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Abstract

This paper deals with the nonlinear dynamics of Susceptible, Infected, Recovered epidemic model with a
particular non linear incidence rate and the consequences of media awareness program. The model analysis shows
that the spread of an infectious disease can be controlled by using awareness programs. Different equilibrium points
and their stability are discussed. The basic reproduction number Ry is obtained. We also apply Lasalle’s invariance
principle to show that the disease-free equilibrium is globally asymptotically stable if Ry < 1 and we use a geometric
approach to find out the global stability of the endemic equilibrium. In addition, to our analytical results, several
numerical simulations are also illustrated.
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1 Introduction

Mathematical models of infectious diseases are proven to be very important in better understanding of epidemiological
patterns and disease control in human populations. In the study of the epidemiological models, incidence rate play a
very important role while controlling the transmission of infectious diseases. Epidemic models with different types of
incidence rate have been studied and developed by many authors. In order to model this disease transmission process
many authors use the incidence functions: The earliest one is the bilinear incidence rate ASI used by Kermack and
Mckendrick [7] in 1927. In 1978, Capasso and Serio [3] introduced a saturated incidence rate %{u by research of the

a1

Cholera epidemic spread in Bari. Also in 1978, May and Anderson [1] proposed the saturated incidence rate >¢.

The general incidence rate 25 was proposed by Liu et. al. [10, 11] in 1986-87, Derick and Ven Den Driessche [4] in
APS

1993, etc. Ruan and Wang [17] studied an epidemic model with a specific nonlinear incidence rate {,-3; and presented
a detailed quantitative analysis and bifurcation analysis and Bogdanov-Takens bifurcation for the model in 2003. Xiao
and Zhou [20] considered the non-monotone incidence rate ; ﬂj[’fa 7z in 2006. To model the effects of psychological
factor, protection measures and intervention policies when a serious disease emerges, Xiao and Ruan [21] proposed
the specific incidence rate % in 2007.

Controlling infectious diseases has been an increasingly more and more complex issue in recent years. In the
field of epidemiology, treatment, vaccination, isolation, media awareness program and many more play a crucial
role in controlling the disease spread. Media is can be helpful to develop the awareness among in common people
regarding the rich nature of the disease, make people knowledgeable about the disease to take precautions such as
social distancing, wearing protective masks, vaccination etc., to reduce their probabilities of being infected and some
other impacts. It is observed that, media coverage gives rise to healthy behaviour among the population. Few research
works on media coverage can be found in [8, 9, 12, 16, 18]. However, mathematical models to study the disease

transmission dynamics together with media effect is still largely remain unexplored.
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In the present research, we intend to study the influence of media coverage to control and eradicate the disease with
a particular non-linear incidence function U(S, I) = % used by [2], which has the property of being saturated
with infectives as well as with susceptible individuals. We can see that

dU(S,I) _ AS(1 + ayS — anl?)
oI (1+a,S +anl?)’

(1+a;S)
@

which is positive when I? < and negative when 12 > %8 Hence, U(S, 1) is a non-monotonic function

with respect to I, since it increases when the number of infectives is relatively small but decreases as the number of
infectives becomes larger. On the other hand
ou(s,n A+ %)
as (1+a1S + a2’
so U(S, I) grows monotonically with respect to susceptibles.

This kind of non-linear and non-monotonic incidence function models the idea that, at the beginning of the
infection, the population has little awareness of preventive measures, so the contact rate increases rapidly. As time
advances, media reporting on early stage symptoms of the disease, the population becomes more aware of the risk and
takes measures to control or eradicate the disease, so the number of infectious contacts decreases.

This manuscript is organized as follows: In Sect.2, SIRS model is presented. In Sect.3, basic properties of
solutions are discussed. In Sect.4, we calculate the basic reproduction number then in Sect.5, we determine all possible
equilibria of model. In Sect.6, we discuss and analyze the local stability of the equilibriums. In Sect.7, we discuss and
analyze the global stability of the equilibriums. We present in Sect.8, some numerical examples of the dynamics of
the model. Finally, in Sect.9, swe discussed the conclusion.

>0,

2 Model Formulation
In this section, deterministic nonlinear S /RS model is considered by taking media awareness and particular incidence
rate into account. The variables and parameters of the model are described in Table 2.1 and Table 2.2 respectively.

Table 2.1: Description of the model state variables.

