≥ m ≥ 0, we suppose a sequence of functions as

ψ(n) =

n∑
m=0

A(m, n − m)
Γ(νm + δ)

(xy−1)m

(mw1 + α)σ+ρ 1 F0(ρ;−;−λ(n,m)). (2.23)

Then employing (2.14) and (2.23), we find a general Wright type function [52] given by

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
n=0

ψ(n)
yn

Γ(µn + γ)
. (2.24)

3. Integral Representations of the Double Series (2.1)
In this section, we obtain different integral representations by the double series (2.1).

Theorem 3.1. For all n,m ∈ N0 = N ∪ {0} and β ≥ α > 0, α, β ∈ R, w1,w2, σ, ρ ∈ C, and |λ(n,m)| = | (n−m)w2+(β−α)
mw1+α

| <
π, 0 ≤ m ≤ n,∀n = 0, 1, 2, . . . , if a sequence of functions exists as

Fn(x, y, z; t) =
tσ+ρ−1

Γ(σ + ρ)

n∑
m=0

A(m, n − m)
Γ(νm + δ)

{λ(n,m)}z(xe−w1ty−1)m, (3.1)

then, for<(σ + ρ) > 0, the function (2.1) is represented in a series of Mellin-Barnes type integrals as

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
n=0

yn

Γ(µn + γ)
1

2πi

∫ c+i∞

c−i∞

Γ(ρ + z)Γ(−z)
Γ(ρ)

[L{Fn(x, y, z; t);α}]dz. (3.2)

Proof. In the Eqn. (2.13), supposing λ(n,m) =
(n−m)w2+(β−α)

mw1+α
, 0 ≤ m ≤ n, and |λ(n,m)| < π, and then making an appeal

to the formula due to ([4], [16], [17], [51])

(1 + λ)−v =
1

2πi

∫ c+i∞

c−i∞

Γ(v + z)Γ(−z)
Γ(v)

λzdz, (3.3)
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where, −δ < c < 0, λ , 0, arg(λ) < π, δ > 0, we find that

Φ
µ,ν,γ,δ
A (x, y, (σ, ρ), (α, β),w1,w2) =

∞∑
n=0

yn

Γ(µn + γ)
1

2πi

∫ c+i∞

c−i∞

Γ(ρ + z)Γ(−z)
Γ(ρ)

n∑
m=0

A(m, n − m)
Γ(νm + δ)

{λ(n,m)}z (xy−1)m

(mw1 + α)σ+ρ
dz.

(3.4)
Now for n ≥ m ≥ 0 and<(σ + ρ) > 0, on defining the Laplace transformation of the sequence of functions (3.1),

with respect to the parameter α, where, α ∈ R\{0}, as

L{Fn(x, y, z; t);α} :=
∫ ∞

0
e−αtFn(x, y, z; t)dt,

we get a formula

L{Fn(x, y, z; t);α} =

n∑
m=0

A(m, n − m)
Γ(νm + δ)

(xy−1)m

(mw1 + α)σ+ρ
{λ(n,m)}z, (3.5)

where, |λ(n,m)| = | (n−m)w2+(β−α)
mw1+α

| < π,∀n ≥ m ≥ 0, β ≥ α > 0, α, β ∈ R.
Ultimately, making an appeal to (3.4) and (3.5), we get (3.2).
Hence, the Theorem 3.1 is followed.

Theorem 3.2. For β ≥ α > 0, α, β ∈ R, w1,w2, σ, ρ, η1, η2 ∈ C,<(η1) > 0,<(η2) > 0, the function (2.1) is represented
as double Eulerian integral

Φ
µ,ν,γ,δ
A (x, y, (σ + η1, ρ + η2), (α, β),w1,w2)

=

∫ ∞

0

∫ ∞

0
e−αt1−βt2 (t1)η1−1(t2)η2−1Φ

µ,ν,γ,δ
A (xe−w1t1−w1t2 , ye−w2t2 , (σ, ρ), (α, β),w1,w2)dt1dt2. (3.6)

Proof. By the definition (2.1), the right hand side of (3.6)

=

∫ ∞

0

∫ ∞

0
e−αt1−βt2 (t1)η1−1(t2)η2−1Φ

µ,ν,γ,δ
A (xe−w1t1−w1t2 , ye−w2t2 , (σ, ρ), (α, β),w1,w2)dt1dt2

=

∞∑
m,n=0

A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

xmyn

(mw1 + α)σ(mw1 + nw2 + β)ρ

×
∫ ∞

0

∫ ∞

0
e−(α+mw1)t1 e−(β+mw1+nw2)t2 (t1)η1−1(t2)η2−1dt1dt2. (3.7)

