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Abstract

Rao and Rao[16] obtained a triple fixed point theorem for a multimap in Hausdorff fuzzy metric space. Extending
this idea we generalize the concept of triple fixed point, we define quadruple fixed point. In this paper we have
established a result regarding it in Hausdorff fuzzy metric space.
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1 Introduction and Preliminaries
Zadeh [23] introduced the concept of fuzzy sets in 1965. Since then, it was developed extensively by many authors.
Fuzzy metric spaces have been defined by several researchers in several ways (e.g.[6,7]). The concepts of fuzzy
metric space introduced by Kramosil and Michlek [12] have been modified by George and Veeramani [7] and also
induced a Hausdro topology on such fuzzy metric space. The contraction principle in the setting of fuzzy metric
spaces introduced in [7] was later proved by Grabiec[9]. Some interesting references for fixed point theorems in fuzzy
metric spaces are given in [3,4,5,21].

Nadler [14] initiated the study of fixed points for multivalued contraction mappings using the Hausdor metric. In
2004, Rodrguez-Lpez and Romaguera [17] introduced Hausdors fuzzy metric on the set of the nonempty compact
subsets of a given fuzzy metric space. Later some fixed point theorems for multivalued maps in fuzzy metric spaces
(e.g., [1,11,20,22]) were proved by several authors. Many authors studied the existence of fixed points for various
multivalued contractive mappings under dierent conditions, refer to [12-14] and the references therein.

In 2006 coupled fixed point in partially ordered metric spaces was introduced by Gnana Bhaskar and Lakshmikan-
tham [8] and some problems of the uniqueness of a coupled fixed point was discussed and the results were applied
to periodic boundary value problems. In 2011, Samet and Vetro [18] proved the coupled fixed point theorems for a
multivalued mapping. Berinde and Borcut [2] also introduced the concept of triple fixed points and obtained a triple
fixed point theorem for a single valued map in partially ordered metric spaces.

In this paper, we obtain a quadruple fixed point theorem for a multimap in a Hausdor fuzzy metric space and using
it, we obtain a common quadruple fixed point for a multi- and single valued maps.

For this we need the following.

Definition 1.1 [19] A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if it satisfies the following
conditions:

1. ∗ is associative and commutative,
2. ∗ is continuous,
3. a ∗ 1 = a for all aε[0, 1],
4. a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].
Two typical examples of continuous t-norm are a ∗ b = ab and a ∗ b = min {a, b}.
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Definition 1.2 [7] A 3-tuple (X,M, ∗) is called a fuzzy metric space if X is an arbitrary (nonempty) set, ∗ is a continuous
t-norm, and is a fuzzy set on X2 × (0,∞), satisfying the following conditions for each x, y, z ∈ X and each t and s > 0,
1. M(x, y, t) > 0,

2. M(x, y, t) = 1 if and only if x = y,
3. M(x, y, t) = M(y, x, t),
4. M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s),
5. M(x, y, ) : (0,∞)→ [0, 1] is continuous.
Let (X,M, ∗) be a fuzzy metric space. For > 0, the open ball B(x, r, t) with centre x ∈ X and radius 0 < r < 1 is

defined by B(x, r, t) = {y ∈ X : M(x, y, t) > 1 − r}.
A subset A ⊂ X is called open if for each x ∈ A there exist t > 0 and 0 < r < 1 such that B(x, r, t) ⊂ A. Let τ denote

the family of all open subsets of X. Then τ is called the topology on X induced by the fuzzy metric M. This topology
is Hausdorff and first countable. A subset A of X is said to be F-bounded if there exist t > 0 and 0 < r < 1 such that
M(x, y, t) > 1 − r for all x, y ∈ A.

Lemma 1.1 [9] Let (X,M, ∗) be a fuzzy metric space. Then M(x, y, t) is nondecreasing with respect to t for all x, y in
X.

Definition 1.3 [17] Let (X,M, ∗) be a fuzzy metric space. M is said to be continuous on X2 × (0,∞) if

(1.1) lim
n→∞

M(xn, yn, tn) = M(x, y, t),

whenever a sequence {(xn, yn, tn)} in X2 × (0,∞) converges to a point (x, y, t) ∈ X2 × (0,∞), that is, whenever

lim
n→∞

M(xn, x, t) = lim
n→∞

M(yn, y, t) = M(x, y, t) = 1,

(1.2) lim
n→∞

(x, y, tn) = M(x, y, t).