State variables | Description
S(1) Number of susceptible individuals at time #
1(t) Number of infected individuals at time ¢
R(®) Number of recovered individuals at time ¢
N(@) The total population size at time ¢

To model the situation considered a region with total population N(#) at any instant of time ¢. By taking into
account the aforementioned considerations, the system of equations that capture the dynamics of the infectious disease
is designed and the ordinary differential equations of the system (2.1) is as follows.

ds AST

—=a-d5S - ————— R— pSM

glt a /1S11+QIS + arl? TR p
2.1 = —(d+0)I

dt  1+a,S +anl?

dR
— =01-(d+BR+pSM.

whose state space is the first quadrant R; ={(S, I, R):S >0, >0, R> 0} and subject to the initial conditions
S0)=S80=>0,10) =1y >0, R(0) = Ry > 0. It is assumed that all the parameters are positive.

76



Table 2.2: Description of the model parameters.

State parameters | Description

a Recruitment rate of the population

d The natural death rate of the population

A The effective contact rate

a1 &a; The parameter measures of the psychological or

inhibitory effect

B The rate at which recovered individuals lose immunity
and return to susceptible class

) The natural recovery rate of infection

p The dissemination rate of awareness among unaware
susceptible due to which they form a different class

M The media control parameter (fixed)

3 Basic Properties of the Model
Summing up the four equations of model (2.1) and denoting

N@) =S@® +1(t) + R@),
having

N'() =a—dN.

If disease is not present, then N’(#) = a — dN. This shows that population size N — § as t — co. It follows that the

solutions of model (2.1) exists in the region defined by
B.1) Q={(S, I, B eR;:S, I, R>0, S+1+R<a/d}.

This gives the following lemma which shows that the solutions of model (2.1) are bounded, continuous for all
positive time and lie in a compact set.

Lemma 3.1 The set Q defined in (3.1) is a positively invariant region for model (2.1). Moreover, every trajectory of
model (2.1) is eventually staying in a compact subset of Q.

4 Basic Reproductive Number

The basic reproduction number sometimes called basic reproductive rate or basic reproductive ratio is one of the
most useful threshold parameters which characterize mathematical problems concerning infectious diseases. This
metric is useful because it helps determine whether or not an infectious disease will spread through a population. In
this section, we will calculate the basic reproduction number Ry of system (2.1) by using the next-generation matrix
method described in [19]. For that, we rewrite model (2.1) as

dx
— = F(x) — B(x),
7 (%) — B(x)
where x = (IR, S),
ST (y+o+d+d)l
TraiS+axl? =6l +(u+d+d))Q
F(x) = 8 and B(x) = —yI = uQ +dR
BSI
—A+dS + (I+a1S)(1+azl)
We calculate the Jacobian matrices for F(x) and B(x) at the disease-free equilibrium xo = (0,0,a/d + pM ).
aja p.
F = 0 0 ov=| -0 d+p —-pM |
Aa
0 0 0 ToMiaa B d+pM
FV~! is the next generation matrix for model (2.1). It then follows that the spectral radius of matrix FV~' is
P(FV1 = Wlm. Thus, the basic reproduction number of model (2.1) is
Aa

R = .
07 (aay +d + pM)(d + 9)
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5 Existence of Equilibria

In this section, we obtain the existence of the disease-free equilibrium Ej and the endemic equilibrium E* of model
2.1).

Set the right sides of model (2.1) equal zero, that is,

AS1T
—dS - — 2 L BR—pSM =0
“ /lSI1+a]S+a'212+ﬁ P
G.1) —(d+&)I=0

1+ a1S +apl?
0l —(d+BR+pSM =0.
The model (2.1) always has the disease-free equilibrium point Eo(ﬁ, 0,0). Solving (5.1) we also get a unique
positive, endemic equilibrium point E* (S*, I, R*) of the model (2.1), where
(d+6)(1 + arl?)

St =
A—ai(d+9)
. Ol+pSM
@+p)
and [* is given as a root of the quadratic equation O+l + Q3 =0,
where

Q) = —ard(d + 6)(d + B + pM),
Q) = —(d* + dB + 6d)(A — ayd — @, 6),
Qs = a(d + B)[A - (d + &)ar] + (d + 6)[-pMd — d(d + B)].
Now,
o (d® + dB + 6d)(A — ayd — a16) + VA
—2a,d(d + 6)(d + B+ pM) ’

where,
A? = [—(d* + dB + 6d)(A — a1d — 016 = 4l{—ard(d + 5)(d + B+ pMja(d + B)x
(A= (d + a1} + (d + 6){—pMd — d(d + B)}].

