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Abstract

Suppose K be a complete ultrametric algebraically closed field and suppose A(K) be the K-algebra of entire
functions on K. In this paper we study some growth properties of composite p-adic entire functions on the basis of
their relative (p, ¢)-th order, relative (p, ¢)-th type and relative (p, g)-th weak type.
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1 Introduction and Definitions
Let us consider K be an algebraically closed field of characteristic 0, complete with respect to a p-adic absolute value ||
(example C,). For any a € K and R €]0, +oo[, the closed disk {x € K : |x—a| < R} and the open disk {x € K : [x—a| < R}
are denoted by d(a, R) and d(a, R™) respectively. Also C(«, r) denotes the circle {x € K : [x — a| = r}. Moreover A(K)
represent the K-algebra of analytic functions in K i.e. the set of power series with an infinite radius of convergence.
For the most comprehensive study of analytic functions inside a disk or in the whole field K, we refer the reader to
the books [11, 12, 15, 17]. During the last several years the ideas of p-adic analysis have been studied from different
aspects and many important results were gained (see [2] to [10], [13, 14]).

Let f € A(K) and r > 0, then we denote by |f|(r) the number sup{|f(x)| : |x| = r} where | - |(r) is a multiplicative
norm on A(K). Moreover, if f is not a constant, the |f|(r) is strictly i 1ncreasmg function of » and tends to +oco with r
therefore there exists its inverse function | f1:(f(0)], ) = (0, o) with 11m | fl(s) =

For x € [0, ) and k € N, we define log*! x = log(log*~! x) and exp["] X = exp(exp[’“” x) where N be the set of

all positive integers. We also denote log!” x = x and exp!” x = x. Throughout the paper, log denotes the Neperian
logarithm. Further we assume that throughout the present paper p, g, m, n and [ always denote positive integers. Now
taking this into account the (p, g)-th order and (p, g)-th lower order of an entire function f € A(K) are defined as
follows:

Definition 1.1 [5] Let f € AK) and p,q € N. Then the (p, q)-th order and (p, q)-th lower order of f are respectively
defined as:

og"”! Ifl(r) and 179(f) = lim inf 28 1)

(p q) —
(f) lim Sup r—oo log[q]

Definition 1.1 avoids the restrictiOn p = q of the original definition of (p, q)-th order (respectively (p, q)-th lower
order) of entire functions introduced by Juneja et al. [16] in complex context.

When q = 1, we get the definitions of generalized order and generalized lower order of an entire function f € A(K)
which symbolize as pP(f) and AP (f) respectively. If p = 2 and q = 1 then we write p®V(f) = p(f) and 2>V (f) =
A(f) where p(f) and A(f) are respectively known as order and lower order of f € A(K) introduced by Boussaf et al.
[2].
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In this connection we just introduce the following definition:

Definition 1.2 An entire function f € AK) is said to have index-pair (p,q) if b < pPP(f) < co and pP~ 17 V(f) is
not a nonzero finite number, where b = 1 if p = q and b = 0 for otherwise. Moreover if 0 < pP?(f) < oo, then
prrd(f=o  for n<p,
PPNy =0 for n<g,
PP (fy =1 for n=1,2,--- .
Similarly for 0 < APP(f) < oo, one can easily verify that
AP r(fy =0 for n<p,
AP f) =0 for n<gq,
APAE(fy =1 for n=1,2,--- .

An entire function f € AK) of index-pair (p, q) is said to be of regular (p, q)-th growth if its (p, q)-th order
coincides with its (p, q)-th lower order, otherwise f is said to be of irregular (p, q)-th growth.

Next, to compare the growth of entire functions on K having the same (p, ¢)-th order, we give the definitions of
(p, g)-th type and (p, g)-th lower type in the following manner :

Definition 1.3 [5] Let f € A(K). The (p, q)-th type oP9(f) and the (p, q)-th lower type TPD(f) of f having finite
positive (p, q)-th order pPP(f) (0 < pPD(f) < 00) are defined as:

log!?™!! logl?11
aP9(f) = lim sup Ogl—|f|(7:) and 779 (f) = liminf og 1 |f1Cr) .
r—oo (10g[‘]_ ] r),D(lhq f) r—oo (log[q— 1 r)p(p,q)(f)

Remark 1.11f p = 2 and q = 1 then we write P9(f) = o(f) where o(f) is known as type of f € AK) introduced
by Boussaf et al. [2].

