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Abstract

In this paper, by changing the independent and dependent variables in the suitable ordinary differential equations
of first and second order, and comparing the resulting ordinary differential equations with standard ordinary
differential equations of Leibnitz and Gauss, we obtain the hypergeometric forms of following functions:
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), tan™'(x), ¢n(1 + x), sin(bsin~' x), cos(bsin™' x).
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1 Introduction and Preliminaries
In our investigations, we shall use the following standard notations:
N:= {1,2,3,---}; Ny :=NU{0};Z; :=Z" U {0} ={0,-1,-2,-3,---}.
The symbols C,R, N, Z,R* and R~ denote the sets of complex numbers, real numbers, natural numbers, integers,
positive and negative real numbers respectively.
Pochhammer symbol
The Pochhammer symbol (or the shifted factorial) (1), (4, v € C)[16, p.22 Eqn.(1), p.32 Q.N.(8) and Q.N.(9)], see also
[18, p.23, Eqn.(22) and Eqn.(23)], is defined by
1 (v =0; 1€ C\{0}),
H'};é(/l"'j) (v=neN; 1€0),
), = T+v) = ((:ll_);;' A=-n,v=k; nkeNy, 0Lk <n),
) 0 A=-n;v=k;, n,k e Ny, k> n),

_((1:1/1):k (v=—k; keN; 1€ C\2),

it being assumed tacitly that the Gamma quotient exists.

Generalized hypergeometric function of one variable

A natural generalization of the Gaussian hypergeometric series ,F[a, 8;v; z], is accomplished by introducing any
arbitrary number of numerator and denominator parameters. Thus, the resulting series

(L qu[ (@p); z} :qu[ @@ | e @) 2

By); Bi.Bas B n=0 GO BB
is known as the generalized hypergeometric series, or simply, the generalized hypergeometric function. Here p and
q are positive integers or zero and we assume that the variable z, the numerator parameters a1, s, ...,a@, and the
denominator parameters 3,52, . . ., B, take on complex values, provided that
B #0,-1,-2,...; j=12,...,q.

Here, none of the denominator parameters is zero or a negative integer, we note that the ,F, series defined by
Eqn.(1.1):

(1) converges for |z] < o0, if p < g,

(ii) converges for 7] < 1,if p =g + 1,

(iii) diverges forall z, z # 0, if p > g + 1,

(iv) converges absolutely for |z = 1, if p = ¢ + 1 and R(w) > 0,
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(v) converges conditionally for |z] = 1(z # 1),if p=¢+ 1 and -1 < R(w) £0,
(vi) diverges for |z = 1,if p = ¢+ 1 and R(w) £ -1,
where by convention, a product over an empty set is interpreted as 1 and

12) w:= 39,837 a;,

R (w) being the real part of complex number w.
(I) When x? = —tor x = i\t where i = V-1, then

dx i dt
13) o Lo ooy
A3 =2 @ ax i
dy dy dt . dy
14 LY A HivE
8 = & iNES

dzy d (dy
= 2i
dx®  dx (dx) dt( \ )
after simplification, we get
d’y d’y dy
1.5) — =—-4t— -2—.
(1) dx? drr dt

(IT) When y = i Vfz, where z is the function of t then
dy iz dz
1.6) — = —— +iVi—,
(1.6) — iVt

24/t dt
Py d(dy\_d(iz . \/-dz
FTTAVTS T 2\/'

after simplification, we get

d*y dz 1 dz z
17 iV KL
4D l[ TN 4t2}

(III) When x = —t, then

dt
1.8) — =-1,
(1.8) T
dy dy dt dy
19) —=—=x—
A9 = aax™ ar
& 2
(1.10) y_dﬂ:i dy dt dy.
dxX  dx\dx) dt\ dt]dx ~ dr
(IV) When y = —tz, where z is the function of ¢ then
dy dz
1.11) == —z-t—,
( ) dt ¢ dt
d? d &2
(112) L2 - % L=

dr? dt dit
(V) When x2 = tor x = 1, then

dx 1
1.13) = = __2
(1L13) — v ° Vi,
dy _ dy
(1.14) dx—z«ﬁdt,

sy dy  d

1.15) — =2— + 41—
(1.15) dx? dt dr?
(VI) Gauss’ ordinary differential equation [15, Ch.(6), pp.144-148 and pp.157-158]

When y # 0,+1,+2,+3,--- and |f| < 1, then two linearly independent power series solutions of following
Gauss’ordinary homogeneous linear differential equation of second order with variable coefficients
&7

(1.16) t(l—t) +[y—(1+a+ﬁ)t——a/,82—
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are given by
(L17) 2 =2F1[ e t],

and

a+l-—vy, B+1-v;
2-v;

when v is an integer then one solution may or may not, depending on the values of @ and 3, become logarithmic.

