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1. Introduction. In this note, we prove some interesting 
results concerning the Lebesgue-integrable functions ([2], Chapter 10) 
of a class of functions of bounded variation ([2], Chapter 11). We 
write /EL (O, c), whenever the functions f are Lebesgue-integrable 
over (0, c), and/EBV (0, c) for the functions f of the class of all 
functions of bounded variation over (0, c). For the convenience in 
working, we further use the following notations : 

(1.1) A (t)= J: g (u) du. 

{1.2) fu (t)= A ~t) J: g (u) f(u) du. 

(1.3) F(t)=f(t)-fu (t). 

2. We prove the following theorems : 

Theorem 1. Let c>O and let g (t)>O be such that A (t)F> 0 for 
t>O. Then 

(2.1) 

and 

(2.2) 

(2.3) 

F(t)EBV(O, c) I 
I r -¢:> 

g(t)F(t)EL(O c) I 
A (t) ' J 

f(t)E BV(O, c). 

Theorem 2. Let constant k>c>O and b>O. Then 

(2.4) u J:f(u) (log~r du} EBV(O, c)-¢> 

(2.5) / 1 (t) (log ~r EBV(O, c). 
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Theorem 3. Let constant k>c>O and b>O. Then 

(2.6) f( +0)=0 l 
and I 

{2.7) {lft( k)b } t* t 
0 

_log u df(u) EBV(O, c) J 

(2.8) lf(t) { ~og~)}nv(O, c). 

Theorem 4. Let constant k>c>O and b>O 
such that A (t)>t-Ofor t>O .. Then 

and let O<;g (t) be 

c2.9) f: ( 1og ~Y 1 dF(t) 1 <cc l 
I 

~* and 

(2.10) {
g(t) F(t) ( k)b} · A(!) log t EL!O, c) J 

(2.11) f: (log ~ Y I df(t) I <cc, 

whenever,for O<u<c, 

(2.12) J
c g(t) ( k)b ·f (1og ~)bl 
u A2(t) log t dt=O l . A(u~ r 

3. Proof of the Theorems. The proof of Theorem 2, for b=O, 
is trivial. And the proofs of Theorems 3 and 4, for b=O, follow 
from Theorem I. For the proofs of the theorems, we require the 
following lemma : 

Lemma. Let O<c be finite or infinite and let g(t)>O be such that 
A(t)>O, for t>O. Then 

f(t)EBV(O, c) => f 9 (t)EBV(O, c). 

Proof. Since A(t)= J: g(u)du, therefore A( +0)=0 and A'(t) 

=g(t). Now 

d(f, (t)) g(t)f(t) - g(t)_Jt g(u)f(u)du 
a A(t) A2(t) o 

=~~;y[1<t>-A(1t) {A<t)J(t)-J: A(u)df(u>}] 

g(t) Jt = A2 (r) 
0 

A(u) df(u). 
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Therefore 

J: I d(fg(t)) l <;J: J2(~~l dt I: A(u) I d/(u) I 

= J: A(u) l df(u) I J: :r (A(:)) dt 

<f: I df(u) I, 

which is convergent by the hypothesis. 

This terminates the proof of the lemma. 

COROLLARY 1. Let O<c be finite or infinite and g= 1 in the 
above lemma. Thenf(t)EBV (0, c):::? f1 (t) EBV(O, c). 

3.1. Proof of Theorem 1. By the lemma, we follow that (2.3) 
implies (2.1). We now prove that (2.3) implies (2.2) also. 

By (2.3), we have 

F(t)= A(~) t A(u) df(u). 

Then, proceeding as in the proof of the lemma and using (2.3), 
we have 

f 
0 

g(t) I F(t) I dt <; J" g(t) dt J1 
A(u) I df(u) I 

0 A(t) 0 A2(t) 0 

< oo. 

Finally, we prove that (2.1) and (2.2) implies (2.3). By (1.3), we 
have 

J: I df(t) I <;J: I dF(t) I+ J: I dfg(t) I 

= f: I d F(t) I + J: g(t) ~~(;) I dt, 

which is convergent, by (2. I) and (2.2). 

Th:s terminates the proof of Theorem I. 

Let g be a non-zero constant function. Then we have the follow
ing corollaries : 

COROLLARY 2. Let c>O. Then F(t) E BV(O, c) and 
t-1 F (t) E L (0, c) <=? J (t) E B V (0, c). 

COROLLARY 3. Let constant k> c> 0 and h> I. Then 

F(t)( log~r EBV(O, c)~J(t)EBV (0, c). 
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3.2. Proof of Theorem. 2. Integrating by parts, we have 

~ J:f(u) (1og~r du=Ji<n(1og ~Y +~J:11cu>(1og ~r-1du. 
Let (2.5) hold. Then{} J: ft (u) (log ~r-1 

du} EBV(O, c), by 

( 
k)b-1 Corollary 1, sincef1 (t) logt EBV(O, c). This proves that (2.4) 

holds. 
Now we prove that (2.4) implies (2.5). 

Let hl<t>=} J:1<u)(1og~Y du. 

Then 

11 (t)=} J: (log ~rb d (uh1(il)). 

Thus, integrating by parts, 

( 
k)b b(log~tJ' hl(u) 

(3.2.1) fi(t) log! =h1 (t)- t 0 (log~)l+bdu. 

Since h1 (t)E B V (0, c), to prove that (2.4) implies (2.5), we only 
require to show that 

, l( 10g~YJt hi(u) l 
(3.2.2) J(t)=~ t ( k)l+bdu ~EBV(O, c). 