Likewise, to compare the growth of entire functions on K having the same (p, q)-th lower order, one can also
introduce the concepts of (p, q)-th weak type in the following manner :

Definition 1.4 (5] Let f € A(K). The (p, q)-th weak type TPV(f) of f having finite positive (p, q)-th lower order
APD(f) (0 < APD(f) < o) is defined as :

loglP~11
£P9(f) = liminf—o& 1D _
r—00 (log[q_l] r)/l(ﬂ-q)(f)
Similarly one may define the growth indicator TP f) of an entire function f € A(K) in the following way :
logP~11
?(p,q)(f) = lim sup 0og |f|(}") ,
r—00 (log[q_” r)/l(p'q)(f)
The notion of relative order was first introduced by Bernal [1]. In order to make some progress in the study of
p-adic analysis, recently Biswas [4] introduce the definition of relative order py(f) and relative lower order A,(f) of
entire function f € A(K) with respect to another entire function g € A(K) in the following way:
log [gl(L/1(r) log gl(L1(r))
logr logr

0 < AP9D(f) < 0.

pe(f) = lim sup

r—oo

Further the function f € A(K), for which relative order and relative lower order with respect to another function
g € AK) are the same is called a function of regular relative growth with respect to g otherwise, f is said to be
irregular relative growth.with respect to g.

and A,(f) = liminf

In the case of relative order, it therefore seems reasonable to define suitably the relative (p, g)-th order of entire

function belonging to A(K). With this in view one may introduce the definition of relative (p, g)-th order pg’ ’q)( f) and

relative (p, g)-th lower order A;p ’q)( f) of an entire function f € A(K) with respect to another entire function g € A(K),
in the light of index-pair which are as follows:

Definition 1.5 [5] Let f, g € AK). Also let the index-pairs of f and g are (m,q) and (m, p), respectively. Then the
relative (p, q)-th order pi,p “D(f) and relative (p, q)-th lower order /li,p “D(f) of f with respect to g are defined as

lost?! ol lostP! o
) = timsup B 0y i 027 BV
r—eo log!! r roe log'! r
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In order to refine the above growth scale, now we introduce the definitions of an another growth indicator, called
relative (p, ¢)-th type and relative (p, g)-th lower type respectively of entire function belonging to A(K) with respect
to another entire function belonging to A(K) in the light of their index-pair which are as follows:

Definition 1.6 [5] Let f, g € AK). Also let the index-pairs of f and g are (m, q) and (m, p), respectively. The relative
(p, @)-th type and relative (p, q)-th lower type of f with respect to g having finite positive relative (p,q)-th order
pi,p’q)(f) 0 < pi,p’q)(f) < o) are defined as:

[p-11 ]
O-irp’q)(f) = lim sup log b |g|(|f|(r))

log!P~11 o]
— S a0 ) = tim i 5T
roe (logl™ " rype

oo (Jogle=1 o |
Analogously, to determine the relative growth of two entire functions belonging to A(K) and having same non
zero finite relative (p, g)-th lower order with respect to another entire function belonging to A(K) , one can introduce

the definition of relative (p, g)-th weak type of an entire function f € A(K) with respect to another entire function
g € A(K) of finite positive relative (p, g)-th lower order /lé,p “D(f) in the following way:

Definition 1.7 [5] Let f, g € AK). Also let the index-pair of f and g are (m, q) and (m, p), respectively. The relative
(p, @)-th weak type ngp ’q)( f) and the growth indicator ?(gp D f) of f with respect to g having finite positive relative

(p, @)-th lower order ALV (f) (0 < A (f) < o0) are defined as:
1 [p-111, 1 [p—11 1
#09(f) = limsup 5B 1y 000 ) _ jimy g l08” IO
’ roes (loght™! e (Joght—1 Py

The main purpose of this paper is to ascertain some results associated to the growth properties of composite p-adic
entire functions on the basis of relative (p, q)-th order, relative (p, q)-th type and relative (p, q)-th weak type.