6 Local Stability Analysis

In this section, we study the local stability of the disease-free equilibrium E( and the endemic equilibrium E* of model
2.1).

Theorem 6.1 If Ry < 1, the disease-free equilibrium Ey of model (2.1) is locally asymptotically stable. If Ry > 1, the
disease-free equilibrium Ey is unstable.

Proof. The Jacobian matrix of model (2.1) at the disease-free equilibrium E is
—Aa

—d - pM T
P d+ pM + aja B
JE)=| o M _4is 0
d+ pM + aja
pM 1) —(d+p)
The characteristic equation of J(Ey) is
Aa
— —d -5 — i’ + Q2d + pM + B + (d* + dB + pMd)} } = 0.
{{d+pM+ala HHp” + (2d + pM + B+ ( B+ p )}}

Aa
d+pM+aia

12+ 2d + pM + By + (d* + dB + pMd) = 0

Clearly, the one eigenvalue y; = — (d + ¢0) and other two eigenvalues are given by the quadratic equation

or
{2+ s+ = 0,A0 £ 0,
where y = 2d + pM + 8, ¥» = d*> + dB + pMd.
By Routh-Hurwitz criteria, we know that the model is stable if 1 > 0 and ¥, > 0, while y; < 0 for Ry < 1 and
M1 > 0 for Ry > 1.
Hence E is locally asymptotically stable for Ry < 1, while it is unstable for Ry > 1.
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Theorem 6.2 If Ry > 1, the endemic equilibrium E* of model (2.1) is locally asymptotically stable.
Proof. Consider

-V, - d— pM -V, ﬂ
JE) = Vi Vi—@d+s) 0 |,
oM 6 -d+p)
where V, = (xS +aal’ Har STy (S el DAS* 208" ey
(l+a1S*+ay 12 (1+a1S*+ax[*2)

The characteristic equation of J(E™) is
1+ 1PAL + pAr + A3 = 0,A0 # 0,
where
Al =@Bd+06+B+pM+v)—v),
As = (d* + Bvy + pMvy + 28pM + 2dp + B — 6vi — Bva — SpM),
Az = (d + B)(dvy + pMvy — d*> — dpM — dv; — d6 — SpM — 6vy) + Bvi6 + BpM(d + 6 — v»).
We know that A; > 0if 3d+0+8+pM+v, > v, and Ay > 0if (d2+8v1+pMv,+2B8pM+2dB+B5) > (v, +Bvr+SpM).

By Routh-Hurwitz criteria, endemic equilibrium E* of model (2.1) is locally asymptotically stable if and only if A; > 0,
A2 > 0 and A1A2 > A()A3.

7 Global Stability Analysis
In this section, we study the global stability of the disease-free equilibrium Ej and the endemic equilibrium E* of
model (2.1).

Theorem 7.1 If Ry < 1, the disease-free equilibrium Eq of model (2.1) is globally asymptotically stable.

Proof. We prove the global stability of the model (2.1) at the equilibrium Ey when Ry < 1. Taking the Lyapunov
function
V(S,I,R) = I(1).
Calculating the derivative of V(¢) along the positive solution of model (2.1), it follows that
v dl AST
dt —dt (1+a1S +aal?)

Since the incidence function

Al
AS1 Tepht
<

A+a1S +arl?) ~ 1+ 2L + @,]?

d+pM
for0< S < d+ TR

- (d+9)l.

. Aa
V() < m—(d+5) 1

=(d+06)[Ry—111<0.

Furthermore, V = 0 only if I = 0, so the largest invariant set contained {(S, I, R) € Q: V =0} is the plane 7 = 0.
By Lassalle’s invariance principle [13], this implies that all solution in Q approach the plane / = 0 as t — co. On the
other hand, solutions of (2.1) contained in such plane satisfy & = a—dS +BR - pS M, “f = —(d +B)R + pS M, which
implies that § — - and R — 0 as r — oo, that is, all of these solutions approach E| is globally asymptotically
stable in Q.

