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Abstract

Let p(z) be a polynomial of degree n. We have several results for the bounds of maximum
modulus of polynomial in terms of coefficients of polynomial and radius of the disk having no
zeros in it. In this paper we have proved some results for the bounds of maximum modulus of
polynomial not vanishing in a disk of greater or smaller than unity. Our results improve the
earlier proved results.
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1 Introduction and Statement of Results
Let p(z) be a polynomial of degree n. Let us define m = 1|*1|1i£1|P(z)| and M(p,r) = rlnlax |P(2)|.
zI= zl=r

Concerning the estimate for the maximum modulus of a polynomial on the circle |z] = R, R > 0, in
terms of its degree and the maximum modulus on the unit circle, we know that for every R > 1,

(1.1 max |p(z)| < R" max |p(z)l.
lzI=R |z|=1

The result is best possible for the polynomial having all its zeros at origin.

Inequality (1.1) is a simple deduction from the maximum modulus principle (for reference see
[8] or [11]).

For the polynomial of degree n and the case r < 1, we have the following result due to Varga
[13] who attributed it to Zerrantonello.
(1.2) max |p(z)| 2 " max |p(z)l.

Again the result is best possible for the polynomial having all its zeros at origin.

For the class of polynomials having no zeros in |z| < 1, the inequalities (1.1) and (1.2) are
sharpened by Ankeny and Rivlin [1] and Rivlin [12], by proving following inequality (1.3) and
inequality (1.4) respectively

R"+ 1
(1.3) max |p(z)| < max |p(z)|,
|z|I=R>1 |z|=1
1+r\"
(1.4) max |p(z)| = (—) max |p(z)|.
lzl=r 2 lz1=1
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Aziz and Dawood [3] improved inequality (1.3) under the same hypothesis as

R"+1 "
(1.5) max IP(Z)IS( - )rlr;lg;dp(zn—( )Ilgll:illllp(z)l-

lZl=R>1 2
There are several results concerning the refinement and generalizations of above mentioned
inequalities (see [5], [7] and [14]).
For the case 0 < p < 1, when polynomial does not vanish in |z| < k, k > 1 we have the following
inequality due to Aziz [2].

p+k\"
1. >|— .
(1.6) max Ip(2)| = (1 " k) max Ip(2)|

The result is sharp and equality in (1.6) is attained for p(z) = c(ze® + k)", c(# 0) € C and B € R.
Inequality (1.6) was improved by Govil, Qazi and Rahman [6] by introducing coefficients of
polynomial under consideration in it as following
Theorem 1.1. Let p(z) = Y, a;z’ does not vanish in |z| < k, k > 1 and let A = A(k) = %} Then for
Jj=0

O<p<l,

max [p(z)|.
lz|=1

K2 + 2|1k + p*\?
k> + 2|k + 1 )
In the case when n is even equality in (1.7) is attained for
p(2) = c(Z%e™ + 2kze® cosa + k*)2, (¢ 0) € Cand a,B € R.

(1.7) 1@1'35 lp(2)| > (

The following result is also due to Govil, Qazi and Rahman [6] and is complement to
Theorem 1.1.

4!

Theorem 1.2. Let p(z) = Y, a;z’ does not vanish in |z| < k, k € (0, 1) and let A = A(k) = % Then
j=0

for0 < p <k

max |p(z)|.
lzl=1

K2 + 2)Alkp + p*\?
K2+ 2|k + 1
In the case when n is even equality in (1.8) is attained for

p(2) = (22 + 2kze® cosa + k*)?, ¢(#0) e C and a,B €R.

(1.8) max |p(2) = (

Recently, Mir et al. [7] proved the following interesting result and generalized a result due to
Govil and Nwaeze [5] and many other results improving the Theorem of T. J. Rivlin [12].

Theorem 1.3. Let p(z) = ap + Y, a;z’, 1 < u < n be a polynomial of degree n that does not vanish
J=p
inl|zl <k k>1.Thenfor0<r<R<I,
1+ )i RY+ k*)\
1.9  M(p.H= L+ {M(p,R) + mln(!) }

(1 + )i + (RM + 1) — (kH + ri)e (r + ki)

where m = rlrlnil |p(2)| and M(p, r) = rlnlax |p(2)| etc.
Z|= Z|=r

73



2 Main Theorems
In this paper, firstly we prove the following result for the class of polynomials not vanishing in a
prescribed disk, which improves upon the bound obtained by Theorem 1.1.

Theorem 2.1. Let p(z) = Y, a;z/ # 0for|zl <k k> 1andlet A = A(k) = % Then for 0 < p < 1,
Jj=0

we have
2 42 lko + K2 \? 1 ((0® + 2)0ko + k2 \? ,
2.1) rlnaXIP(Z)|Z(p P ) max (@)l + 75 (p P ) — " Y min p()l.

2I=p 1 + 2|k + k? 1 + 2|k + k? lzl=k
In the case where n is even, equality in (1.9) is attained for
p(2) = c(Z2e™ + 2kze® cosa + k*)?, ¢(#0) € Cand a,B € R.