If any one solution of given differential equation is y(x) then Ay(x) will be the solution of same differential equation,
where A is any suitable constant.

The present article is organized as follows:

In Sections 2, we have derived the hypergeometric forms of some mathematical functions by using differential
equation approach. For hypergeometric forms of other mathematical functions and functions of mathematical physics,
we refer the literature [1],[2],[3],[41,[5].[61.[71.[81,[91.[10],

[11],[12],[13],[14], [15], [17] and [19], where the proof of hypergeometric forms of related functions are not given.
So we are interested to give the proof of hypergeometric forms of the functions mentioned in Section 2.

(1.18) zp =177, Fy t,

2 Hypergeometric forms of mathematical functions
Using the theory of ordinary differential equation and changing of independent and dependent variables in suitable
differential equation, we can derive the following hypergeometric forms.

Theorem 2.1 If |x| < 1, then following hypergeometric forms hold true:

4 (1++V1-x 1. 1. 3.
_ I S ’ s 2
(21) X fn( 3 ) 3F2[ 2’ 2; x],
1, L
(2.2) tan_l(x):szl[ Y —xz},
7
1, 1;
2.3) fn(1+x):x2F1[ ’ —x},
b 1-b
(24) sin(bsin™' x) =bx2F1[ 202 x2},
2’
b _b.
(2.5) cos(bsin' x) = LF|| 20 2 xz}.
bR
Proof of hypergeometric form of (2.1)

Consider,

2.LD) y=yx) = —% fn(%ﬂ)

For (0/0) indeterminate form, applying L’Hospital’s rule in right hand side of the (2.1,1), the value of y at x = 0,
will be 1. That is

2.1,I) y(0) = 1,

1+ VI=
Q.10 xy=—4 fn(%].

On differentiating result (2.1,IIT) w.r.t. x and applying product rule, after simplification we get

hoy_ 2
dx  x xl+Vi-x3Vl-x
2(1 - V1 -x}

T+ VI - VIV —x

Therefore

2 1
Q1) LY 2oty
dx 2

X X
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The differential equation (2.1,IV) is written in the standard form of Leibnitz linear differential equation (j—i + Py =
0), therefore integrating factor for differential equation (2.1,IV) will be
2.1,V) LF. =exp {f}cdx} =exp{{n(x)} = x.
The general solution of differential equation (2.1,IV) will be
1
@LVD y=—[x[Z{0-0"-1]dx+C,
X
where C is the constant of integration.
Therefore

1 5 w (2), ), (), ¥
y:—f% {IFO[ 2_ X}—l} dx+c:2r:0—(2)(r2),(2),r!x +C
w ), (1), x
Q1VID y(x) = 1+ 3, QL ¢
3.
(2.1,VIIT) y(x) = 3F2[ 12122 xl+c

When x = 0 in the equation(2.1,VII), we get C = 0.
Therefore particular solution of the differential equation (2.1,IV) will be

QIIX) y= 3F,| b >
oLy y_ 3472 2, 2; X )
therefore
4 (1+ V1 3
2.1.X) -2 tn o k| BB
X 2 2, 2;

which is satisfied by x = 0.
Proof of Hypergeometric Form of (2.2)

Consider,
(2.2) y = y(x) = tan"' (),
(2.2,I1) y(0) =

Differentiate the equation (2.2,1) w.r.t. x, we get
d
Q2,100 (1 + xz)d_y -1
X
Again differentlate the equation (2.2,IIT) w.r.t. x and use product rule, after simplification we have

2.2.1V) (1 + x )—+2 by,
dx

Put x> = —t or x = i V1, then use values of equations (1.4) and (1.5) in above differential equation (2.2,IV), after
simplification we get
d*y 1 3t
22 V) (1 —t)— +4=- — —
( ) )dﬂ {2 2} dr
Now substitute y = i vz, where z is the function of ¢ and put the values of equations (1.6) and (1.7) in above

differential equation (2.2,V), after simplification we obtain

d?z (3 5t)dz 1
(2.2,VD) «(1 - t)ﬁ + {5 - 5} = 3% 0.

Now compare the coefficients of above differential equation (2.2,VI) with Gauss’ standard differential equation
(1.16), we get

3 5 1
Y=5 a+ﬂ+1=§, af ==
Now solve the above algebraic equations simultaneously, we get

1
a=1,8==

Therefore one of the series solution of above differential equation (2.2,VI) will be
A
2 b
)

. 1,
)’:l‘/zzﬂ[
1 -§ _xz]’

lem._‘

i

tan_l(x) =x,F

DIURO | —

which is satisfied by x = 0.
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Proof of Hypergeometric Form of (2.3)

Consider,
2.3.))) y=y(x) = n(l + x),
(2.3,I) y(0) = 0.

