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Abstract

In this paper, we prove the Hyers-Ulam (HU) stability of the first and second order partial differential equations:
uy(x, 1) + K(x,u(x, 1)) = 0 and u,(x, 1) + F(x,u)u,(x,t) + H(x,u) = 0 respectively.
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1 Introduction

Hyers Ulam (HU) stability of differential equation has drawn much attention since Ulam’s [16] presentation of the
problem on stability of group homomorphism in 1940 and Hyers’ [5] partial solution to it in 1941. For ordinary
differential equations one can refer [3, 15, 6, 7] and [8, 9] for partial differential equations. Its various extensions have
been named with additional word. One such extension is Hyers Ulam Rassias (HUR) stability. HUR stability for linear
differential operators of n™™ order with non-constant coefficients is studied in [10] and [11]. HUR stability for special
types of non-linear equations has been studied in [1, 2, 12, 13, 14]. In 2011, Gordji et al. [4], proved the HUR stability
of non-linear partial differential equations by using Banach’s Contraction Principle. In this paper, we prove the HU
stability of first and second order partial differential equations:

(1.1) uy(x,t) + K(x,u(x,t)) =0,
where K : J xR — R is a continuous function, u(x, ) € C'(J x J), J = [a, b] be a closed interval and
(1.2) uxi(x,t) + F(x,wu,(x,1) + H(x,u) =0,
where F, H : J x R — R are continuous functions. Here u(x, ) € C*(J x J).

First we define HU stability.
Definition 1.1 The equation (1.1) is said to be HU stable if the following holds:
Let € > 0. Assume that , for any function u(x,t) € C' satisfying the differential inequality
(1.3) |ux(x,t) + K(x,u(x,1)| <€, Vx,teJ,
there exists a solution uy(x,t) € C' of equation (1.1) and M(€) > 0 such that

u(x,t) — up(x, 1) < M(e), Y(x,t) € J X J.

Similarly we can define HU stability for equation (1.2).
We need the following result.

Theorem 1.1 (Banach Contraction Principle) [4] : Let (X,d) be a complete metric space and T : X — X be a
contraction , that is, ther¢ exists a € (0, 1) such that d(Tx,Ty) < ad(x,y),Yx,y € X. Then I a unique a € X such that
Ta = a. Moreover,a = "™ T"x and d(a, x) < ——d(x, Tx),¥x € X.

n—co (1-a)
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2 Main Results

In this section we prove the HU stability of first and second order partial differential equations (1.1) and (1.2)
respectively.

Theorem 2.1 Let xo € J and K : J X R — R be a continuous function such that

(2.1) 1K(x,v(x, 1) = K(x, w(x, )| < Av(x, 1) — wlx, 0], Vx, 1 € J,

where A > 0,4 € R and v(x, 1), w(x,1) € C.

Let
22) My = supl’ ds',
xeJ
with 0 < AM; < 1. Let u(x,t) € C' satisfy
2.3) |ue(x, 1) + K(x,u(x, 1) < e,Yx,t € J,

then there exists a unique function uy(x,t) € C', such that

6140

ZO(x, 1) + K(x, uo(x, 1)) M,
ox

d 1) — D < ————e.
<€ and|u(x,t) — uy(x,1)| 1—/1M16

Proof. Consider the differential equation
24) uy(x,t) + K(x,u(x,1) =0, Vx,t e J.

We define a metric d and an operator P on C', respectively by
(2.5) d(&,m) = supld(x, 1) = n(x, 1)

x,teJ
and
(PO)(x,1) = u(xp, 1) — f;(: K(s,Z(s,1)ds,N¢ € C'.
Consider,
d(P¢, Pn) = fgl(PO(x’ 1) = (Pn)(x, 1)

= sup|-— fxx K(s, (s, ))ds + fx K(s,n(s, 1))ds|
xrel 0 o

= supl [ K(s.¢(s,0ds = [ K(s,n(s, D)ds]

< sup| [} K (s, £(5,1)) = K(5,1(5, 0)Ids|
X, €

< sup fx: AL(s, 1) —n(s, t)|ds| (by equation (2.1))
xteJ

< 4 sup| [ suplg(s,0) = (s, Dlds|
x,te s,te]

< Ad(¢,m) x sxl5>|fxo ds'

<Ad(¢,m) x M,  (by equation (2.2) ).