Lemma 1.2 [17] Let (X,M, ∗) be a fuzzy metric space. Then M is a continuous function on X2 × (0,∞). Also let us
take the condition:

(1.3) lim
t→∞

M(x, y, t) = 1, ∀ x, y ∈ X.

Lemma 1.3 [13] Let {yn} be a sequence in fuzzy metric space (X,M, ∗) satisfying condition (3). If there exists a positive
number k < 1 such that

(1.4) M(yn, yn+1, kt) ≥ M(yn−1, yn, t), t > 0, n = 1, 2....

Definition 1.4 [17] Let B be a nonempty subset of a fuzzy metric space (X,M, ∗). For a ∈ X and t > 0, define
M(a, B, t) = sup

{
a,b,t

b ∈ B
}
.

In this paper let K(X) denotes the class of all non empty compact subsets of X.

Lemma 1.4 [17] Let (X,M, ∗) be a fuzzy metric space. Then for each a ∈ X, B ∈ K(X) and t > 0, there exists b ∈ B
such that M(a, B, t) = M(a, b, t).

Definition 1.5 [17] Let (X,M, ∗) be a fuzzy metric space. For each A, B ∈ K(X) and t > 0, set

(1.5) HM(A, B, t) = min
{

inf
x∈A

M(x, B, t), inf
y∈B

M(A, y, t)
}
.

The 3-tuple
(
K(X),HM , ∗

)
is called a Hausdorff fuzzy metric space.

Lemma 1.5 [10] Let X be a nonempty set and g : X → X be a mapping. Then there exists a subset E ⊆ X such that
g(E) = g(X) and g : X → X is one one.

Definition 1.6 Let X be a nonempty set, T : X×X×X×X → 2X (collection of all nonempty subset of X) and f : X → X.
(i) The point (s, x, y, z) ∈ X × X × X × X is called a quadruple fixed point of T if

(1.6) s ∈ T (s, x, y, z),

y ∈ T (y, z, s, x),

z ∈ T (z, s, x, y).

(ii) The point (s, x, y, z) ∈ X × X × X × X is called a quadruple coincident point of T and f if

(1.7) fs ∈ T (s, x, y, z),
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fx ∈ T (x, y, z, s),

fy ∈ T (y, z, s, x),

fz ∈ T (z, s, x, y).

(iii) The point (s, x, y, z) ∈ X × X × X × X is called a quadruple common fixed point of T and f if

(1.8) s = fs ∈ T (s, x, y, z),

x = fx ∈ T (x, y, z, s),

y = fy ∈ T (y, z, s, x),

z = fz ∈ T (z, s, x, y).

Definition 1.7 Let T : X × X × X × X → 2X be a multivalued map and f be a self map on X. The Hybrid pair {T, f } is
called w-compatible if f

(
T (s, x, y, z)

)
⊆ T ( f s, f x, f y, f z) whenever (s, x, y, z) is quadruple coincident point of T and

f .

2 Main Result
Let us prove a slightly different result from Lemma 1.3 which we will use to prove our main result.

Lemma 2.1 Let {sn}, {xn}, {yn} and {zn} be sequences in fuzzy metric space (X,M, ∗) satisfying condition (1.3). If there
exists a positive number k < 1 such that

(2.1) min
{
M(sn, sn+1, kt)(xn, xn+1, kt)(yn, yn+1, kt)(zn, zn+1, kt)

}
≥ min

{
M(sn−1, sn, t)(xn−1, xn, t)(yn−1, yn, t)(zn−1, zn, t)

}
,

for all t > 0, n = 1, 2, ..., then {sn}, {xn}, {yn} and {zn} are Cauchy sequences in X.