I o log - I 
L u J 

Again, integrating by parts, 

(1°gj)" It ( k)-1-b 
J(t)=h1 (t) t 

0 
log u du 

(log ~rf t {Ju( k)-1-b } 
-:- / 

0 0 
log x dx dh1 (u) 

=11 (t)+J2 (t), say. 
Now, 
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J
c ( k)-1 <;; 
0 

Iogt I dh1 (t) I 

fc J·u ( k)-1-b Jc I { ( k)b} l + 0 I dh1 (t) I 0 log x dx " d 1-1 log t 

( k)-1Jc ~ loge 
0 

I dh1(t) l 

Jc ( k)b J" ( · .. k)-1-b + 
0 

u-1 logu I dh1 (u) I 
0 

log:X dx 

( k)-1Jc <;2 loge 
0 

I dh1 (t) I <oo, 

by (2.4). Hence J2 (t)EBV(O, c). Now, to prove (3.2.2), it is 
sufficient to show that J1 (t)EBV (0, c), which follows, whenever 
(24) holds and I (t)EBV (0, c), where 

( k)bft ( k)-1-b J(t)=t-1 log! 
0 

logu du. 

Integrating by parts, 

( k)-1 ( k)b I Jt ( · k)_b-2 l(t)= logt -(l+b) log! t 
0 

Iogu du 

=Ii (t)-(l +b) 12 (t), say. 

Since fi(t)EBV(O, c) therefore we only require to prove that 
l2(t)EBV(O, c). Now, 

<oo. 
This terminates the proof. 

COROLLARY 4. f(t) ( log~r EBV(O, c), where k>c>O and b;;i.0, 

implies that F(t)(log~r EBV(O, c), whenever g be, a non-zero cons

tant function. 

The proof follows by using Corollary 1 and Theorem 2. 
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3.3. Proof of Theorem 3. It is clear that (2.8) implies (2.6). 
Let (2.8) hold then integrating by parts, we have 

i ft ( k)b f(t) (log~)" h ft f(u>( log~y-1 
- log- df(u)>:: +- du. 
t 0 u t t 0 u 

Since (2.8)=>{f<:)(log~r-1}EBV(O, c), therefore, by Cor .. l, 

{}I: g~) (1og~r-i du}EBV(O, c). 

Thus (2.8) implies (2.6). 

Now we prove that (2.6) and (2.7) implies (2.8). Let 

H1(t)=~ I: (1ogzy df(u). 

Then, sincef( +0)=0, 

J(t)=f: df(u)= f: ( Iog~rb d(uH1(u)). 

·Thus 

f<t)( 10g~r k b 1 t ( k -b 

1 
t (iogt) t Jo logu) d{uH1(u)}. 

Arguing as in the proof of Theorem 2 withH1(u) in place of hi(u), 
we follow the proof. 

3.4. Proof of Theorem 4. By (1.3), we have 

f: (1og:y 1df(t)1~J:(1og~r1aF(t)1 + f: (iog~r 1dfu(t)1 

=f: (1og~r 1 dF(t), +f: t g(~~';) 1 (1og~r at 
<oo, 

by (2. 9) and (2.10). Thus (2.11) holds. 

We now prove that (2.11) implies (2.9) and (2.10). Since 

(1og~r J; 1 df(t), ~J: (1og~r, df\t) 1 

<=, 
by (211), therefore, f(t)E BV(O, c) which further implies, by the 
lemma, thatfg(t)EBV(O, c). Also, we have 

1 Jt F(t)= A(t) 
0 

A(u) df(u). 
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So that 

J: 1 F<2<!)g(t) ( 1og;y a1~f: J2~i) (1og ~ya1 J: A<u> 1 df<u> 1 

= f: A(u) l df(u) I [ ( log~y £(A(~)) dt 

=0 {f: ( log~t I df(u) I } by (2.12) 

=0(1), 

by (2.11 ), which proves that (2.11) implies (2.10). Further, we observe 
that 

fa (1og~)b 1 I dfu(t) l =J6 ~~I Ffil(1og~)b dt. 
o t 0 A(t) t 

Therefore, (2.11) implies (2.10) which, in turn, implies that 

(3.4.1) f: (1og~r 1dfg(t)1 < =. 
Finally, to prove that (2.11) implies (2.9), we have, byusing(l.3), 

J: (1og~r 1aF(t)1 ~I: (1og~y, df(t), +f: (iog~y, dfg(t) 1 

<oo, 
by (2.11) and (3.4.1). 

This terminatew the proof of Theorem 4*. 

Remark 1. Let k>c>O. Then, for finite b, (2.9) and (2.10) 
imply (2.11 ). 

COROLLARY 5. Let k> c>O and b>O and let g be a non-zero 
constant function. Then 

Ci) f (1og~)°1aFc1)1 <oo l / 
b 

o f- <?(iii) I (1og~) I df,t) I < 00 • 

(ii) ~;t) ( log~r EL(O, c) J o t 

Remark 2. By the application of Lemma 7 of Chandra [I], the 
conditions (i) and (ii) of Corollary 5 are equivalent to 

(iv) F(t) (log~ r EB V(O, c) 

and (ii). Therefore, Corollary 5 can be put in the following form : 

* In Theorems 2, 3 and 4, (log ~) ~ ( b;;;;:. 0) may be replaced by ( log11 4 ) b 

(b;;;:.o), where Jog11=log log;,._1 (h>l) and log1=log. 
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COROLLARY 5A. Let k>c>O and b>O and g be 1. Then 

(ii) and (iv) <=> (iii). 
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