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Abstract

In recent papers, new sets of Sheffer and Brenke polynomials based on higher order
Bell numbers, and several integer sequences related to them have been studied. In this
article new sets of Sheffer polynomials are introduced defining a sort of adjointness property.
As an application, we show the adjoint set of Actuarial polynomials and derive their main
characteristics.
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1 Introduction
Inrecent articles [24, 8], new sets of Sheffer and Brenke polynomials [7] based on higher order Bell
numbers, have been studied. Furthermore, several integer sequences associated with the considered
polynomials sets both of exponential and logarithmic type have been introduced.

In this article adjoint sets of Sheffer polynomials are considered and a particular case is
analyzed.

2 Sheffer polynomials
The Sheffer polynomials {s,(x)} are introduced [26] by means of the exponential generating
function [28] of the type:

@.1) AW expGH®) = ) 5,00
n=0

where

2.2) Ar) = Z:(; Qs (a0 #0),

HO =Y s (=0

n=0
According to a different characterization (see [25, p. 18]), the same polynomial sequence can
be defined by means of the pair (g(¢), f(¢)), where g(¢) is an invertible series and f(¢) is a delta
series:

(2.3) =) g (G#O),
n=0 '

57



fO = i (fo=0.i #0)
n=0 '

Denoting by f~!(¢) the compositional inverse of f(f), i.e. such that

(o) = gay =1,

the exponential generating function of the sequence {s,(x)} is given by

[

1 5 "
(2-4) m exp (xf l(l‘)) = ; Sn(x)a s
so that
1
2.5 Alt) = ———, H®) = ).
(2.5) ) 0] O=f"®

When g(¢) = 1, the Sheffer sequence corresponding to the pair (1, f(#)) is called the associated
Sheffer sequence {0, (x)} for f(¢), and its exponential generating function is given by

(2.6) exp (x/7' (1) = me

A list of known Sheffer polynomial sequences and their associated ones can be found in [5, 6].

3 Adjointness for Sheffer polynomial sequences
According to the above considerations, Sheffer polynomials are characterized both by the ordered

couples (A(?), H(t)), or by (g(1), f(1)).

Definition 3.1. Adjoint Sheffer polynomials are defined by interchanging the ordered couple
(A(1), H(t)) with (g(1), f(t)), when writing the generating function.

Here and in the following the tilde “~”, above the symbol of a polynomial set stands for the
adjective “adjoint”.

Examples of adjoint polynomial sets are listed here.

Adjoint-Hermite polynomials

(3.1 A1) = exp(£/4), H(f) = 1/2,

AZHMM—
Adjoint-generalized Hermite polynomials
(3.2) A1) = exp [(t/v)"], H(t) = t/v,

G(t, x) = exp [( ) ] ZH(m)(x)

Adjoint modified Pidduck polynomials

1t + 2x)

G(t, x) = exp [

2 e -1
33 A(t) = —, H(t) = —,
(3-3) ® el+1 @ e+ 1
2 e -1 - "
G t, = = " J—
@) e+ 1 p[ (e’+1)] ;P(x)n'
Adjoint Actuarial polynomials
(3.4) AW =1 -0, H(r) = log(1l - 1),
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— —_ B = N 5 B) ﬁ
G(t,x)=(1-1) —;a/n (0.

Adjoint Poisson-Charlier polynomials

(3.5) A(r) = exp(a(e' — 1)), H()=a(e-1),
G(t,x) = exp (a(l + x)(e' — 1)) = Z:(; & a):l—n!.
Adjoint Peters polynomials
(3.6) An=(1+e"),  Hp=e¢-1,

(9]

tn
G(t,x) = (1 + e")ﬂ exp (x(e' — 1)) = Z $.(00 A, ) —.
oy n!
Adjoint Bernoulli polynomials of the second kind

(3.7 Alt) = —, Hi)=¢€ -1,
e —1
ot ) IR er PN
Glt.x) = ———exp(x(¢' = 1)) = ;bn(x)a.
Adjoint Related polynomials t
1
(3.8) Ar) = ;e . H=e -1,
1+eé - "
G(t.x) = —= explx(¢ = ] = Y. ().
ey n!
Adjoint Hahn polynomials
3.9 A(t) = sect, H(t) =tant,

G(t,x) = sectexp(xtant) = Z Rn(x)ﬁ'.
ey n!
Remark 3.1. In the above list we have not considered the Laguerre polynomials L,(x) and their
generalized form L] (x), since they are self-adjoint, in the sense that they coincide respectively with
L.(x) and L¥(x).

Furthermore, recalling the Hermite polynomials H,(x) and their generalized form H'(x),
introduced by M. Lahiri [19] (see also the article by R.C.S. Chandel [11)), it is worth to note that
their respective Adjoint form H,(x) and A" (x) reduce 10 a particular case of the Appell-Kampé
de Feériet polynomials in two variables [1], so that they will not be considered in the following.