2 Lemma
In this section we present the following lemma which can be found in [2] or [3] and will be needed in the sequel.
Lemma 2.1. Let f, g € A(K). Then for all sufficiently large positive numbers of r the following equality holds

|f o gl(®) = 1£1gl(r)).
3 Main Results

In this section we present the main results of the paper.

Theorem 3.1 Let f, g, h € AK). Also let 0 < /lip’q)(f) < p;p’q)(f) < 00, A" (g) > 0 and y be a positive continuous
function defined on [0, +0) increasing to oo as r — co. Then for any number a > 0,

loo? 7 (n-1] 1
m 8 L|(|f ° sl(exp r) = oo when g < m and lim 0g(r) =0
= {log"”! |hl(| fI(exple! y(r))}1+e ro+e logr
and
log!?! '}; [n-1] 1
m o8 |A|(|f ° sl(exp ) = oo when g > m and lim — O[g—)/(fl)] =0.
r—00 {log[p] |h|(|f|(exp[q] ,y(r)))}l+1y r—+oo log g-m+1] .

Proof. From the definition of pzp’q)( f), it follows for all sufficiently large positive numbers of r that

G.1) log Rl fiexp'? y()) < (0P V() + e)y(r).

Since |71\|(r) is an increasing function of r, it follows from Lemma 2.1 and for all sufficiently large positive numbers
of r that

(3.2) log! [Al(1f © glexp™ 1 1) = (AP (f) — &) log? |gl(exp! 11 ).

Case 1. Let g < m. Then from (3.2) it follows for all sufficiently large positive numbers of r that
(3.3) log” [Al(|f o glexp™1 ) = (APV(f) - &) exp™ 4T 1o |g|(exp" 1 1)

ie.,

(3.4) log! [Al(If o gl(exp™ 1) > (AP (f) — &) explm=a= A" )2,

Case II. Let g > m. Then from (3.2) we get for all sufficiently large positive numbers of r that
(3.5) log“’] |’/’;|(|f o gl(expl"’” r) > (/l;lp,q)(f) - g) log[qul loglml |g|(exp[”71] r)
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ie.,
log!”! [hI(1f © gltexp"™ ™ ) 2 (4 (f) = ) log ™!+ O(1)
ie.,
(3.6) log”” [hl(f o gl(exp!""1 r)) > (log™"! D=2 1 O(1).
Now combining (3.1) and (3.4) of Case I it follows for all sufficiently large positive numbers of r that
1og!” [AI(If o glexp™11 1) X APD(f) — g) explm=a—1] ;A" e)-e)

{log! [Al(Ifexpld y(IDI*e (P P(f) + e)lrafy(r))i+e

—a— (m,n) (o_,
10gy(r) _ exp[”‘ q=11 (4 (8)-¢)
ogr = 0, therefore O

Since lim

r—+o00
log!”! [Al(If © gl(exp™"1 r)
m

= (log!”! [Al(f(expld y(r))) e
from which the first part of Theorem 3.1 follows.
Again combining (3.1) and (3.6) of Case 11 it follows for all sufficiently large positive numbers of r that

— 400 as r — +oo, then from above it follows that

02X

log!”” " [Al(1f o gl(exp" 1 r)) _ (logt"! P + o(1)
{log!” [Al(| fiexp@ y(N)+e — (PV(f) + &)l afy(r))i+e

(oglt " -
{y(r)i+e

: logy(r) _
As lim 525 = 0,50

log” Y A|(If o gl(exp™ "1 r))
m = 0

1 —
= {log!”! [AI(| fi(explal y(r))}1+
This proves the second part of Theorem 3.1.
Thus Theorem 3.1 follows.