Then by using Banach Contraction Principle, there exists a unique uy(x, ) € C' such that Pugy(x, ) = up(x, 1). Thus
ug(x, t) satisty u(xo, ) — fxi: K(s,ug(s,)ds = up(x,t) and

1
2. < — Pu).
(2.6) d(up,u) < =, d(u, Pu)
Now by inequality (2.3) we get,

P
—e< a—”(x, B+ K(x, u(x, 1) < e,¥x,1 € J.
X

Integrating from x( to x we get,
X "X Ou "X
—Ef)m ds < fxo {a(s, 1) + K(s, u(s, t))} ds < 6fX0 ds,
= —€ [0 ds < {u(x,0) = u(xo,1) + [ K(s,u(s,0))}ds < € [ ds.
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= esupf ds < 6f ds < { u(xt)—u(xo,t)+f K(s, u(st))ds<ef ds<supf ds.

xeJ xeJ

= —€ ilgﬂ fx’; ds| < —€ sup fx‘: ds < —€ fx’; ds < {u(x, 1) — u(xo, 1) + f;; K(s,u(s,)}ds
Sefx()dss igg)f){ﬂdsﬁe ig?'fxodsl'

= —eM < {u(x,t) —u(xp,t) + fxxo K(s,u(s,t)}ds < eM,.
= [uCx, ) — u(xo. ) + [ K(s,u(s, 1))ds| < eM;.

= |u(x, 1) — (Pu)(x,1)| < eM;.

= suplu(x, 1) — (Pu)(x,1)| < eM,.

xrel
= d(u,Pu) < eM,.

Using this inequality and equation (2.6) we get,
le(x, 1) — uo(x, O] = luo(x, 1) — u(x, 1)

< Sup|u0(x, t) - u(-x7 t)'
x,teJ

d(uy(x, 1), u(x,t))

< d(u, P
< T, e o
M,
S —————6€.
1—-AM,;

We now prove the HU stability of equation (1.2).

Theorem 2.2 Let xo € J and F,H : J X R — R be a continuous functions such that
Q.7) |F(x,v(x, 0)ve(x, 1) — F(x, wx, )wy(x, 1) < 4v(x, 1) — w(x, 1),

and

(2.8) |H(x,v(x,1)) — HCx, w(x, )| < A|v(x, 1) — w(x, D), Vx,t € J,

where 11,2, > 0,1, A, € R and v(x, 1), w(x, 1) € C2(J X J).

Let
17 dsy),

(29) M, = sup

x,yeJ
with 0 < {A; + ,}M> < 1. If u(x, t) € C*(J x J) satisfy
2.10) |uy(x,t) + F(x,w)u(x,t) + H(x,u)| < €, VYx,t € J,
then there exists, a unique function, uy(x,t) € C2(J x J),

such that ‘9 2 (x, 1) + F(x, up(x, t))a‘“’ (x, 1) + H(x, ug(x,1)) = 0 and |u(x,t) — ug(x, )| < 1{/1]1:/{#6

Proof. Consider the differential equation

2
@1 > Ou (xt)+F(xu(xt)) (xt)+H(xu(xt))—0theJ

We deﬁne a metric d and an operator P on C2(J X J), respectively by
(2.12) d(Z,n) = supl{(x, 1) — n(x, ),

x,tet

and
(PO(x 1) = ulxo, 1) = [ [2 F(s,{(s.0)4(s, Dydsdy = [ [* H(s, £(s,0)dsdy

Y £ eC*(IxJ).
Consider

d(Pg, Pn) = sup|(PO)(x, 1) — (Pn)(x, 1)

x,red
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= supl - [ [ FGs, (s, 0)¢(s,ndsdy = [ [7 H(s, (s, 1)dsdy

+ [0 [ FlsonCs,opm(s,ndsdy + [ 2 H(s,n(s, 0)dsdy]
= supl [ [ FGs, 205,004, ndsdy + [ [7 H(s, (s, 1)dsdy

= [y L2 FCs.nts. 9. dsdy = [ [ Hs.nis. 0)dsd
= supl [ [ F(5. 65,005 0dsdy = [ 2 Fls.n(s. 0y (s.dsdy