The above inequality (2.1) always gives better bounds than inequality (1.7) except in the case

when min |p(z)| = 0.
lzl=k

Next we prove the following result, which is complement to Theorem 2.1, for the class of
polynomials not vanishing in a disk of radius less than (or equal) unity and also improves upon
Theorem 1.2.

Theorem 2.2. Let p(z) = . ajzj does not vanish in |z| < k, k € (0,1) and let 1 = A(k) = %‘) Then
j=0

for0 < p <k
K2 + 2)Alkp + p*\? 1 ((k + 200k + p*\? .
2.2 > 4+ — _n )
(2.2) max Ip(2)] ( Ty max Ip(2)] e\ ok 1 prmin Ip(2)|

In the case when n is even equality in (2.2) is attained for
p(2) = (2™ + 2kze® cosa + k)2, ¢(#0) € Cand a,B € R.

Finally, we prove the following interesting result, which improves upon Theorem 1.3 by Mir
et al. [7] and hence also generalizes and improves upon all those results which are claimed to be
improved by Theorem 1.3 as well.

Theorem 2.3. Let p(z) = ag + i a;z, 1 < u < n be a polynomial of degree n that does not vanish
inld <k k> 1. Thenfor0<r <R <1,

(1 + )i
(1 + )i + (RE + k)i — (i + k)i

L ” {(M) _ 1} . 1(<R_k>)] min ()|

K I\ (r* + k4 (r* + k) lzl=k

(23) M(p,r) =

M (p,R) +

Here, the integral 1, is defined as

R tn+y—1
2.4 I, = dt
(24) f, "+ k+

Here, the integrand being a rational algebraic function can be evaluated by reduction formulae
for a given value of n. For example, I, = % In (%) andl, = (R—-r)—kln (R+k)

rk )

Remark 2.1. The integrand in (2.4) is increasing function of t, so the least approximate value of I,
n(R - r)r"*““)

can be taken as ( (7 + k)
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3 Lemmas
For the proof of the Theorems, we need the following lemmas.

Lemma 3.1. Let p(z) = ap + >, a,2", 1 < u < nis a polynomial of degree n having no zeros in
=

|zl <k, k> 1. Then

(3.1 max Ip’ (@) <

n
T+ { nax x|p(2)| - mln IP(Z)I}
The result is sharp and equality holds for the polynomial p(z) = (2" + kM)

The above Lemma 3.1 is due to Pukhta [9].
The next lemma is due to Bidkham and Dewan [4].

Lemma 3.2. Let p(z) = ap+ X a 7, 1 < u < nis a polynomial of degree n, having no zeros in

J=n
|zl <k, k>1. ThenforO <r<R<1,

K+ rt "
3.2 >
(3.2) max |p(z)] = (ky +Rﬂ) max |p(z)l.

We improve the above Lemma 3.2 as follows.

Lemma 3.3. Let p(z) = ap + Y, a,z’ is a polynomial of degree n, having no zeros in |z| < k, k > 1.

J=H
ThenforO <r<R<1,
k“+r"*2‘ k“+r“# r
. >
(3.3) max Ip(2)| = (kﬂ +Rﬂ) max X [p(2) + {k" (k'“ +Rﬂ) kn} min |p(z)].

Proof. [Proof of Lemma 3.3] Since p(z) does not vanish in |z] < k, k > 1 and |p(z)] = m =
rlrlliil |p(2)|, therefore by Rouche’s theorem, the polynomial F(z) = p(z) + A=m, |A| < 1, also
Z|=

does not vanish in |z < k, k > 1. Therefore on applying inequality (3.2) to the polynomial
F(z) = p(z) + A=m, we have

()+/ln‘> kﬂ"‘rﬂn ()+/1n
i LA 7 Il Vo7 B e e
or
[ k4 n
(3.4) rlnax Ip(2)| + |/1| (kﬂ " Rﬂ) (IZI?X p@) + /lknm‘)
Now suitably choosing the argument of A such that R.H.S. of 1nequa11ty (3.4) becomes
(3.5) max|p p@) + A= | = max P+ 1A 5m

Now combining inequalities (3. 4) and (3.5), we get

ax p() + 1T L2 P
maX max —m].
Pz e+ Rre) ek P K
Or equivalently,
K+ \n K+t r
max |p(z)] = ( e Rﬂ) max |p(z)| + I I{ ( T Rﬂ) kn} min |p(z)].

Finally letting |1| — 1, we get the desired result.
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4 Proof of the Main Theorems

Proof. [Proof of Theorem 2.1] Since p(z) does not vanish in |z] < k, k > 1 and |p(z)] = m =
Ilrlliil |p(2)|, therefore by Rouche’s theorem, the polynomial F(z) = p(z) + ,uf(—:m, lul < 1, also
=

does not vanish in [z < k, k > 1. Therefore on applying inequality (1.7) to the polynomial
F(z) = p(2) + u5m, we have

[STE

k> + 2| Alkp + p?