Next, we analysis the global stability of an endemic equilibrium E* by using geometric approach method described

by Li and Muldowney in [14]. For that, we need to consider a parameter

S (a1 —2a,1)
w = max —[)M N 1+”15+0212( - 1+Z:S+(;2712) +B,6(2-p)—p-
= (S+I SIn] ) ﬁ+6— 2/150212 .
12 12 e

1+ S +an I?

1+ar]S+a/2 l+aS +ap

and we will make use of the following Theorem.
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Theorem 7.2 (Li Muldowney [14]). Suppose that the system x' = f(x), with f : D C R" — R", satisfies the following:
(H1) D is a simply connected open set,
(H2) there is a compact absorbing set K C D,
(H3) x* is the only equilibrium in D.
Then the equilibrium x* is globally stable in D if there exists a Lozinskii measure nsuch that
1

(7.1) lim sup sup — ['n(B(x(s, x0)))ds < 0,

I xoek T

(72) B = PfP71 + PJ[2]P*1
and Q — Q(x) is an (;) X (g) matrix valued function.

In our case, model (2.1) can be written as x’ = f(x) with f : D C R"” — R" and D being the interior of the feasible
region Q. The existence of a compact absorbing set K C D is equivalent to proving that (2.1) is uniformly persistent
(see [14, 5]) and the proof for this in the case when Ry > 1 is similar to that of proposition 4.2 of [14]. Hence, (H1)
and (H2) hold for system (2.1), and by assuming the uniqueness of the endemic equilibrium in D, we can prove its
global stability with the aid of Theorem 7.2.

Theorem 73 If Ry > 1, d < w and the endemic equilibrium E* of system (2.1) is unique, then E* is globally
asymptotically stable in the feasible region Q.

Proof. Let J be the Jacobian matrix of the system (2.1). Then the second additive compound matrix [15] of J is given

by
Jii+Jxn o3 —Jiz
Je = J3 Jin +J33 Ji2 ,
_]31 J21 ]22 + J33
—d — pM —vi +v2 = (d +6) 0 5
J[Z]: 6 _d_PM—V1+(—d—,B) —v, ’
—rM Vi vy = (d+6)~(d+p)
where, v, = WaStaDUSla - (+eiS+ar)AS 25 Pay

(I+a1 S +an I2)? (I+a1 S +an 2)?

Let P be the matrix-valued function defined by P = P(S,I,R) = diag(i, %, %); then P is C! and non-singular in
the interior of Q, Py = diag(*Z-, S0, SE0) and P = diag(s, 5. 5), PP = diag(5 - 7.5 - 1.5 - 7
and B = PfP‘1 + PJ21p~1 Then B can be written in the block form

Bii B
B= R
(321 Bzz)

with By =% =L —d - pM —vi + v, = (d +6), Bia = (0,—p), By = (_IfM)and

B _(%—’%—d—pM—le—d—,B) ) )
2 Vi L —d+o)-d+p)

Consider the vector norm in R3 defined by ||(u, v, w)|| = max{|u|,|v| + |w|]} € R® and let ;5;(B) be the Lozinski;
measure with respect to this norm. Then
(7.3) m(B) < supfgi, g2},
where, g1 = (By1) + |B12l, g2 = u(Ba2) + |Bail, |B12| and |B,;| denote the matrix norm with respect to /; vector norm
in norm R? and 11 is the Lozinski? measure of By, with respect to /; vector norm in R2. We have |B2| = 0, |Byy| = 6,
U(Bo) = % - ’7 —d+ max{—-pM —v, —d - 8,v, —d — 6 — B}. From the second equation in the system (2.1), we have

r BS

- = -(y+6+d+d +¢q.
I~ Uras)dzaD 1)
Therefore,

A Sla

B 2= U5 v man g e A g S
H(B22) = g / max pPM-p (1+a/1S+a/212)( (1+a1S +al?)
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. 2SPw }
(1+a,S + a2

Then

A STy = 2a2D)]

2 - 2 +B7)

A+ +ml)  [(A+as + )]

A Sla’1
- S+ ]- -2
Tras 1 " dras ool

g1=8"/S —(d+pM)-
g2=S'/S—d+max{6—pM—,8—

218 I
A — —(122} + 0.
(1 +a1S +axl?)

By (7.3), this implies that

Al S(a; —2ayl)
~pM - 31— =) + 8,62~ p) — B~
(B)<S’/S—d+max 1+CY[S+O(21 1+C¥]S+a’2]
{B) = Pl Sla, 218 arI?
S +1 ),—B+0—

1+a1S +arl? 1+ aS + a2 1+a1S +arl?

