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Abstract

In this paper to define a generalized Churchill’s diffusion problem, we first extend the Churchill’s diffusion
problem. Then, we derive some of estimated and computational formulae of its solution. Further, we present a
multidimensional Churchill’s diffusion problem consisting of multidimensional Euler space derivatives and Caputo
time fractional derivative. Then, on imposing certain boundary values, we obtain its solution and derive its many
estimated formulae.
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1 Introduction

Very recently, Pathan and Kumar [17] proved the multivariable Cauchy residue theorem with the help of the Euler
derivatives. On the other hand, Apostol [1] analyzed and discussed the theory of homogeneous functions in respect of
Euler derivatives as if (x1,...,x,) € R}, and f(x,...,x,) is a homogeneous function of degree k, then

(L) B e fn, s Xa) = k(X5 ),

while in 1928, for the economists, the favorite homogeneous function in the weighted geometric mean with domain
R*, (R* being the set of positive real numbers) has presented by the Cobb-Douglas function [6] as

(1.2) f(x1, ., x,) = x7".x5%...x;" , where each ; > 0,i = 1,...,n.

It is homogeneous of degree @ = @ + ... + @;.

In the theory of fractional calculus (see Diethelm [7, p. 148, Eqn. (7.12)]) following fractional differential equation,
consisting of a system of equations, has been studied in the form
(1.3) £D§.y(x) = Ay(x) +q(x),
where, 0 < @ < 1, an N X N matrix A, a given function ¢ : [0, 2] — CN,h > 0, and the unknown solution y : [0, 4] —
CN.CN =Cx...xC (N times).

For any suitable vector u € CV the solution of (1.3) is found as
(1.4) y(x) = uEqo(Ax"),
where, 1 € C, an eigenvalue of the matrix A, and the E,(z), a Mittag - Leffler function, is defined by the series [15,
p-80, Eqn. (2.1.1)] as

Eo(2) = 2520 s R(@) > 0,2 € C,

In 2012, Kumar [9] considered following Churchill’s diffusion problem [5]

ou

oU .
(L5) x—+ —= + U = xF(t), x,0 € R,

with the boundary conditions U(x,0) = 0 = U(0, ¢) and they analyzed its solution
(1.6) Ux,0) = x [ e F(t - v)dv, x,1 € R*.

Again by [9], the solution (1.6) is converted into a general hypergeometric series solution to obtain various results
for known special functions.
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On the other hand, the theory and application of fractional differential equations in the diverse field, for example,
in the dynamics of sphere immersed in an incompressible viscous fluid, oscillatory process with fractional damping,
a study of the tension - deformation relationship of viscoelastic materials, and anomalous diffusion problems have
been described in the literature by various researchers ([7], [8], [11], [14], [15], [16], [18] and others) consisting
of the general fractional differential equations along with some operators or functions in the form of matrices. By
the interacting multispecies, a system of equations in the matrix form also studied by Chandel and Kumar [4] in
the ecosystem. Motivated by this work, in this paper we generalize the Churchill’s diffusion equation in one and
multidimensional space and then obtain their estimated solutions and computational results.

2 A Generalized Churchill type problem and its computational results
In this section on extension of the problem (1.5), we discuss a generalized Churchill type problem and then by its
solution, we evaluate various results to compute the problem as
oU(x,t
2.1) x G(X ) + DL U(x,1) + U(x, 1) = xlog, F(1) = xIn(F(t)),t > 0,x > 0, F(0) > 1,

0 < a < 1, with following boundary conditions
(2.2) U(x,0% =0, lirré Ux,H=0

In (1.3) and (2.1), the Caputo derivative, €D, f(1), of the function f(r), whenever, f™ € Li[a,b], m — 1 < & <
m, Ym € N, is defined by [7, p. 49]
(2.3) (7D = € f")@),
where, (1) = D f(1), (D] = & = 4(400).

