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ABSTRACT 

In this paper we evaluate one single and two multiple integrals 

involving the products of hypergeometric functions, Jacobi polynom­

ials, and the multivariable H- function, which was introduced and 

studied in a series of papers by H. M. Srivastava and R. Panda. The 

results are believed to be new and are quite general in character. On 

specialization of the parameters, a number of interesting integrals can 

be deduced as particular cases of our main re~ults. Some special cases 

are also discussed briefly. 

I. INTRODUCTION 

The H- function of several complex variables (or the multivariable 

H- function) was introduced and studied earlier in a series of papers by 

Srivastava and Panda (see, e. g ., [6] , [7] and [8] ). The parameters 

of this function will be displayed here in the following contracted 

notation which is due essentially to Srivastava and Panda 

( [6], p. 130; Eq. (l .3)et seq.) : 

0, n : mi. nv· ... ; m,., nr 
_H 

*This paper was submitted originally under the title Certain 

Integral Formulas for the Multivariab.;:: H- function and Jacobi 

polynomials. 
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mi n; 
0; ( s; ) = rt r ( d (;> - a<~> si ) 
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Throughout this paper; the symbol ( a; ; aJ , ... ,a''J ) 1, P 

}' 

bb 
0 th b ' ( • I (1) ) l'l . reviate~ . e _p-mem e1 array a1 , a1 , ... , 11 1 , ... , 

· ( a'P·; a1,' ; ... , a<~ ) , and ( c;, e:; )i,p the p-member array 

( c1, e:1 ), ... , (c1,, e:p), P-;> 0, the array being empty if P=O. 

The multiple integral ( 1.1) converges absolutely, if 

11.4) U;>Oand fargx; f <iUiTC, 

where 

(1.5) 
p . q . 

ui = - J:r a(') - }; ~<'! + 
• 1 • 1 1 
;=n+I J= 



V i e { 1, ... , r } . 

Also,weh:we( [6], p. 131,Eq. (1.9)): 

where 

( 1. 7) 

U!.;= 

Vz= min [ Re ( d<~> I -a<in], 
1~j~mi 

ma.\ [ .. Re { c<j -1)/ z<~>}], 
1~j ~11; 

2. INTEGRAL FORMU:LAS 
. ' 

V i z { 1, ... ~}. 
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The fol!owing sii1gle and multiple iritegtals have been evaluated : 

First integral : 

(2.1) 
t P-1 J (t-XJ 
0 

x"-I (1 +Bx) -P -" 2F1 [a, b; c;-
1

-'-:-'--B--x ] . 

H [ 
t- x ') k1 ( x ) h1 ( t- x k . YI ( --..,_...-- ' ... ' y, ~ ) f 

1+Bx 1+Bx 1+Bx 

x 

1+Bx 

.G 
p er ~~ 

' ' 
where 

.J . l _:'· · O_ ,n+'? : m1 n1 ; ... ; ·m,, n;. 
( 2; G I J1, .... ,_y, =H 

P, i;' "' l J P+2, q+J: Pi. qI j ... j Pr,qr 



24 ] 

' (1-p ;k1,. .. , k,.), (l-a-u;hi, ... ,h,), (a;; a., ... , a<'>) 1,'.P : 

. 3 J 

( i ,; ) p . . ( (f) (rJ) p l c1, E; 1' 1 , ... , Ci , E; l• r 

I I 

{ d "' ) q . . ( d('> !<'(') ) 
. , , 0 j l • 1 ' . .. ' j , 0 j i ,q,. 

I 
I 
J 

The integral (2.1) converges under the following (sufficient) 

conditions : 

(i) / z: <l or I z I = 1 and Re (c-a-b) > 0 

(ii) 
r 

Re ( cr+ Z 
·,=l 

r 
h; v,) > o, Re ( p + z ki v;) > o B>o. 

i·=l 

hi, k;, u, > 0 and I arg _y; I < i Ui 7t , V i r:. { 1, ... , r }. 

where Ui and vi are defined by ( l.5) ·and ( 1. 7), respectively. 

(iii) The series occurring on the right-hand side of (2.1) is assumed 

to be absolutely convergent. 

Second integral : 

(2.3) 
ti J tr r { f., -1 " 1 

J ... fl (ti- X;) ' (x'.) ,- (] +B; X; )-P;-"i 
0 0 ,=l 

lr-Xr J' kr (-X_r _ )hr ll d y, ( ----- 1 X1 ... dx, 
1 +BrX1 1 +BrXr J 

r ( - Hii (ti) p;+cr;-1 \ l+Biti) -ai 

L 
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.K [ flr, <ir, Ur 

where 

(2.4) 

r Yl I (aj;a'j, ... 'a7)i,11:(/-p1, ki), (l-111-U1,h1) (c'i, e'i)1.Pi 

I l y, (b;;Wi.··· , 137)i,q: (d'i,o';)i,qlt (l-p1-111--u1, h1+k1) · 

; ... ; (I-pr, k,) , (l-11,-u,,h,.), (c<~l, e<~>)i,Pr l 
I 
I. 

j 

The integral (2.4) converges under the following (sufficient) 

conditions : 

(i) J Zi j < 1, and Re (ui-)'li-p.i) > 0, V- i E { 1, ... , r } 

(ii) Re ( pi+hivi) > O, Re (a•+h;vi) > 0, B > O. 

hi, k,, U;> 0 and I arg Yi j < i Ui 1t, V- i e: { 1, ... , r} 

where Ui and Vi are defined by (J.5) and (J.7), respectively. 