Proof. We have

(2.2) min
{
M(sn, sn+1, kt),M(xn, xn+1, kt),M(yn, yn+1, kt),M(zn, zn+1, kt)

}
≥ min

{
M(sn−1, sn, t),M(xn−1, xn, t),M(yn−1, yn, t),M(zn−1, zn, t)

}
≥ min

{
M

(
sn−2, sn−1,

t
k2

)
,M

(
xn−2, xn−1,

t
k2

)
,M

(
yn−2, yn−1,

t
k2

)
,

M
(
zn−2, zn−1,

t
k2

)}
...

≥ min
{

M
(
s0, s1,

t
kn

)
,M

(
x0, x1,

t
kn

)
,M

(
y0, y1,

t
kn

)
,M

(
z0, z1,

t
kn

)}
.

Hence,

(2.3) M(sn, sn+1, t) ≥ min
{

M
(
s0, s1,

t
kn

)
,M

(
x0, x1,

t
kn

)
,M

(
y0, y1,

t
kn

)
,M

(
z0, z1,

t
kn

)}
.

Now, for any positive integer p,

(2.4) M
(
sn, sn+p, t

)
≥ M

(
sn, sn+1,

t
p

)
∗ M

(
sn+1, sn+2,

t
p

)
∗ ... ∗ M

(
sn+p−1, sn+p,

t
p

)
≥ min

{
M

(
s0, s1,

t
pkn

)
,M

(
x0, x1,

t
pkn

)
,M

(
y0, y1,

t
pkn

)
,M

(
z0, z1,

t
pkn

)}
∗min

{
M

(
s0, s1,

t
pkn+1

)(
x0, x1,

t
pkn+1

)(
y0, y1,

t
pkn+1

)(
z0, z1,

t
pkn+1

)}
∗...∗ ≥ min

{
M

(
s0, s1,

t
pkn+p−1

)
,M

(
x0, x1,

t
pkn+p−1

)
,M

(
y0, y1, tpkn+p−1

)
,M(z0, z1,

t
pkn+p−1 )

}
.
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Letting n→ ∞ and using condition (3), we have

lim
n→∞

M
(
xn, xn+p, t

)
≥ 1 ∗ 1 ∗ ... ∗ 1 = 1.

Hence,

(2.5) lim
n→∞

M
(
xn, xn+p, t

)
= 1.

Thus {sn} is a Cauchy sequence in X. Similarly, we can show that {xn}, {yn} and {zn} are Cauchy sequences in X.
Now, let us prove our first main result.

Theorem 2.1 Let (X,M, ∗) be a complete fuzzy metric space satisfying condition (1.3) and F : X × X × X × X → K(X)
be a set valued mapping satisfying

(2.6) HM

(
F(s, x, y, z), F(h, u, v,w), kt

)
≥ min

{
M(s, h, t),M(x, u, t)M(y, v, t),M(z,w, t)

}
for each s, x, y, z, h, u, v,w ∈ X, t > 0, where 0 < k < 1.

Then F has a quadruple fixed point.

Proof. Let s0, x0, y0, z0 ∈ X.
Choose s1 ∈ F(s0, x0, y0, z0), x1 ∈ F(x0, y0, z0, s0), y1 ∈ (y0, z0, s0, x0), z1 ∈ F(z0, s0, x0, y0).
Since F is compact valued, by Lemma 1.4, there exists s2 ∈ F(s1, x1, y1, z1) such that

(2.7) M(s1, s2, kt) = sup
x∈F(s1,x1,y1,z1)

M(s1, s, kt)

≥ HM

(
F(s0, x0, y0, z0), F(s1, x1, y1, z1), kt

)
≥ min

{
M(s0, s1, t),M(x0, x1, t),M(y0, y1, t),M(z0, z1, t)

}
.

Since F is compact valued, by Lemma 1.4, there exists x2 ∈ F(x1, y1, z1, s1) such that

M(x1, x2, kt) = sup
x∈F(x1,y1,z1,s1)

M(x1, x, kt)(2.8)

≥ HM(F(x0, y0, z0, s0), F(x1, y1, z1, s1), kt)
≥ min{M(x0, x1, t),M(y0, y1, t),M(z0, z1, t),M(s0, s1, t)}
≥ min{M(s0, s1, t),M(x0, x1, t),M(y0, y1, t),M(z0, z1, t)}.

