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The hypergeometric function of three variables H C was introduced 

by Srivastava [3]. It is defined by the power series (cf. [3], p. 99, 
Eq. (1.3)) 

(1) He (a, (3, y; x, y, z) 

""' (r1.:, k+i) ((3, i+j) (Y,j+k) xi y3 z" 
= L..t -- (c, i+j+k) i! j!k! ' 
i,j, k 

where (b,p)=r(b+p)/r(b) is the Pochhammer symbol; all summa• 
tions are from 0 to co. The function has a natural generalization 

(2) H(n) (a 1, •• ., a,, ; c; x1, .. ., x,,) 
c 

where k0 =k,,. H(3) is the function defined by (I), while H(2) ob-
C . C 

viously is a Gaussian hypergeometric function. These functions are, 
incidentally, included in the class of hypergeometric functions intro
duced by Srivastava and Daoust ([4], p. 454; see also [5], p. 157, §5) 

Continuing our previous investigation [2] of H(n) we now prove 
c 

that its region of convergence D for n;>4 is given by 
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(3) jx.,.j<l, m=1, ... , n. 

The case n=3, which is more complicated, has been dealt with 
elsewhere [1]. 

Introduction of a region of convergence requires that no parameter 
be a negative integer. (Otherwise, the series loses its meaning, termi
nates, or becomes a finite sum of hypergeometric functions of fewer 
variables). With these exceptional values excluded, D will be indepen
dent of the values of the parameters ; this is a consequence of 
Stirling's theorem. Taking c=4 and a1= ... =a,.=1 is advantageous; 
we thus determine D as the region of convergence for the series with 
positive terms 

(4) 

Since for any m s fl, .. ., n}, 

the series is certainly divergent if any variable has absolute value 
greater than unity. Conversely, we now assume that the inequaUhie~ 
(3) are satisfied and rewrite S by taking two summations separately : 

where 

S= L AB jx3 jk3 
.•. jx,.jk", 

ks, ... , k,. 

B=-~(kdk:i)! (k 5 +k4)! ... (k,,+k"_ 1)! 
(4. k:i+ ... +k,,) k4!. .. k,,-1! 

an empty product means unity. 

The terms of the Appell series are all positive ; therefore, 

A~;;F1(L I+kw l +k3 ; 4+k:i+ ... +k,.; l, 1) 

_I'(4+ka+ ... +k,,) r'(l+k4 + ... +J,,,_1) 
I'(3+k3+ ... +kn) r(2+k,,d- . . +kn_iJ 

=(3-\-k:d ... +k,.)/(l+Jc.i-\"- ... +kn-1); 
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an empty sum means zero. Moreover, we have 

(5) 

The second sign is obvious, and so is the first in the case n=4. 
Otherwise it follows from the inequality 

(k4 +ka)! (k5 +k4)!<k1! (k3 +k4+k5)!, 

which, when applied to itself after multiplication by (k6 +ks)!, yields 

(k4+ka)! (ks-~ k4)! (k6+k5)!<k"! k5! (k3+k4 +ks+k6)! 

and thus by repeated multiplications eventually leads to (5). 

The inequalities obtained for A and B imply the convergence of S ; 
and this completes the proof of our assertion. It will be noted that 
the condition n>4 was essential. 
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