In (2.3), the (I, "7 £)(?), f € Ly[a, b] is the Riemann - Liouville fractional integral [18], given by

1 1 m—q—1
24) (7)) = T(n—q) fa (-9 f(r)dr, Yt e [a,b]l,m—1 <g<m,m€N,
f),qg=m

Now, for the Laplace transform of a sufficiently well behaved function v(¢), denoted as L{V(¥); s, s > 0} = v(s), and
again defined by v(s) = fooo e~*'V(t)dt, then, the Laplace transformation of the Caputo operator (2.3), is presented by
[7, p.134]

2.5 L{(,CDg+ )(@); s} = s"v(s) — Zk o STV OOY Ym -1 <a <m.
Now, we solve the problem {(2.1) - (2.2)} in following manner:

Theorem 2.1 Under the conditions (2.2) given as

U(x,0M) =0, lim0 Ux,H)=0
then, the solution of the generalized Churchill’s diffusion equation (2.1) exists and find in the form
(2.6) U(x,1) = xfot (t =1 Eyo(=2(t — D)) In(F(7))d7,0 < @ < 1, > 0, x > 0.

Proof. By (2.5) take Laplace transformation of the both sides of (2.1) as considering
LIU(x,1); 5,5 > 0} = u(x, s), L{log(F()); s, s > 0} = F(s), for0 < a < 1,
then, under the given condition U(x,0") = 0, we find a linear differential equation as

7 W), {Sa i l}u(x, s) = F(s),
dx X

with the initial condition lim,_,g u(x, s) = 0

The solution of Eqn. (2.7) is obtained as
(2.8) u(x,s)=x"""1 fx‘ HF(s)dx = x{suz}F(S) x> 0.

Taking inverse Laplace transform of both the sides of the Eqn. (2.8), and employing following formula due to
Kilbas, Srivastava and Trujillo [8, p. 50, Eqn. (1.10.9)]

(2.9) 1 E, (A7) = L-‘{

}, R(s)>0,1€C,|As¥ < 1,t>0,

s =1
and thus applying the convolution theorem of Laplace transformation in (2.8) and making an appeal to (2.9) and (2.10),
we derive the solution (2.6).

In the Eqn. (2.9), the E,g(z), a generalized Mittag - Leffler function, is defined by the series [15, p. 80, Eqn.
(2.1.2)] as

(2.10) Eap(2) = £ rirs;» R@) > 0,R(8) > 0,z,a, 8 € C.
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Example 2.1 Consider F(t) = exp[ 2o an;—"!], Yt > 0, in the problem {(2.1) - (2.2)}, then, make an appeal to the

Theorem 2.1, following result exists

Q1D Ux,1) = 5% B2 T80 d rarees ", 0 < @ < 1,1 > 0,x > 0.

ak+a+n+1)

Again then, the result (2.11) gives various known results.

Solution. In the solution (2.6) of the Theorem 2.1, choose F(t) = exp [ Yone An 'y ], we get the result (2.11).

T(ak+a+n+k+1)

(2.12) Ux,1) = xt" X2 To ()0 <@ < 1,1 > 0,x > 0.

Now in the result (2.11), choosing a, = , we obtain a known generating function

By an appeal to the formula 37 (“k+kk+ﬁ’) _ %, £(z) = z(1 + £(z))**", £(0) = 0, due to Srivastava and Manocha

[19, p. 234, Eqn. (47, for x = 0)], (see also, Carlitz [2]) in the result (2.12), we derive
(1 + (@) }[
—ag(rr) T -{d+ é(t*))t}

Here,0 < a < 1,t> 0,x > 0,2(t*) = (1 + {(*)*, 1 = (=219).
Further by (2.6), we establish

2.13) Ulx 1) = x { ] provided that for (1 + £(*))] < 1.

(=2 k-1
Ulx,n)=xX,5 r(a+n+1) +x Yl r(n+1) Py Tak+a) Jo (1 —7)rrek e,
Hence by (2.4), we get
2.14) U(x, 1) = -xZ:O:() m + XZ:;O %Hn(&’; 1.