Since F is compact valued, by Lemma 1.4, there exists y2 ∈ F(y1, z1, s1, x1) such that

M(y1, y2, kt) = sup
x∈F(y1,z1,s1,x1)

M(y1, y, kt)(2.9)

≥ HM(F(y0, z0, s0, x0), F(y1, z1, s1, x1), kt)
≥ min{M(y0, y1, t),M(z0, z1, t),M(s0, s1, t),M(x0, x1, t)}.
≥ min{M(s0, s1, t),M(x0, x1, t),M(y0, y1, t),M(z0, z1, t)}.

Since F is compact valued, by Lemma 1.4, there exists z2 ∈ F(z1, s1, x1, y1) such that

(2.10) M(z1, z2, kt) = sup
x∈F(z1,s1,x1,y1)

M(z1, z, kt)

≥ HM(F(z0, s0, x0, y0), F(z1, s1, x1, y1), kt)

≥ min{M(z0, z1, t),M(s0, s1, t),M(x0, x1, t),M(y0, y1, t)}

≥ min{M(s0, s1, t),M(x0, x1, t),M(y0, y1, t),M(z0, z1, t)}.

Thus,

(2.11) min{M(s1, s2, kt),M(x1, x2, kt),M(y1, y2, kt),M(z1, z2, kt)}

≥ min{M(s0, s1, t),M(x0, x1, t),M(y0, y1, t),M(z0, z1, t)}.

Continuing in this way we can find the sequences {sn}, {xn}, {yn} and {zn} in X such that

sn+1 ∈ F(sn, xn, yn, zn), xn+1 ∈ F(xn, yn, zn, sn), yn+1 ∈ F(yn, zn, sn, xn),
zn+1 ∈ F(zn, sn, xn, yn)
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Such that
(2.12) min{M(sn, sn+1, kt),M(xn, xn+1, kt),M(yn, yn+1, kt),M(zn, zn+1, kt)}

≥ min{M(sn−1, sn, t),M(xn−1, xn, t),M(yn−1, yn, t),M(zn−1, zn, t)}.

Hence, by Lemma 2.1, {sn}, {xn}, {yn} and {zn} are Cauchy sequences in X.
Since X is complete, there exists s, x, y, z ∈ X such that limn→∞{sn} = s, limn→∞{xn} = x, limn→∞{yn} =

y, limn→∞{zn} = z.
Consider

(2.13) HM(F(sn, xn, yn, zn), F(s, x, y, z), kt)
≥ min{M(sn, s, t),M(xn, x, t),M(yn, y, t),M(zn, z, t)}.

Let n→ ∞, we get
(2.14) lim

n→∞
HM(F(sn, xn, yn, zn), F(s, x, y, z), kt) = 1 so that

lim
n→∞

HM(F(sn, xn, yn, zn), F(s, x, y, z), t) = 1.

Similarly we can show that
(2.15) lim

n→∞
HM(F(xn, yn, zn, sn), F(x, y, z, s), t) = 1,

lim
n→∞

HM(F(yn, zn, sn, xn), F(y, z, s, x), t) = 1,

lim
n→∞

HM(F(zn, sn, xn, yn), F(z, s, x, y), t) = 1.

Since
sn+1 ∈ F(sn, xn, yn, zn), xn+1 ∈ F(xn, yn, zn, sn), yn+1 ∈ F(yn, zn, sn, xn),
zn+1 ∈ F(zn, sn, xn, yn),

From (2.12) and (2.13), we have
(2.16) lim

n→∞
sup

a∈F(s,x,y,z)
M(sn+1, a, t) = 1,

lim
n→∞

sup
b∈F(x,y,z,s)

M(xn+1, b, t) = 1,

lim
n→∞

sup
c∈F(y,z,s,x)

M(yn+1, c, t) = 1,

lim
n→∞

sup
d∈F(z,s,x,y)

M(zn+1, d, t) = 1.

Hence there exist sequences ln ∈ F(s, x, y, z), pn ∈ F(x, y, z, s), qn ∈ F(y, z, s, x) and rn ∈ F(z, s, x, y) such that
(2.17) lim

n→∞
M(sn+1, ln, t) = 1,

lim
n→∞

M(xn+1, pn, t) = 1,

lim
n→∞

M(yn+1, qn, t) = 1,

lim
n→∞

M(zn+1, rn, t) = 1.

for each t > 0.
Now for each n ∈ N, we have

(2.18) M(ln, s, t) ≥ M(ln, sn+1, t/2) ∗ M(sn+1, s, t/2).
Letting n→ ∞, we obtain

(2.19) lim
n→∞

M(ln, s, t) = 1 so that lim
n→∞

ln = s.