(iii) The series occurring on the right-hand side of (2.4J is assumed 

to be absolutely converg.'.:nt. 

Third integral : 

(2.5) J
l 

0 
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wl:iere , 

r ~1 · (a;. :.t;r1j, ... , aCjl fl>P : (-kr:Nr.;k1),(µ1-k1-.N1/l]_,), ~c';,c.'j)bh 

l~, (bj; ~';, ... , ~c? )i,q:(d';,ll'j)i,q1,(-u1-k1-U1-N1-l,h1),(µ1-k1+ 

: ... ;(-k,-N,,,hr ),(µ,-'-kr~Nr,hr ),( c?, c.(?)i,Pr l 
U1-N 1,/21) : ... ; ( d(;l, 3c:l)i,q,,(-ur-kru,-N,-l,h, ),(µ,-kd· u,--.N,,hr) J 

provided that Re (ki+hiv;+l) > 0, Re (•1;) > -1, 

I arg Yi I < t U; 7C ' ui > 0, v i e: { 1, ... ' r } ' 

U; and v; are defined by ( I.5) and ( 1. 7), respectively. 

Derivation of the integral formulae (2.1), (2.3) and (2.51 

To derive integral (2 .1 ), we first write the H-function (occurring 

in the integrand) in terms of the Mellin-Barnes contour integral with 

thd1eip of(L l) and change :the order of int_egrations thereip. We, 

then apply a known result ( [l], p. 10, Eq. (11)) in or~\er to, evaluate 

the x-integral and interpret the resulting . contour integral a~ a 

multivariable H-function, with the help of ( 1.1) ; the integral formula· 

follows at, once. 

In a similar manner, by. applying multiple analogues of the 



[ 27. 

form.ula.e ( .[I:J, p. JO, £q. (JI) ) and ( [2], ,p. 288, Eq. (20)) iii.stead of 

( [1], p. IO, Eq. ,( 11) ). we can derive easily. the second ~~d third 

integrals. 

3. 'SPECIAL CASES ' 

Our integral formulae can sqitably be specialized to a qumber 

of known or new integrals involving a large families of special 

functions (or product of sevetal such functions). 

For example, if we put B=O, a~~m, b==a+~+m+l,· C=a+l, z~z/2 

in (2.li) and ,use a known result ( [5]; p. 254, Eq. (I)) we •get the· 

following interesting result : 

Jo
t p-1 "-1 (O"iJ) '[ . kl kl: 

(3.1) (t-x) x P.,. (1-zx) H y1 (t...:.x) x , .:. , 

kr h,]· tfx 
Yr (t-x) X 

r(l+a+m) (-m}u ('a+(l'+m+f);, 
m ! u ! r(a+u+l) 

w~ere Gf, .,,, u [Yi. : .. . 'Yr J is given by (2.2) .. 

l ?:.t .... c 

'2) 

. The integraJ formula: (3 .11) is valid' under the ft>Mowing 

(sufficient) conditions 

r r 
(i) Re(cr+ I: hi /'Ji) ·1> 0, Re ( p+ I: ki Vi) >'0, 

i··"l i=l 

(ii) k;; 'ki; tfr> 0 and I arg Yi I < l ui 1t, ¥ i E { l, ... ' r } ' . 

Ui and Vi are defined by. (1.5!. and (1.7), respectively. 
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If we take t =1, z_;,2; and r=2 in (3.1), we shall fairly easily 

get the result given recently by Prasad and Singh ( [4], p. 126, Eq. 

(2.1) ). Again, if we put t=l, z=2, a=~. k;.=0 (i=l, ... r) in (3.1), 

we shall obtain another known integral due to Srivastava and Parn;la 

( [6], p. 131, Eq. (2.2) ). The integral formula of Srivastava and 

Panda [ loc, cit.] contains many known integrals as its particular 

cases. 

On the other hand, if we put a=a+m+l, b=-~-m, c= l+a. 

;:, -'? z/2 in (2 .I) and using the known results ( [1], p. 105, Eq. (1) 

and (2) ) and ( [5], p. 254; Eq. (l) ) therein, it W-lull reduce to the 

following inte3ral, which is believed to be i:iew 

f O
t p-1: "-1 a - ("'•a> 

(3 .2) u-x) X. ( 1-tzx) P,,. . (1:-zx) 

[ 
. · kl h1 kr h, J 

H y 1 (t-x) _x · , ... ,y, (t-x) x dx 

u r"~1 ~ . ( ~ +a+u)m (-~-m)., 
.. ~o m ' u . 

(tzt) . 

[ 

. h1 +k1 h,+k, 
G,,-.,, ,. "y1 t , ... ; Yr_ t ] , 

provided that the conditions mentioned with the integral (3.1) are 

satisfied and the serie~ occurring on the right-hand side of (3.2) is 

absolutely convergent. Also, G,, .,, ;, [Yi, ... ,y,] is defined by (2.2) . 

. . : ·;.J.\:l!!o, .our. integral formula (2 .3) 

integral ( [3], p. 173, Eq. (2.1) ), 

p.i=a+~+m+l, u1=l +a, B -+ 0 in it. 

would reduce to Mishra's 

if we p'..lt r= 1, Ai =~ni, 

Vve conclude by remarking that a nun,be:- of inte1·e~ting· 

variations of our integral formulas can be obtained when one or 

more k;. ~;_(i=:=l . .... r) tendto zero. The details are c.yreasonably 

straightforward,and we may very well leave them as an ex~rcise to 

the interested. reader. 
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