Differentiate the equation (2.3,I) w.r.t. x, we get
d
Q310 (1+02 =1,
dx
Again differentiate the equation (2.3,III) w.r.t. x and use product rule, after simplification we have

d’y dy
.31IV) (1+ x)ﬁ + ZC =0.

Put x = —¢, then use values of equations (1.9) and (1.10) in above differential equation (2.3,IV), after simplification
we get

d’y dy
23V) 1 -H)— - = =
( ) (1-1) 2 dr

Now substitute y = —tz, where z is the function of # and put the values of equations (1.11) and (1.12) in above
differential equation (2.3,V), after simplification we obtain
d?z dz

23VD) t(1-t)— +{2-3t}— —-z=0.
Q3VD (1 =75 +12-30 = —=

Now compare the coefficients of above differential equation (2.3,VI) with Gauss’ standard differential equation
(1.16), we get

y=2,a+B+1=3,a6=1.
Now solve the above algebraic equations simultaneously, we get
a=1,8=1.

Therefore one of the series solution of above differential equation (2.3,VI) will be
1, 1;
= 2Fl |: 2; t:| ’
1, 1;
y__t2F1|: 2; t:|a
1, 1;
n(l +x) =x,F,; . x|

which is satisfied by x = 0.
Proof of Hypergeometric Form of (2.4)

Consider,
(2.4.]) y = y(x) = sin(bsin~! x),
(2.4,11) y(0) = 0.
Differentiate the equation (2.4,1) w.r.t. x, we get
411 V1-x Z—i: = bcos(bsin™! x).
Again differentiate the equation (2.4,III) w.r.t. x and use product rule, after simplification we have

d’y  dy
YD py=o0.
dx? xdx 4
Put x> = tor x = V1, then use values of equations (1.14) and (1.15) in above differential equation (2.4,1V), after
simplification we get

24,IV) (1-x%)

d’y 1 dy b
24,V) (1 —l‘)ﬁ + {E - [} E + Zy =0.
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Now compare the coefficients of above differential equation (2.4,V) with Gauss’ standard differential equation

(1.16), we get
1 b?
Y= ok a+pB+1=1, aﬁ:—z.
Now solve the above algebraic equations simultaneously, we get
b b

»P="3

Therefore one of the suitable power series solution of above differential equation (2.4,V) will be
b 1-b.
y=l;2F1[ 2 ’l},

a =

sin(bsin™' x) = x,F,| 2° 73’ xz} .
2
More general solution will be
sin(bsin™! x) = Ax »F; [ 2 73.’ xz] ,
2

sin(bsin™! x) Lo b,
r ————— = »F) 3 ,
Ax 5

b (sin~! b3 (sin~! b5 [sin~! 1+ 1-b.
(2.4.VT) Z(sm x)——(sm x)(sin_l 0%+ —(Sm x)(sin" B = =2F1[ g xz].
X X X 55

Now taking lim,_, in the equation (2.4,VI), we get A = b.
Therefore more general solution will be

Lt 1b.
sin(bsin”! x) = bx o F, [ 70y xz] ,
2 b

which is satisfied by x = 0 or b = 0 or both b, x = 0.
Proof of Hypergeometric Form of (2.5)
Consider,
(2.5,1) y = y(x) = cos(bsin™! x),
(2.5.I1) y(0) = 1.

Differentiate the equation (2.5,1) w.r.t. x, we get
d
.50 V1-2 d—y — —bsin(bsin" x).
X
Again differentiate the equation (2.5,III) w.r.t. x and use product rule, after simplification we have

d’y  dy

2 2, —
(2.5,IV) (1—X)E—XEC+by—O.

Put x> = t or x = V/t, then use values of equations (1.14) and (1.15) in above differential equation (2.5,IV), after
simplification we obtain
d’y 1 dy b
25V) tl-t)—5 +9=z -t —+—y=0.
@5.V) 11 == {2 } y
Now compare the coefficients of above differential equation (2.5,V) with Gauss’ standard differential equation
(1.16), we get
2

1
yzz,oz+ﬂ+1:l, 01,8:—2.

Now solve the above algebraic equations simultaneously, we get
b b
a = E, ,8 = —E .
Therefore one of the series solution of above differential equation (2.5,V) will be

b _ b.
y= 2F1[ 2 ! l},
b _
cos(bsin™! x) = LF; | 2’ ' xz],
33

which is satisfied by x = 0 or b = 0 or both b, x = 0.

IS oIS
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3 Conclusion

In our present investigation, we derived the hypergeometric forms of some functions by using differential equation
approach. Moreover, the results derived in this paper are expected to have useful applications in wide range of problems
of Mathematics, Statistics and Physical sciences. Similarly, we can derive the hypergeometric forms of other functions
in an analogous manner.

Acknowledgement. The authors are highly thankful to the referee for suitable corrections and shortened version of
the paper.
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