Similarly, we can show that
(2.20) lim

n→∞
pn = x, lim

n→∞
qn = y, lim

n→∞
rn = z.

Since F(s, x, y, z), F(x, y, z, s), F(y, z, s, x) and F(z, s, x, y) are compact, we have
s ∈ F(s, x, y, z), x ∈ F(x, y, z, s), y ∈ F(y, z, s, x) and z ∈ F(z, s, x, y).
Thus (s, x, y, z) is a quadruple fixed point of F.
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Theorem 2.2 Let (X,M, ∗) be a complete fuzzy metric space satisfying condition (1.3) and F : X × X × X × X → K(X)
and gX → X be a mappings satisfying

(2.21) HM

(
F(s, x, y, z), F(h, u, v,w), kt

)
≥ min

{
M(gs, gh, t),M(gx, gu, t),M(gy, gv, t),M(gz, gw, t)

}
,

for all s, x, y, z, h, u, v,w ∈ X, t > 0 and 0 < k < 1. further assume that F(X × X × X × X) ⊆ g(x), then F and g have
a quadrupled coincidence point. Moreover, F and g have a quadrupled common fixed point if one of the following
conditions holds.
(a) The pair F, g is called w-compatible and there exists µ, α, β, γ ∈ X such that limn→∞ gns = µ limn→∞ gnx =

α, limn→∞ gny = β, limn→∞ gnz = γ, whenever (s, x, y, z) is a quadrupled coincidence point of F and g and g is
continuous at µ, α, β, γ.
(b) There exist µ, α, β, γ ∈ X such that limn→∞ gnµ = s, limn→∞ gnα = x, limn→∞ gnβ = y, limn→∞ gnγ = z, whenever
(s, x, y, z) is a quadrupled coincidence point of F and g and g is continuous at s, x, y, z.

Proof. By Lemma 1.5, there exists E ⊆ X such that g : E → X is one to one and g(E) = g(X).
Now, define G : g(E) × g(E) × g(E) × g(E) → K(X) by G(gs, gx, gy, gz) = F(x, y, z) for all gs, gx, gy, gz ∈ g(E).

Since g is one-one one E,G is well defined.
Now,

(2.22) HM

(
G(gs, gx, gy, gz),G(gh, gu, gv, gw), kt

)
= HM

(
F(s, x, y, z), F(h, u, v,w), kt

)
≥ min

{
M(gs, gh, t),M(gx, gu, t),M(gy, gv, t),M(gz, gw, t)

}
.

Hence G satisfies (2.6) and all the conditions of Theorem 2.1.
By Theorem 2.1, G has a quadruple fixed point (h, u, v,w) ∈ g(E) × g(E) × g(E) × g(E). Thus,

(2.23) h ∈ (h, u, v,w),

u ∈ (u, v,w, h),

v ∈ (v,w, h, u),

w ∈ (w, h, u, v).

Since F(X × X × X × X) ⊆ g(x), there exist h, u, v,w ∈ X × X × X × X such that gh1 = h, gu1 = u, gv1 = v and
gw1 = w. so from (2.23) we have

gh1 ∈ G(gh1, gu1, gv1, gw1) = F(h1, u1, v1,w1)

gu1 ∈ G(gu1, gv1, gw1, gh1) = F(u1, v1,w1, h1)

gv1 ∈ G(gv1, gw1, gh1, gu1) = F(v1,w1, h1, u1)

gw1 ∈ G(gv1, gw1, gh1, gu1) = F(w1, h1, u1, v1).

This implies that h1, u1, v1,w1 ∈ X × X × X × X is a quadruple fixed point of F and g.
Now following as in [15] except from the inequalities satisfied by M we can show that F and g have a quadruple

fixed point.