+ o Jo Hes. s t0dsdy = [ [ Hs.n(s. 0)dsdy
g sur;l fxi fx}:) F(s, £(s, D)s(s, Ddsdy — fx z fx:] F(s,n(s, 0)n(s, H)dsdy|

+ supl [, Hs. £(s.00dsdy = [ [ His.n(s. 0)dsdy]

< sup| [0 [, (s, (5, 0)2,(5,1) = F(s, (s, D)ns(s, Dldsdy]

+ supl [ ) [H(s,£(5, 1)) = H(s, (s, 1)ldsdby

< sup| [ [* Aalg(s, ) = (s, Didsdy| + sup| [ [* Dole(s, 1) = s, Didsdy
x,tel 040 x,tet’ 040
(by equation (2.7) and (2.8))
<A sup|fx)(: fxf) sup|Z(s, 1) — n(s, t)|dsdy|+
x,reJ s,teJ
L5 L suple(s, 0) = n(s, Dldsdy|

s,teJ

Xy
<A :tlelj| fxO fxO d({,n)dsdy‘ + A ::161;

<+ (@ supl [ 7 dsdy|
x,te
< {1 + }d(, mM: (by equation (2.9))
< {1 + LIMy x d(L, ).
Therefore by using Theorem 1.1 , there exists, a unique, uo(x, 1) € C2(J x J) such that Pug(x, 1) = uo(x, t). Thus
uo(x, t) satisfies
X [y X [y

(2.13) u(xo.1) = [ [ F(s.uo(s, 0us(s, 0)dsdy = [ [ H(s, uo(s. 0)dsdy = uo(x. 1)
and

Ay sup

x,teJ

I [2 d, mdsdy

1
d < —————d(u, Pu).
(- 0) < Ty P

Now by inequality (2.10) we get,
i 0
—-€< —u(x, 1+ F(x, u)—u(x, N+ H(x,u)<e Vx,tel
0x? ox

Integrating from x( to x we derive,
- | ’; ds < 3 (x,0) = (x0.0) + [ ’; F(s,u(s, D)u(s, ds + [ ’0‘ H(s,u(s.t))ds < € [ 0 ds.
Again integrating from x, to x we obtain,
—€ fxz fx:] dsdy < u(x,t) — u(xg, t) — [u(xo, 1) — u(xp, )] + fxz fx“(v) F(s,u(s, 0)us(s, )ydsdy
X [y X [y
+ fxo fxo H(s,u(s,1)dsdy < efXU fxu dsdy.
By using the equation (2.12) we get,
—€ fx: fx? dsdy < u(x,t) — (Pu)(x,t) < efx: f; dsdy.
= —€ sup fxz fxf)dsdy < —efxzfxf)dsdy <u(x,t) — (Pu)(x, 1) < efxz fxidsdy < € sup f;;f);dsdy.
x,yeJ x,yeJ

= —€ sup
x,yeJ

f;(: fx}o dsdy| < —€ f:lg f;{j fx:) dsdy < —€ fxz fX: dsdy < u(x,t) — (Pu)(x, 1)
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Sefxzf);dsdyﬁe igé})ff){jf){'ﬁdsdySG f;lg|fxifxidsdy|

= —€ sup
x,yeJ

= —eM; < u(x,t) — (Pu)(x,t) < eM,.

fx)(: fx}o dsdy| <u(x,t) — (Pu)(x,t) < € sup‘ fxz fX‘o dsdy'.
x,yeJ

= |u(x, 1) — (Pu)(x,1)| < eM,.
= suplu(x, 1) — (Pu)(x,t)| < eM,.
x,teJ

= d(u, Pu) < eM,,
which with equation (2.13) yields

|I/t()C, t) - uO(x’ t)' = |M0(x’ t) - M()C, t)l

< Supl“o()@ t) - u(x, t)l
x,teJ

= d(up(x, 1), u(x, 1)),
1
T 1= {4+ M,
M,
<72
1 — {4 + }M;

d(u, Pu),

Hence the result.

3 Conclusion

In this paper, we have proved the Hyers - Ulam stability of first and second order partial differential equations (1.1)
and (1.2) respectively by employing Banach’s Contraction Principle.

Acknowledgement. The authors are very much grateful to the Editor and Reviewer for their valuable suggestion’s for
the improvements of the paper in its present form.
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