Now using the techniques of Lemma 1.3 in (3.7), we find∫ ∞

0

∫ ∞

0
e−αt1−βt2 (t1)η1−1(t2)η2−1Φ

µ,ν,γ,δ
A (xe−w1t1−w1t2 , ye−w2t2 , (σ, ρ), (α, β),w1,w2)dt1dt2

=

∞∑
m,n=0

A(m, n)
Γ(µm + µn + γ)Γ(νm + δ)

xmyn

(mw1 + α)σ+η1 (mw1 + nw2 + β)ρ+η2
. (3.8)

Finally, in the right hand side of (3.8) employing (2.1), we get left hand side of the result (3.6).
Hence, the Theorem 3.2 is followed.

Theorem 3.3. Consider that

ξ
µ,γ,ν,δ
B,C (x; (σ, ρ), (α, β)) =

∞∑
m=0

C(m)B(m)xm

Γ(µm + γ)Γ(νm + δ)(m + α)σ(mw2 + β)ρ
, (3.9)

for β ≥ α > 0, α, β ∈ R, and set w1 = w2, such that w2, σ, ρ ∈ C, A(m, n) = C(m)B(m + n), then the function (2.1)
becomes in the form

Φ
µ,ν,γ,δ
B,C (x, y, (σ, ρ), (α, β),w2,w2) =

∞∑
m,n=0

C(m)B(m + n)
Γ(µm + µn + γ)Γ(νm + δ)

xmyn

(m + α)σ(mw2 + nw2 + β)ρ
, (3.10)

and then (3.10) is represented as series of Mellin-Barnes type integral as
Φ
µ,ν,γ,δ
B,C (x, y, (σ, ρ), (α, β),w2,w2) = ξ

µ,γ,ν,δ
B,C (x; (σ, ρ), (α, β))

+
1

(β)ρ
1

2πi

∞∑
n=1

B(n)yn

Γ(µn + γ)
E(n)
ν,δ (φ;

x
y
, s, α)

∫ c+i∞

c−i∞

Γ(ρ + z)Γ(−z)
Γ(ρ)

(
nw2

β
)zdz,

where,

E(n)
ν,δ (φ;

x
y
, s, α) =

n∑
m=0

C(m)
Γ(νm + δ)

( x
y )m

(m + α)σ
. (3.11)
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Proof. For m ≥ 0, n ≥ 1,max{−<(ρ), 1 − <(σ + ρ)} < c < −1, making an appeal to the function (3.9), we write the
formula (3.10) in the form

Φ
µ,ν,γ,δ
B,C (x, y, (σ, ρ), (α, β),w2,w2) =

∞∑
m,n=0

C(m)B(m + n)
Γ(µm + µn + γ)Γ(νm + δ)

xmyn

(m + α)σ(mw2 + nw2 + β)ρ
. (3.12)

Now employing a series rearrangement techniques in the relation (3.12), we write

= ξ
µ,γ,ν,δ
B,C (x; (σ, ρ), (α, β)) +

∞∑
n=1

B(n)
Γ(µn + γ)

yn

(nw2 + β)ρ

n∑
m=0

C(m)
Γ(νm + δ)

( x
y )m

(m + α)σ
.

= ξ
µ,γ,ν,δ
B,C (x; (σ, ρ), (α, β)) +

1
(β)ρ

1
2πi

∞∑
n=1

B(n)yn

Γ(µn + γ)
E(n)
ν,δ (φ;

x
y
, s, α)

∫ c+i∞

c−i∞

Γ(ρ + z)Γ(−z)
Γ(ρ)

(
nw2

β
)zdz,

(on applying (3.3)), where,

E(n)
ν,δ (φ;

x
y
, s, α) =

n∑
m=0

C(m)
Γ(νm + δ)

( x
y )m

(m + α)σ
.

4. Concluding Remarks
These researches are very useful in analytic continuation and number theory studied earlier in ([1], [2], [3], [51],
and others). Since the function (2.1), introduced here in this work, is related with various analytic functions for
example ([4], [16], [17] and others), and with the Srivastava-Daoust two variables hypergeometric function (2.5), a
generalization of Kampe’ de Fe’riet function [46] given in (1.10) and various Hurwitz-Lerch type functions and Barnes
functions of two variables.
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bha, 47(1) (2017), 125-138.

[19] H. Kumar, Application in initial value problems via operational techniques on a contour integral for Srivastava-
Daoust function of two variables, Jñānābha 50(2) (2020), 84-92.
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