3 Conclusion
Thus, our paper establishes the results regarding the quadruple fixed point in Hausdorff fuzzy metric space.
Acknowledgement. The authors are very much grateful to the Editors and referees for their helpful suggestions.

References
[1] M. Alamgir Khan and Sumitra, Common fixed point theorems for converse commuting and OWC maps in fuzzy

metric spaces, Punjab University Journal of Mathematics, 44(2012), 57-63.
[2] V. Berinde and M. Borcut, Tripled fixed point theorems for contractive type mappings in partially ordered metric

spaces, Nonlinear Analysis. Theory Methods and Applications A, 74(15)(2011), 4889-4897.
[3] Y. J. Cho, Fixed points in fuzzy metric spaces, Journal of Fuzzy Mathematics, 5(4)(1997), 949-962.
[4] Y. J. Cho, H. K. Pathak, S. M. Kang, and J. S. Jung, Common fixed points of compatible maps of type β on fuzzy

metric spaces, Fuzzy Sets and Systems, 93(1)(1998), 99-111.

137



[5] R. Chugh and S. Kumar, Common fixed point theorem in fuzzy metric spaces, Bulletin of the Calcutta
Mathematical Society, 94(1)(2002), 17-22.

[6] Z. Deng, Fuzzy pseudometric spaces, Journal of Mathematical Analysis and Applications, 86(1)(1982), 74-95.
[7] A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems, 64(3)(1994),

395-399.
[8] T. Gnana Bhaskar and V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and

applications, Nonlinear Analysis. Theory, Methods and Applications A, 65(7)(2006), 1379-1393.
[9] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 27(3)(1988), 385-389.

[10] R. H. Haghi, Sh. Rezapour, and N. Shahzad, Some fixed point generalizations are not real generalizations,
Nonlinear Analysis. Theory, Methods and Applications A, 74(5)(2011), 1799-1803.

[11] F. Kiany and A. Amini-Harandi, Fixed point and end point theorems for set-valued fuzzy contraction maps in
fuzzy metric spaces, Fixed Point Theory and Applications, 2011 (2011), 1-9.

[12] I. Kramosil and J. Michlek, Fuzzy metrics and statistical metric spaces, Kybernetika, 11(5)(1975), 336-344.
[13] S. N. Mishra, N. Sharma, and S. L. Singh, Common fixed points of maps on fuzzy metric spaces, International

Journal of Mathematics and Mathematical Sciences, 17(2)(1994), 253-258.
[14] S. B. Nadler, Jr., Multi-valued contraction mappings, Pacific Journal of Mathematics, 30(1969), 475-488.
[15] K. P. R. Rao, G. N. V. Kishore, and K. Tas, A unique common tripled fixed point theorem for hybrid pair of

maps, Abstract and Applied Analysis, 2012 (2012), 1-9.
[16] K. P. R. Rao, K. R. K. Rao, A triple fixed point theorem for multimap in a Hausdorff fuzzy metric space, Journal

of Mathematics, 2013(2013), 15-20.
[17] J. Rodrguez-Lpez and S. Romaguera, The Hausdor fuzzy metric on compact sets, Fuzzy Sets and Systems,

147(2)(2004), 273-283.
[18] B. Samet and C. Vetro, Coupled fixed point theorems for multi-valued nonlinear contraction mappings in partially

ordered metric spaces, Nonlinear Analysis. Theory, Methods and Applications A, 74(12)(2011), 4260-4268.
[19] B. Schweizer and A. Sklar, Statistical metric spaces, Pacifi c Journal of Mathematics, 10(1960), 313-334.
[20] S. Sedghi, K. P. R. Rao, and N. Shobe, A general common fixed point theorem for multi-maps satisfying an

implicit relation on fuzzy metric spaces, Filomat, 22(1)(2008), 1-11.
[21] B. Singh and M. S. Chauhan, Common fixed points of compatible maps in fuzzy metric spaces, Fuzzy Sets and

Systems, 115(3)(2000), 471-475.
[22] P. Vijayaraju and Z. M. I. Sajath, Common fixed points of single and multivalued maps in fuzzy metric spaces,

Applied Mathematics, 2(5)(2011), 595-599.
[23] L.A. Zadeh, Fuzzy sets, Information and Control, 8(3)(1965), 338-353.

138