— +o00 as r — +oo. Thus it follows from above that

Remark 3.1 Theorem 3.1 is still valid with “superior limit” instead of “limit” if we replace the condition “ 0 <
B < pl () < 007 by 0 < V() < oo™

In the line of Theorem 3.1 one may state the following theorem without proof:

Theorem 3.2 Let f, g, h, k € AK). Also let g is of finite (m, n)-th lower order, /lzp’q)(f) >0, pg’")(g) < oo andy bea

positive continuous function defined on [0, +c0) increasing to oo as r — oo. Then for any number a > 0,

log!?! ’;; [n-1] 1
lim og Ll(lf © 8l(exp r) = oo when g < m and lim 0gy(r) =0,
= {log! [kl(gl(expt™ y(r)))} 1+ roteo logr
and
loglP—11 ';; [n-1] 1
im —2& l 07  gitexp™ 1)) = ocowhen q > mand lim ()[g_—yarl)] =0.
= {log! [kl(Igl(expt™ y(r)))} 1+ roteo]ogld=mH

Remark 3.2 In Theorem 3.2 if we take the condition /l](f’") (g) < oo instead of p](cl’") (g) < oo, then also Theorem 3.2
remains true with “superior limit” in place of “ limit .

Theorem 3.3 Let f, g, h € A(K). Also let 0 < /l;lp’q)(f) < p;l”’q)(f) < oo, p™M(g) < co and y be a positive continuous
function defined on [0, +0) increasing to oo as r — co. Then for any number a > 0,

o Mog”! Al f o gl
r==loglP hl(|fl(expl{y(r)})

=0ifg>m

and
im Hog” " IS o g™ _
r=re ogl?lA|(| f(expl) y(r)))
where
lim logy(r) _ -
r—eo logr
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Proof. Since ﬁ?l(r) is an increasing function of r, it follows from Lemma 2.1 and for all sufficiently large positive
numbers of r that

(3.7) log”! [hl(If © gl(r)) < (0, (f) + &) log!¥ [g|(r).
Now the following cases may arise :
Case 1. Let g > m. Then we get from (3.7) for all sufficiently large positive numbers of r that

(3.8) log”! [hl(If © gl() < (P (f) + &) log" 1 |g|(r).

Now from the definition of (m, n)-th order of g, for arbitrary positive € and for all sufficiently large positive numbers
of r, we have

log" [gl(r) < (p""(g) + &) log"
ie.,
(3.9) log" [gl(r) < (0""(g) + &) log r
and
(3.10) log" U g|(r) < F#""@*0),
So from (3.8) and (3.10) it follows for all sufficiently large positive numbers of r that
(3.11) Tog” [Al(lf  gl(r)) < (o (f) + )r?"" &+,
Case I1. Let g < m. Then we obtain from (3.7) for all sufficiently large positive numbers of r that
(3.12) log” [Al(f © gl(r)) < (0, (f) + &) exp™ " log" [g|(r).
Also we get from (3.9) for all sufficiently large positive numbers of r that
exp!™ 4 log" |g|(r) < exp™ 4 log A" (g)+e)
ie.,
(3.13) exp™ ' 1og!™ |g|(r) < exp!™ 4! FP" @),
Now from (3.12) and (3.13) we have for all sufficiently large positive numbers of r that
log”! [HI(1f © gl(r)) < (o (f) + &) exp!" 4711 " (67
ie.,
(3.14) Tog”*" " [Al(f o gl(r) < r*"" @) + O(1).
Again for all sufficiently large positive numbers of r that
(3.15) log” [Al(1fIexp' ! y(r)) = (4 () = )y(r).

Now if ¢ > m, we obtain from (3.11) and (3.15) for all sufficiently large positive numbers of r that

{log[[’] |’};|(|f ° g|(r))}1+a/ B (p;lp’@(f) + 8)1+ar(p(lu,n)(g)+g)(1+a)

log"”! [hl(| fI(exp'é y(r))) A(f) - eyy(r)
o) (g)£)(1+ar
Since lim % = oo, therefore % — 0 as r — oo, then the first part of Theorem 3.3 follows from above.