Here, Hu(a; 1) = 27, (—2)"1(‘)”“"(7”)(0, O<a<l,t>0,x>0.
It is noted that some other related generating functions are obtained on application of the results concerning
Laguerre polynomials found in the literature by Chandel [3].

Corollary 2.1 Set « = 1, F(f) = e Vt > 0, in Eqn. (2.1) along with the conditions (2.2), then, by the Theorem 2.1,
the solution (2.6) becomes the solution of the Churchill’s diffusion problem (1.5) and is found in the form

(2.15) Ux,1) = xe™ [ ¥ G(r)dr,t > 0,x > 0.
Theorem 2.2 If the solution U(x, t) of the problem {(2.1) - (2.2)}, given in (2.6), has separated in variables as
(2.16) U(x,1) = (x)y(t),x > 0,t > 0,
then, there exists two curves in positive axis’s
1
QA7) ¢ = () = 0= 0" B2 = D) In(F (D)
whenever, x > 0,t > 0; and 0 < a < 1, n is constant and n # 0.
Proof. In Eqn. (2 6), consider U(x, 1) = @(x)¥(t) # 0, for 0 < @ < 1,x > 0,1 # 0, then, it may also be written by
('x) a— (04
218 £ (t) =0 Eqo(=20 = D) In(F())dT =

By the Eqgn. (2.14), the parametric equations of the solution U(x, t) when,0 < a@ < 1, > 0,x > O,for  # 0, are
found as

1
(2.19) @(x) = nx,Y(1) = " Jo ¢ =D Eqo(=2(t = 7)) In(F (7)) d.

Again, ¢(x) and y(t)are non-zero, whenn # 0, and V ¢, x > 0.

Hence, the Theorem 2.2 is followed.

Now, we determine various estimation formulae of the solution of the generalized Churchill type diffusion problem
for computational work:

Theorem 2.31f0 < a < 1,n # 0, and |In(F(?))] < M, M > 0O,then by the Theorem 2.2, for t > 0 there exists an
estimation formula

(2.20) |U(x, 0] < Mxt"|Eqq41(=217)].
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Proof. Take G(t) = In(F(z)),then by Theorem 2.2, for t > 0 to get that
y() =1 fo’ (t — ) Eqo(—2(t — T)")G(7)dr, and write it in the form

v = i {fha = }; {Euat-26- r)‘*)}; {iha=me } {Euat-26- r)“)}%cmdr.

Now, use Schwarz inequality for the integrals to find that
1

1 t 2
(2.21) ()l < rm[t“Ea,a+1(—2fa) Ix %(f — 1) Eqa(=2(1 - T)a)|G(T)|2dT] :

An appeal to the Theorem 2.3, we have |G(7)| < M, then, in the integral apply the definition (2.10), again, use the
Theorem 2.2, with |U(x, 1)| = |¢(x)|lw(2), finally, we obtain the estimation formula (2.20).

Theorem 2.4 If Laplace transformation of the function {G(t))? is equal to P(s), s > 0, that is L{{G(£)}? : s} = P(s), s >
0, then by Theorem 2.3, there exists another inequality

(2.22) |U(x, )| < x[L‘l{sf(f)z : f}ﬂ“{% (sa1+z) : t}]é'

Proof. Since |G(1)]> = {G(1)}?, so that by Eqn. (20) of Theorem 2.1, we write

1[ o LI
(2.23) |y(1)l < |—nl[ J @ = Eqo(=2(1 = 1)")dT [ Jy ¢ =0 Eqo(=21 - D)NG (D) dT

Now, in Eqn. (2.19), use the formula due to Mathai and Haubold [15, p. 86, Eqn. (2.2.21)], with L{G(1)}* : s} =
P(s), and L{1 : s} = 1,5 > 0, we get result (20).
Finally, the Eqn. (2.19), by an appeal to the Theorem 2.2, gives the result (2.18).

