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The methods of calculating elastic energy in the plane theory of 
elasticity are reconsidered in this paper. Available methods are based 
upon the real-variable methods. But, in the plane strain problems, 
it is shown that the complex-variable technique is more useful for 
finding explicit expression for elastic energy and that it gives the 
results in a simpler manner. 

The available literature on elasticity states two methods for the 
calculation of elastic energy. 

In plane strain problems, the first method calculates the strain 
energy density [I] given by 

W=C!µ.) (e_.._..+evv) 2+ ~ [(eyy-exz.)2+4e;v] 

for an elemental volume of unit height of an elastic body under 
consideration. Here ,\, 1• are usual Lame's constants and e;; (i, j =x,y) 
are the components of strain. Integrating the expression over the 
whole area:, the elastic energy of the body per unit height is obtained. 
Hence, the total energy E, in the body per unit height is given by 

E=fSs W dS 
where Sis the area of the cross-section. 

In the second method, the work done at the boundary by the 
traction forces is calculated. Using the classical theorem (l] for the 
equivalence of the work done on the boundary to twice the potential 
energy, the elastic energy of the body under con~ideration ts 
calculated. The kinetic energy is assumed to be zero. ln two-dimen
sional problems, if p71x, Pnv are the components of the tractions on 
the boundary and u, v are the displacement components, then the ~train 
energy in the body per unit height is given by 

E= S, (u Pnz+ V Priv) ds ( 1) 

where sis the boundary of the cross-section. 
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In this paper it is shown that the powerful complex variable 
technique can be applied to find a formula for the calculation of 
elastic energy. This is achieved in the following way. 

From (I), it may be seen that 

(2) 

where Re denotes 'Real-part of'. 

Also, using the notation given in Muskhellishvili [2], it 1s weH 
known that 

(3) 

and 

. 1 [ ,,,, ( ) ( )] 4u +),. _ (4) u-iv=-2µ. z..,. z +tf! z + 2A/L ,P(z). ' 

Hence, using (2), (3), ( 4), the elastic energy Eis given by 

E= -! Re Is [2--h z ¢' (z) + cfi(z) + 4~;. ,\ ¢(z) ] 

lX id [t/>(z) + z ¢'(z) + t/l(z)]. (5) 

If the region is mapped onto a unit circle (as in the case of many 
problems of the plane elasticity), the above formulae can be directly 
transformed. Let the mapping function be z=w(P), and let 

¢(z)=¢(w(P))--f(P); ¢'(z) ~~~!) 

and t/l(z)=tfl(w(P))=g(P); t/l'(z)=::~~~ 

Substituting these values in (5), 

E= ~ Ref I' [--2~ii w(P) 1a:f :J + g(P)+ 
4~>.: A /'(P) ] 

x i.d. f J(r)+w(P) j~ +g(P)], 
·· w'(P) 

where I' is now the boundary of the unit circle in the P plane. Note 
that P/)= L Explicit results in a simple manner may be derived by 
writing the known expressions for f (P). w (P). g(P) for the case, when 
the region in the :: -plane is finite or infinite, simply-connected, and 
the finite boundary i5 subjected to given boundary tractions or dis
placements. 
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As an illustration of this method, the elastic energy stored in an 
infinite plate with an elliptic hole under uniform pressure P is calcu
lated. The problem in classical elasticity is solved by mapping the 
region outside the ellipse onto a circle I P I= I. The mapping function 
is 

z=w(P)c:: R :( ! +rm),, 

where 
a+b a-b 

R=z-1 and m=a+b' 

a, b are semi-major and semi-minor axes. 

If f(P) and g(P) are the functions ¢(z) and t/i(z) when z is replaced 

by R( -}+rm), then for the classical solution of the elliptic hole 

problem, it is well known [3], that 

f(i1)=-PRP · g(P)=-PRP+ m(f'B-t m) 
' l-m112 

Hence substituting these relations in ( 5) and evaluating the integrals' 
we get 

(6) 

which gives the elastic energy stored in an infinite plate with an elliptic 
hole. a is poisson's ratio. 

From (6), as a particular case, the elastic energy stored in an 
infinite plate with a circular hole may be obtained by putting m=O. 
This comes out to be (rrP2R1)/2µ. 

IJ} may be seen that the energy stored in an infinite plate with an 
elliptic hole is minimum for the case when the plate has a circular 
hole of the same area as that of the elliptic hole. It follows from (6), 
by differentiating (6) with respect to m and since the second derivative 
is positive, that the energy is minimum for the case of a circular hole. 

Results pertaining to elastic energy in the case of a square hole 
under uniform pressure in an infinite plate can also be found by the 
above method. The function, mapping an approximate square hole 
in an infinite plate onto a unit circle, is given in [3]. The mapping 
function is 

z=w(P)=A ( ~ - ~ {J
3 

} 

where A=area of square hole. 
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The values of <P(z), t/!(z) are not given in the above book not are 
available in the literature. The values of these functions can be found 
and are given as 

<P(z) = p Aps' 
6 
13 r 

tf!(z)=-:6PA r4+z' 
By calculations similar to those given above, we find the energy 

in the region per unit height as equal to 

p2Alli.[ µ, 7] 
E='J,"µ 3(A+ µ) + 6 . 

Jn a subsequent paper it is proposed to apply the above method to 
another class of problems concerning inhomogeneties. 
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