Further when g < m, we get from (3.14) and (3.15) for all sufficiently large positive numbers of r that

(log”*"~ "V nl(1f o gltr))**
log”! Il fl(expla! y(r))) (/lilp D(f) - eyy(r)

(0" (g)+&)(1+a) o) I+a
r (I+ r(p(m‘n)(gﬂg))

ie.,
iy Hlog!?a ! IS o g+

— =0,
= log Al fi(expld y(r))
This proves the second part of Theorem 3.3.

Remark 3.3 In Theorem 3.3 if we take the condition pﬁlp ’q)( f) > 0 instead of /lzp ’q)( f) > 0, the theorem remains true
with “inferior limit” in place of “limit .
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Theorem 3.4 Let f, g, h, k € A(K). Also let g is of finite (m,n)-th order, p(p q)(f) < +o00, /lg’")(g) > 0andy bea
positive continuous function defined on [0, +c0) increasing to oo as r — oo. Then for any number a > 0,

- log ! rl(f o gl
=< ]og" [k|(|gl(exp™ y(r)))

=0ifgzm

and
loglPrm=a-11ip l+a
tim 108" 0 RON™
= log! [kl(Igl(exp y(r)))
where
lim 08" _
r—+eo logr

The proof of Theorem 3.4 would run parallel to that of Theorem 3.3. We omit the details.

Remark 3.4 In Theorem 3.4, if we take the condition p(l ”)(g) > 0 instead of Ail’")(g) > 0, Theorem 3.4 remains true
with “limit replaced by limit inferior”.

Theorem 3.5 Let f, g, h € A(K). Also let p™(g) < AP (f) < pP?(f) < co. Then
log"”! k(£ © gl(r))

(@) lim =0ifgzm
= log 7l fllexpls1 7))
and
1o [p+m—g—1] h
(i) lim %8 IR IC)RP—
= =1og” ! hl( fl(expletl )
where A > 0.

Proof. From the definition of relative (p, g)-th lower order, we get for all sufficiently large positive numbers of r that
(3.16) g1 (| fI(expl¥ ™1 4)) > AU D2,

As pm(g) < Azp “D(f), we can choose &(> 0) in such a way that
(317) p(m,n)(g) +e< A(/l;p’q)(f) - 8).

Now if ¢ > m, combining (3.11), (3.16) and in view of (3.17) we obtain for all sufficiently large positive numbers
of r that

log fHdf o gltr) (0" + )"0
o exp ) AR

ie.,
o Jogikdfo gl
== 1og!?~ " Al(|fI(expla=11 r4))

This proves the first part of Theorem 3.5.
When g < m, combining (3.14) and (3.16) it follows for all sufficiently large positive numbers of » that

1og“’+’" f o gy _ M+ )
o I exp ) D
Since p™"(g) < /l(p “D(f) and &(> 0) is arbitrary, we get from above
log”*"~ 4V hl(|f o gl(r)) _

lim
==1og” ! [hI( fl(expletl )
which is the second part of Theorem 3.5.

Remark 3.5 In Theorem 3.5, if we take the condition A" (g) < /l;p D(f) < p(” D(f) < oo instead of p™"(g) <
/l(p D(f) < p(p 9 (f) < oo, Theorem 3.5 remains true with “inferior limit” in place of “limit "
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Theorem 3.6 Let f, g, h € A(K). Also let 0 < APV (f) < p"P(f) < co and p™49)(g) < co. Then

loglPrm=al ip (m.q)
oo l0e P (S 0 gl _ p )

e logd? A AP
where m > q.

Proof. Since g < m, we have from (3.7) for all sufficiently large positive numbers of r that
log”*"~ 4V l(|f o gl(r)) < log"gl(r) + O(1)
ie.,
log”*" 9 [il( o gl() _ log" lgl(r) + O(1) __log!”
lod? FAAI) log! r log"”! [Al(I£1(r))

ie.,
loglPtm=al (mq>
lim sup 287"~ 2 81 _ pe)

me log!? [l £1(r)) N D)

This proves Theorem 3.6.
In the line of Theorem 3.6 we may state the following theorem without proof.

Theorem 3.7 Let f, g, h,k € AK). Also let p(P D(f) < oo, /l,({l’")(g) > 0 and p™"(g) < co. Then

[p+m—q] (m,n)
im su log 1 KZI(IngI(r)) < p(ln) (g),
roeo log" [kl(lgl(r)) ()

where m > n.