1
2

Theorem 2.5 If log F(t) € H,la,b], where the Holder space H,[a,b] := {InF(t) : [a,b] € R;IK > 0 V(t,7) €
[a,b];|InF(t) — In F(7)| < K|t — 7|* for some u € [0,1]}, and 0 < a@ < 1. Then, by Theorem 2.2, there exists an
inequality

(2.24) U(x,t) < In F(O){xt"Eq041(—21")} + KxI'( + DO E g g1 (=217)).

Proof. Consider the Eqn. (2.1) and suppose that F(0) > 1, then by our assumption and the Theorem 2.2, we write
1
(2.25) y(@) = 5 In F(0) fol (t = T) 7 EQo(-2(t — T)V)dT + }I for (t = ) EQo(=2(t — T)){InF (1) — In F(0)}dr.

Since in Theorem 2.5, In F(x) € H,[a, b], then by an appeal to Diethelm [7, p. 15], we get {{nF(r) — In F(0)} =
ln{%} < Kt*,u € [0, 1], K is a constant.
Now, making an appeal to the Eqns. (26) and (27), and the conditions of Holder space, we obtain the inequality

1
(2.26) y(r) < —logF(0) fot (t =17 EQo(=2(t —T)%)dr + & ft (t = 17) THE o (<2(t — T)¥)dT.
n n Jo
Finally, an appeal to the Eqn. (2.25) and the Theorem 2.2, gives the result (2.22).

3 Churchill’s Multidimensional diffusion problem and its solution
Here, in our investigation, we introduce a general equation consisting of multidimensional Euler space derivatives,
Caputo time fractional derivative and the functions in trace of a given matrix as

ey Xt ey Xt
xlﬁU(xl, ,X )+ +xr6U(X1 X, 1)

3.1
G- oxy ox,

+ DL U(x1, ..., X 1) + X0, Ba(U)

= 1ot V@i O In T, (Fi(0)Y.

The Eqn. (3.1) can also be written as
(32) Y, XIW +EDL Uy, .., % 1) + X1 Bi(U) = 2io i InFi(0) [T e Vi D).

In the Eqns. (3.1) and (3.2), it is provided that 0 < @ < 1,V(x;,f) # 0,x; > a;,t > 0, the function log F; :
R* — R, such that F(¢) > 1;8:(U) = U(xy,...,x., ) Vi =1,2,3,...,rand }}}_, B;i(U) is the Trace of square matrix

U
. An empty product, when it occurs, is taken as one.
U rXr

Recently, multidimensional time diffusion problems are solved as separating in space and time variables by the
theory of various authors ([10], [12], [13], [14]). To solve the equation (3.1) or (3.2) by separation in variables, we
impose following initial and boundary conditions:
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Theorem 3.1 If consider that U(xy, ..., x., 1) = [y V(xi, 1), (x;,0) #0VYi=1,2,...,r, in the equation (3.1) or (3.2),
then, for the conditions U(0, x5, ..., x,1) = ... = U(xy,...,%-1,0,1) = 0; U(xy,...,x,,0%) = 0, there exists a set of
problems
0V(x_,‘, 1)
6xj
with the conditions givenas 0 < a < 1, V(0,1) =0 = V(x;,0%), Vj=1,2,...,r

(3.3) +CDEV(xj 1)+ V(xj, 1) = x;In(F;(0)), Vj = 1,2,3,....7;

Proof. Set U(xy,...,x,1) = []_; V(x;,1) in Eqn. (3.1) or (3.2), for 0 < a < 1, and then, on operating by the Caputo
fractional time derivative, we find

r r aV Xjs r r g
B4 By it Vo 07520 + 3 Ty Vi DEDG V() 1)

+ 25:1 H;&j,iﬂ V(xi,t)V(xj, H = Z;‘:1 H;¢j,i:1 V(xi,t)xj ln(Fj(t))-
Equating both the sides of Eqn. (3.4), we obtain the set of equations (3.3).
Again, in the relation U(xy,...,x, 1) = [1_; V(x;, 1), where, V(x;,1) # 0Vi = 1,2,...,r;set U0, x, ..., X, 1) =

.= U(xl,...,x,_l,O,t)=O;wegetV(x,~,t)'x'_O =0Vx;=0,i=1,2,...,r.