F > F
i e T B
or )
b k> + 2| Alkp + p*\? 2
+ um—| > + ume
max P rum | 2\ e 1) B PE
or
P (K +20kp + p2 )} "
4.1 s 2]
4.1 max [pQ)|+ il mig > | S S | max |+ ami

Now suitably choosing argument of u on R.H.S. of (4.1), we have

n

<
p(2) + pm-——

42
4.2 max k

m
= max + —.
na Ip(@)] + |ul T

Combining (4.1) and (4.2) we get

(R 200k + o7\ m
max [p(2)| + |ul m~ > PPN Y max |p@)] + |ul —
lzl=p k" lzl=1 k"

K12k + 1
or
2 2\3 2 2\3
o2+ 2lkp + K2\ Wl (0 + 20k + K2\ )
> — — .
Taxlp@l 2 ( Troak e ) malP@ T e e ) TP (i@l

Finally, on letting || — 1 the proof of Theorem 2.1 is completed.

Proof. [Proof of Theorem 2.2] Proof of Theorem 2.2 follows on the same lines as that of proof of
Theorem 2.1. Here we use inequality (1.8) instead of (1.7). Hence we omit the details.

Proof. [Proof of Theorem 2.3] Let 0 < t < k. Since p(z) does not vanish in |z| < k, k > 1, the
polynomial F(z) = p(tz) does not vanish in |z] < ’;‘ ';‘ > 1, therefore applying Lemma 3.1 to F(z),
we have

max |F'(z)| < - ymax |F(z)| — min [F(2)] ¢,
=1 1+ (&) U=t =¥
which is equivalent to
4 nt!
. ’ < _ . )
(4.3) max |p'(@)l < 2= {nlrzllg} |p(2)] = min Ip(z)l}

We have, now for0 <8 <2rand0<r <R <1,

R
|p(Re™) — p(re)| < f

p’(tei9)| dt.

, , R p !
(4.4) 'p (Re") - p (re‘e)' < f {ma§ |p(@)] — min Ip(z)l} dt by using (4.3)

4+ k| =
Now applying inequality (3.3) of Lemma 3.3 to inequality (4.4), we get

‘ p (Reie) -p (re’y)‘
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R ! e AV " i AV
< -5 ~ mi di
N j; ™+ K+ (r“ + kﬂ) |z| ax |p(Z)| kr k? (r# + k#) l2= £1|p(z)| I|?|5<1 |p(Z)|

Rt (¢ 4k \# p Rt [ (g e .
= [_ - = +
f, ﬂ‘+kﬂ(rﬂ+k/‘) maxlp@l f vk |k k"(rﬂ+k#)

The above expression is equivalent to
‘p (Reié)) _p (reie)‘

min |p(z)|dt.
|z|=k

R pp! :
Sf (—,l(t"+k’“)~_1 ma_1x |p(2)|dt

i+ ki)

el PN k)] 1
-n mm Ip(z)l f + dt
(t* + kHkn g (r + kﬂ)u (" + k*)

n

< ——M(p, r)f AT (s ldt—nmmlp(z)l
(r + k#)m

f

< ———M(p, r)f (e +k“)ﬁ‘ dt — m1n |p(z)|
(rt + 1)#

n nr' R 0 R gl
—],-—— | N R f dt
[k” kn(rt + kiyn f (i (1 + k) ]

(R = (k)

el PN 4 k! s ! "
(+ kKT k(g ek (k|

z M(p9 }")
(1 4+ r#)n
noo rROGEKDE (R n (R R
B [ﬁl kr (k* + rﬂ)u i ,1: In (m)l lzl= k nlp@)
R kY
(1 + r#)n

no (R R\ (R + k)
_[ﬁln_ﬁ{(rﬂ+kﬂ) _I}H ((ﬂ+kﬂ)) ]Hklp(z)l

where the integral /, is as defined in (2.4).

Thus we have shown that for0 <0 <2rand0<r <R <1,
- (R* + k“)u -+ k“)ﬂ
Re?) = p(ré M(p,r)
(i) - p(re)| « T O

noo Rk (R R o)
—|\—=1,-— - n|l——— n
o e Wk ke ks | |l
Therefore, finally, we have the equivalent result
(R + k)i — (r + k)i
M(p,R) < M(p,r) + 7 M(p,r)
(1+ rH)u

n (R + kM) (R + k)
‘[ﬁ’ k{(m) 1}+1((ﬂ+kﬂ))]||?|p(2)l
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or
(1 + ryn + (R + kM)i — (7" + k)

M(p,R) < - M (p,r)
(1 + r)n
no R+ k) R+ k)|
=L -—=3|—] -1} +In|—————=
[kn kn {( (,,.# + k'u) ) } + In ( (]’“ T k’l) ) } I|§|15<l |P(Z)|
or equivalently
(1 + )i

M(p,r) = ; ; ;
(1 + ) + (RE4 k) — (" + kH)n

no (R R\ R+ ke |
M (p,R —,——|—F—| -1y +In|——— .
[ PR+ |\l = {( 7+ k#)) } + n((r# T ) | lp(2)|
Thus the desired result is proved.
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