Theorem 3.8 Let f, g, h € A(K). Also let 0 < AP?(f) < pPV(f) < 00 and ™ (g) < oo where g = m — 1. Then

log" i(1f  8I(r) BN )

lmii},lp [p] 4] [n=11 5 ptmn(g) (P.q)
oo log!?! [A](| fl(exp'al(log!"~!1 ry"" @) A,

Proof. Since g = m — 1, we obtain from (3.7) for all sufficiently large positive numbers of r that

log” [Al(|f o gl(r) < (0P () + &) log" ! |gl(r)
ie.,

(3.18) log” I(If © gl(r)) < (o} (f) + &)™ (g) + &)(log ()Y@

Now from the definition of /l;p ’q)( f), we get for all sufficiently large positive numbers of r that
(3.19) log[p] m(lfl(exp[q](log[n—l] r)p(m,")(g))) > (/IEIP»Q)(f) _ 8)(10g[n—1] r)p(m.m(g)'

Therefore from (3.18) and (3.19), it follows for all sufficiently large positive numbers of r that

log!”! [hl(1f o gl(r) _ BP0 + £ (g) + e)(log" Iy
log!”! [hl(|I(explallog"!! @) (@ (f) = e)(logh~ !y '
Since (> 0) is arbitrary, we get from above that
log! Al(|f o gl(r)) am(g) - pil” q><f)
lim sup < —
oo log!?! [Al(| fl(exple)(log!"~1 ry"" @) AP(f)

Thus Theorem 3.8 is established.

Remark 3.6 In Theorem 3.8, if we will replace “oc™"(g)” by “G"™"(g)”, then Theorem 3.8 remains valid with
“inferior limit” replacing “superior limit”.
Now we state the following theorem without its proof as it can easily be carried out in the line of Theorem 3.8.

Theorem 3.9 Let f, g, h, k € AK). Also let /l(l "(g) > 0, p(p D(f) < 0o and o™ (g) < oo where g = m — 1. Then

mn (p,q)
Jim sup log! [l(1f o gl(r)) _ 7" 0
oo log!! I(|gl(expt (log"~"! 1) ))) A g)
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Remark 3.7 In Theorem 3.9, if we will replace “o™"(g)” by “E(’"’")(g) 7, then Theorem 3.9 remains valid with
“inferior limit” in place of “superior limit”.

Remark 3.8 We remark that in Theorem 3.9, if we will replace the condition p,p D(f) < o0” by “ /l(p D(f) < o0’
then

log!”! [A] om) (g . 1P
(3.20) liminf og " Ihl(lf o gl(r)) < (gl) ) h (f).
r—oo log[l] |k|(|g|(exp[”](10g[” 1] r)l’('" n)(g))) /l,(c n )

Remark 3.9 In Remark 3.8, if we will replace the conditions A,il’”)(g) > 0 and /l;,p’q)( ) < 00” by “pl ")(g) > 0 and
p(p ’q)( f) < 00” respectively, then is need to go the same replacement in right part of (3.20).

Using the concept of the growth indicator T T ")(g) of a p-adic entire function g, we may state the subsequent two
theorems without their proofs since those can be carried out in the line of Theorem 3.8 and Theorem 3.9 respectively.

Theorem 3.10 Let f, g, h € A(K). Also let 0 < APV (f) < p"?(f) < co and T""(g) < co where g = m — 1. Then

—=im,n )
lim sup log!”![hI(f  g1r)) T )
reo gt [hl( fl(explellog ™! ) P

Remark 3.10 We remark that in Theorem 3.10, if we will replace the condition “ 0 < /lzp D(f) < pflp D(f) < oo and
T (g) < 00” by “ 0 < /l(pq)(f) <ooor0< p(pq)(f) < oo and ™M (g) < ", then

[p]
liminf log!” [h(If o gl(r))

—00 [p] [n—1] (m.n) (m ")(g)
7= log!?! hl(| fl(exple)log" ) ) <g)))

Theorem 3.11 Let f, g, h, k € AK). Also let /l(l " (g) > 0, p("’ D(f) < 0 and T"™"(g) < oo where g = m — 1. Then

m,n ( )
lim sup log”! (I © gl(r) LT A0
r—00 IOg[l] |k|(|g|(expln|(10g[n 1] r)l('"")(g))) Ag ")(g)

Further using the notion of (p, q)-th weak type we may also state the following two theorems without proof because
it can be carried out in the line of Theorem 3.10 and Theorem 3.11 respectively.