=8'/S —(d-w).

By integrating both sides at the same time, we obtain

1
— JymBds <{Ingig — (d - w).

Thus
. 1
;lgg sup sup " fo m(B)ds <—(d—-w)
and therefore,
;lgg sup sup % fot m(B)ds < 0,
provided d > w. Hence, E* is globally asymptotically stable in Q.

8 Numerical Simulations

In this section, we will give some numerical examples to illustrate our main results by using Milstein’s Higher Order
Method [6]. All simulations are done using the function ode45, which is MATLAB'’s standard solver for ordinary
differential equations (ODE'y).

As the present study is not a case study, no real data are available. Hence, the choice of parametric values is
hypothetical with appropriate units and does not base on data. They are chosen only for illustrative purpose. Because
the parametric values are not related to a specific disease, system (2.1) can be considered to be dimensionless.
The interval of time is supposed to be [0, 50], while the various set of initial size of population are assumed to be
(5(0),1(0), R(0)) = (50,40,30). Here we present some numerical examples to discuss the effect of the choice of the
parameters, nonlinear incidence rate and media awareness effect on the basic reproduction number Ry. For simulations,
we take the set of parameters as shown in Table 8.1 and Table 8.2.

Table 8.1: Parameters used for simulation purpose when Ry = 0.09375 < 1.

Symbol | a | d o A M |p | | a
Value 15/05]001|09|05|08]|20]0.7]|0.1

Table 8.2: Parameters used for simulation purpose when Ry = 3.024194 > 1.

Symbol | a B d 0 A | M P a; | @
Value 1001|0104 )|20|08]| 078 |0.1 0.7

For this simulation, we take the set of parameters as shown in Table 8.1. In this case, S (¢) approaches to its steady
state value while I(¢), Q(7) and R(¢) approaches to zero as t — co. Hence the disease disappears and dies out. (Fig. 8.1).
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Figure 8.1: The figure represents that the disease dies out. Figure 8.2: The figure represents that the disease endemic.

For these simulations, we take the set of parameters as shown in Table 8.2. Here, Fig. 8.2 present S (), I(¢) and
R(?) all approaches to their steady state values as t — co. Hence the disease becomes endemic.

Fig. 8.3 we present the variation of susceptible class when media effect is applied. The main importance of
applying media effect can be observed in Fig. 8.4, where we draw the variations of infected individuals. It is observed
that when media effect is applied optimally, the infected class population remains the least.Fig. 8.5 represents the
variation of recovered class of population. Thus the Figs. 8.3-8.5 represent the behavioral change of all classes of
population as time evolves. Fig. 8.6, represents the phase portrait in S /RS -space with different initial conditions. This
phase diagram shows that tli)rg S@),I(),R(1) =(S*,I",R*) for Ry > 1.
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Figure 8.3: Variation of the susceptible population for media control. Figure 8.4: Variation of the infected population for media control.
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Figure 8.5: Variation of the recovered population for media control.

Figure 8.6: The phase diagram at different initial values endemic equilibrium.

9 Discussions and Conclusions

This paper presented a mathematical study of STRS epidemiological model with a non-monotonic incidence rate and
effect of awareness program through media coverage is considered as measure of disease control. The mathematical
analysis shows that the basic reproduction number R, plays an important role to control the disease, we see that the
basic reproduction number R of our model contains the term aa; in the denominator. Hence the saturation factor
of epidemic control (@) can contribute to reducing Ry, whereas the inhibition factor with respect to infective (a;)
does not influence that value. We also show that the disease-free equilibrium Ej is locally and globally asymptotically
stable if Ry < 1 and unstable if Ry > 1 under certain conditions. Similarly, for the endemic equilibrium E*, it has
been obtained under certain conditions for locally as well as globally asymptotically stable. The phase diagram is
demonstrated in Fig. 8.6, at different initial values to validate the global stability. The model analysis further shows
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that awareness programs through the media campaigning are helpful in decreasing the spread of infectious diseases.
This kind of models can be particularly enlightening for the planning of public health policies for the control

of diseases such as influenza, malaria, salmonella, cholera, whooping cough, and measles, COVID-19 since we can

discover the many different behaviours the model can have as the parameters are varied.
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