By Lagrange’s interpolation formula, we write

) i = THV(x,t
o + =2 {Hj_l’ii ( J)_ (.j )}V(xz',l‘) o +
t=71,1,—0 HJ':]’#,' (7 T]) t=1,7,— 0",

Yi=1,2,3,...,r.

(3.5 U(xy,...,x.,0)|

Since, in our assumption U(xy,...,x,,0") =0, and V(x;, 1) # 0VYi = 1,2,...,r, thus by (3.5), we find
V(x,0H)=0Vi=1,2,...,r.
Hence, the Theorem 3.1 is proved.
Theorem 3.2 The equation (3.1) or (3.2) under the given conditions U(0, x5, ..., x,, 1) = ... = U(xy,..., x-1,0,1) = 0;
U(xi,...,x,0%) =0, has the solution
(3.6) Ulxi,...ox0) = [Ty Vi) = Ty 30 (0= 0% Eqo(=2( = 1)) In(Fi())dr,
VO<a<1l,t>0,x;,>0,i=1,...,r.
Proof. An appeal to the Theorem 3.1 in the equation (3.1) or (3.2), we find r-equations
BV(XJ‘, 1)
an

with the conditions given by 0 < @ < 1, V(0,7) = 0 = V(x;,0%), Vj=1,2,...,r. Again, apply the Theorem 2.1, we
find

+ D3 V(xj0) + V(xj0) = x;In(F(0), Vj=1,2,3,.....r;

V(1) = x5 3 (t = 0 Eqo(=2(t = D) In(Fj(0))d1, Vj = 1,2,....7.

Finally, use the concept and the theory of the Theorem 3.1 we evaluate the solution (3.6).

Theorem 3.3 Forall0 < a < 1,t> 0,x; > 0,i = 1,...,r, if all conditions of the Theorems 3.1 and 3.2 are satisfied,
then, for any 7]/ # 0, there exists U(xy,...,x.,1) = O(xq,...,x )V () such that

3.7 O(xy,...,x,) = 77/X1 oox,and () = % -1 fot (r— T)“_IEW,(—Z(Z — 7)Y In(F;(1))dr.

Proof. An appeal to the Theorems 3.1 and 3.2, we find that

38) Ulxy,....xp0) = D(xy, ..., )P0 =x1...x. []i, fot (t = 1) Ey o(=2(t — 7)) In(Fi(7))d.
By the relation (3.8), we bifurcate in separate variables as

Oy, x) Ty fy =D Eq (=20 = D) In(Fy(r)d7

Xl X ¥(7)
The relations (3.9) easily give the formulae (3.7).

=n,n/¢0.
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Theorem 3.4 For all0 < a < 1,t > 0,x; > 0,i = 1,...,r, if all conditions of the Theorems 3.1 and 3.2 are satisfied,
then, for any 17' £ 0, and for |In(F;(?))| < M;,i = 1,2,...,r, then, by the Theorems 3.3, there exists an estimation
formula via multidimensional Churchill’s diffusion problem

(B.10) |U(x1, ..., %0 D < Mix1 ... M XAt Eq i1 (=26}
Proof. Make an appeal to the Theorems 3.1, 3.2 and 3.3, we find
GBI U@, xn D = x0T Ifot (t = ) Eqo(=2(t = D))| In(Fi(7))ld].

Now, in (3.11) use the techniques of the Theorem 2.3 , and for |In(F;(?))| < le,i = 1,2,...,r, we obtain the
estimation formula

(B.12) (U1, X, D < 31| [T MAE 1 Eg a1 (Z207)]).
The inequality (3.12) gives us the estimation formula (3.10).