Theorem 3.12 Let f, g, h € A(K). Also let 0 < /ljf’q)(f) < pﬁl‘”’m(f) < 0o and T (g) < co where g = m — 1. Then

P p () oy . P
lim inf log ™ |Al(lf © gl(r) < T (f’) )Ph (f)'
r—00 log[P] |h|(|f|(CXpqu(IOg[" 1] )/l(mn)(g))) /lhp'q 5

Remark 3.11 We remark that in Theorem 3.12, if we will replace the condition “ 0 < /lﬁlp D(fy < p;lp D(f) < oo and
T (g) < 00” by “0 < APV(f) < 00 0r 0 < pP?P(f) < 00 and T (g) < 00, then

log!?!
liminf og!”! (1 o glr) < mm
r—00 log[p] |h|(|f|(6Xp[q](log[" 1 PI()Y)

(&)-

Theorem 3.13 Let f, g, h, k € AK). Also let /l(l "(g) > 0, p(p D(f) < oo and T™"(g) < oo where g = m — 1. Then

i in log!”! (1S o gl(r)) PO
r—oo log[l] |k|(|g|(exp[”](log[” 1] )A(mn)(g))) /lliln)(g) ’

Remark 3.12 We remark that in Theorem 3.13, if we will replace the condition “ pil” ’q)( f) < 00 and 7""(g) < 0o” by
“APD(f) < 00 and T (g) < 0, then

1 [P] 71 —(m n) /l(p .q)
(3.21) liminf— o8 |h|(|f0g|(1r)) — < (g(z)n) o)) .
= log!" ki l(exptI(logh~!! iyt ) 4" (@)

Remark 3.13 In Remark 3.12, if we will replace the conditions “ /l(l‘")(g) > 0 and /l(p’q)(f) < 0" by “pt ")(g) > 0 and
(p q)( f) < o00” respectively, then is need to go the same replacement in right part of (3.21).
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Theorem 3.14 Let f g h € AK). Alsolet0 < pP(f) < oo, pPP(f) = p™(g), 0™ (g) < 00 and 0 < P (f) < co
where g =n=m— 1. Then

1og“’J S o 8l _ P - o)
= TogP U R|(£1(r) aPO(f)

Proof. Since p(p ) (f) = p""(g) and ¢ = m— 1, we have from (3.7) for all sufficiently large positive numbers of r that
(2]
(3.23) log” HI(1f © gl(r)) < (0" (f) + &)™ (g) + e)(log )y D).

As g = n, then we obtain in view of the definition of o-ilp D( f) for a sequence of positive numbers of r tending to
infinity that

(3.24) log? M RI(f1(7) = (@P9(f) - e)(log" 1Ry D,
Now from (3.23) and (3.24), it follows for a sequence of positive numbers of r tending to infinity that
log"”! Hl(Lf o gl(r)) _ (pﬁf’@(f) + &)@ (g) + &)log" Iyt D
log!”™ " IAI(f1(r) () = )logh Ny

Since &(> 0) is arbitrary, it follows from above that
limi flog“’] f o glr)) _ o () o)
e Y (1) B )]

Remark 3.14 In Theorem 3.14, if we will replace the conditions “ o™ (g) < o” and “0 < o-ﬁlp ’Q)( f) < o” by

(3.22) lim

“gm ")(g) < o00” and “0 < E(p q)(f) < 00”, then is need to go the same replacement in right part of (3.22). Also if we
replace the conditions 0 < p,p D(f) < 00 and 0 < 0'(‘" 9(f) < oo of Theorem 3.14 by 0 < Aglp’q)(f) < pzp’q)(f) < oo and
0< a'(p D(f) < oo respectively, then

- log“”] S o gl _ AV e)
s ! —(pq)
= log” (Al f)

Further if, in Theorem 3.14, we replace 0'2” “D(f) by Ez‘” “D(f), then Theorem 3.14 remains valid with “superior
limit” in place of “inferior limit”.