Example 3.1 Let in the Theorem 3.2 Fi(t) = exply;t*],yi e R*,p; e NgVi=1,2,...,r;
Ny ={0, 1,2,...}; then, there exists the solution of the multidimensional equation (3.1) or (3.2) with the conditions
given in the Theorem 3.1, as

(313) U(xls s Xpy t) =1 H;:1 XiYi 1 F(Pz + 1)Ea,a+p,v+1(_2ta)~
Solution. In the Theorem 3.2, introduce F;(t) = exply;#*],y; € R*,p; e Ny Vi = 1,2,...,r; where, Ny = {0, 1,2,...};

we get

G14) Ulxise. ) = [Ty 001 250 ros [0 - 1) 1ehidr

(ak+a)

o0 —2)k t — .
= [T X Do % [, (¢ =) *rridr,

By Eqn. (3.14), we easily derive the solution (3.13).

Conclusion

In 1972, Churchill studied diffusion problem and again in 2012, another form of the solution of this problem is
obtained by Kumar [9] and then, converted into known and unknown hypergeometric functions. In this paper, in
the Section 2, we generalize the Churchill’s diffusion problem on introducing Caputo time fractional derivative and
then obtain various estimation formulae and with known and unknown functions and generating relations. Again,
we introduce a multidimensional time fractional diffusion problem to derive its solution on separating it in various
diffusions problems. By the Theorem 3.4, at t = x; ... x,, we find Cobb-Douglas [6] type functions given in (1.1).
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Abstract

In this paper, by changing the independent and dependent variables in the suitable ordinary differential equations
of first and second order, and comparing the resulting ordinary differential equations with standard ordinary
differential equations of Leibnitz and Gauss, we obtain the hypergeometric forms of following functions:

4 (1+Vl—x
LAY D
X 2

), tan™'(x), ¢n(1 + x), sin(bsin~' x), cos(bsin~! x).

2010 Mathematics Subject Classifications: 33C20, 34-xx.
Keywords and phrases: Hypergeometric functions, Ordinary differential equation, Pochhammer symbol.

1 Introduction and Preliminaries
In our investigations, we shall use the following standard notations:
N:= {1,2,3,---}; Ny :=NU{0};Z; :=Z" U {0} ={0,-1,-2,-3,---}.
The symbols C,R, N, Z,R* and R~ denote the sets of complex numbers, real numbers, natural numbers, integers,
positive and negative real numbers respectively.
Pochhammer symbol
The Pochhammer symbol (or the shifted factorial) (1), (4, v € C)[16, p.22 Eqn.(1), p.32 Q.N.(8) and Q.N.(9)], see also
[18, p.23, Eqn.(22) and Eqn.(23)], is defined by
1 (v =0; 1€ C\{0}),
H'};é(/l"'j) (v=neN; 1€0),
), = T+v) = ((:ll_);;' A=-n,v=k; nkeNy, 0Lk <n),
) 0 A=-n;v=k;, n,k e Ny; k> n),

_((1:1/1):k (v=—k; keN; 1€ C\2),

it being assumed tacitly that the Gamma quotient exists.

Generalized hypergeometric function of one variable

A natural generalization of the Gaussian hypergeometric series ,F[a, 8;v;z], is accomplished by introducing any
arbitrary number of numerator and denominator parameters. Thus, the resulting series

(L qu[ (@p); z} :qu[ @@ | e @G, 2

By); BiBas B n=0 GO BB
is known as the generalized hypergeometric series, or simply, the generalized hypergeometric function. Here p and
q are positive integers or zero and we assume that the variable z, the numerator parameters a1, s, ...,a@, and the
denominator parameters 3,52, . . ., B, take on complex values, provided that
B #0,-1,-2,...; j=12,...,q.

Here, none of the denominator parameters is zero or a negative integer, we note that the ,F, series defined by
Eqn.(1.1):

(1) converges for |z] < oo, if p < g,

(ii) converges for 7] < 1,if p =g + 1,

(iii) diverges forall z, z # 0, if p > g + 1,

(iv) converges absolutely for |z] = 1, if p = ¢ + 1 and R(w) > 0,

153