Now we state the following three theorems without their proofs as those can easily be carried out in the line of
Theorem 3.14.

Theorem 3.15 Let f, g, h € AK). Also let 0 < APP(f) < pPP(f) < oo, APV(f) = 2™ (g), T""(g) < o and
O<T§l‘”q>(f)<oowhereq:n: — 1. Then

Llog s o gl _ o (-7 (e)
P g ) 7

Remark 3.15 In Theorem 3.15, if we will replace the conditions “ T"™"(g) < o0 and “0 < ?Z” “D(f) < 00” by
“rmm(g) < 00” and “0 < T(P D f) < 00”, then is need to go the same replacement in right part of (3.25). Also if we
replace the conditions 0 < /l(p D(f) < p(p D(f) < coand 0 < T q)(f) < o0 of Theorem 3.15 by 0 < /l;[p’q)(f) < oo and
0< T(p D(f) < oo respectively, then
o flog“’] s o glr) _ A7)
== logh” Al f1r)) 5 ()

Further, in Theorem 3.15, if we replace ‘r(” “D(f) by T(p 9(f), then Theorem 3.15 remains valid with “superior
limit” instead of “inferior limit”.

(3.25) lim

Theorem 3.16 Let f, g, h € AK). Also let 0 < APV(f) < pPP(f) < o, APV(f) = p™(g), 7" (g) < co and
0<Tﬁf")(f)<oowhereq—n— — 1. Then
1og“’] S o lr) _ o () ")

(3.26) lim [ 1] =(p.9)
"""’ =1 [Ri( £1(r)) 7, ()
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Remark 3.16 In Theorem 3.16, if we will replace the conditions “ o™™(g) < co0” and “0 < ‘T-(hp D(f) < o0” by
“E(W"”)(g) < 00” and “0 < T;p’q)(f) < c0”, then is need to go the same replacement in right part of (3.26). Also if we
replace the conditions 0 < AP (f) < pP?(f) < 00 and 0 < T"?(f) < co of Theorem 3.16 by 0 < A"*(f) < co and

(P.q)
0< T,

(f) < oo respectively, then
) 171 /l(PvQ) . 4(m,n)
lim inf 28 Iflll(li” o gl(r) < (J:) )0' (g)_
= 1o Al £1(r) 7 ()

Further if, in Theorem 3.16, we replace ?ff “D(f) by sz “D(f), then Theorem 3.16 remains valid with “superior
limit” replacing “inferior limit”.

Theorem 3.17 Theorem 3.17. Let f, g, h € A(K). Also let 0 < p"V(f) < oo, pPV(f) = 27(g), 7" (g) < 0 and
0< a'ilp’q)(f) < ocowhereq=n=m— 1. Then
loo?! 7] (P.a) . gmn)
(3.27) liminf—2 |1|(|f ° 8l _ L ({) ) ®
= Tog? WAl £10r) ()

Remark 3.17 In Theorem 3.17, if we will replace the conditions “ T™"(g) < co” and “0 < U;Lp’q)(f) < 00” by
“rmm(g) < 00” and “0 < Ezp’q)(f) < c0”, then is need to go the same replacement in right part of (3.27). Also if we
replace the conditions 0 < pzp’q)(f) <ooand0 < a'ilp’q)(f) < 00 of Theorem 3.17 by 0 < /lgip’q)(f) < pff”q)(f) < o and
0< Ezp “D(f) < oo respectively, then

P10 f o P9 £y . Fmn)
tim ing 227 IS 0 81 _ A, i{) )r &)
= Jogl” Rl £1(r) o/ (f)

Further if, in Theorem 3.17, we replace 0'2" “D(f) by E;{” “D(f), then Theorem 3.17 remains valid with “superior
limit” in place of “inferior limit”.
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