Remark 3.2. It is also worth to note that generalized Laguerre-type polynomial families have been

considered by G. Dattoli [13)], and further extensions have been recently obtained by using umbral
methods [2, 20].

4 Adjoint Actuarial polynomials
Actuarial polynomials have been considered in the book by R.P. Boas and R.C. Buck [6]. They
were previously introduced by J.F. Steffensen [29] and also sudied by L. Toscano [31].

Here we consider the adjoint Actuarial polynomials, defined through their generating function,
i.e. by putting
(4.1) A =(1-0n7F,  H@=log(l -1,

& k
G(1.x) = exp(x— B)log(1 -] = > &,(f)(x)%.
k=0 '
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4.1 Recurrence relation
Theorem 4.1. For any k > 0, the polynomials d(ﬂ)(x) satisfy the following recurrence relation:

4.2) &0 = Tio g (B =~ V&, ().

Proof. Differentiating G(t, x) with respect to ¢, we have

0G(t, -
(4.3) L (f_ B)exp (6 - ) log(1 - 1),
8G(t,x)
(44) o OB -0 = (B x)Za“”(x)—Zk'
s k—1
= a0
; k- 1)
1.e.

k=0 Lh=0

so that the recurrence relation (4.2) follows.

4.2 Generating function’s PDE
Theorem 4.2. The generating function (4.1) satisfies the homogeneous linear PDE

oG 0G
4.5) x-B)——+U-0log(1 —t)— =0.

0x ot
Proof. Differentiating G(t, x) with respect to x, we have

0G(t, x)
(4.6) Frane log(1 —t)exp [(x —B)log(1 —1)] .
From equation (4.6) we find
1 BG
log(1 — _

Eliminating the exponential function in equation (4.3), by using the above equation, we find
0G(t, x) _(x—ﬁ) 1 oG
ot \t—1/log(1 -1 dx’

so that our result is proved.

4.3 Shift operators

We recall that a polynomial set {p,(x)} is called quasi-monomial if and only if there exist two
operators P and M such that

(4.7) P(pu(x) = nppar(0), M (pu(x) = pua (0, (1=1,2,...).
P is called the derivative operator and M the multiplication operator, as they act in the same way
of classical operators on monomials.

This definition traces back to a paper by J.F. Steffensen [30], recently improved by G. Dattoli
[12] and widely used in several applications [14, 17].

Y. Ben Cheikh [3] proved that every polynomial set is quasi-monomial under the action of
suitable derivative and multiplication operators (see also the article by G. Dattoli et al. [16]). In
particular, in the same article (Corollary 3.2), the following result is proved
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Theorem 4.3. Let (p,(x)) denote a Boas-Buck polynomial set, i.e. a set defined by the generating
function

4.8) AW(H (D) = Z; m(x)% :

where . N

4.9) A=Y ar, (@ #0),
n=0

w(r) = Z Ful, 3 %0 forall n),
with y(t) not a polynomial, and lastly -

(4.10) H(t) = Z ™, (hy #0).
Let o € A7 the lowering operator deﬁned by

4.11) (1) =0, O'(X")— x"_ n=1,2,...).
Put "

(4.12) o) = D 2 001.2, ),

Denoting, as before, by f(t) the composmonal inverse of H(t), the Boas-Buck polynomial set
{pn(x)} is quasi-monomial under the action of the o]perators

(4.13) P = f(o), A[[]]:((U)] xDH'[f(o)]o™

where prime denotes the ordinary derivatives with respect to t.

Note that in our case we are dealing with a Sheffer polynomial set, so that since we have
Y(t) = €', the operator o defined by equation (4.11) simply reduces to the derivative operator D,.
Furthermore, we have:

f=H" n=1-¢,
A = (1-07, H(t) = log(1 —1),
A'(n) -1 1
= 1 -1 s H’ )= ——:,
A ~PA-D ) = —
and consequently

flo)=1- ePx

A'[f(0)] . D

v~ = 1 - - x
AL )] Bl — f()]™ =pe,
H'[f(o)] = —e .

Comparing the last three equations with equation (4.13), the following result follows:

Theorem 4.4. The adjoint Actuarial polynomial set {&,(f)(x)} is quasi-monomial under the action

of the operators
i k+1

(4.14) pP= Z L

k=0

= (B-0e =B~ )Z

( 1)ka

There is no problem about the convergence of the above series, since they reduce to finite sums
when applied to polynomials.
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4.4 Differential equation

According to the results of monomiality principle [12, 17], the quasi-monomial polynomials
{p.(x)} satisfy the differential equation

(4.15) MPp,(x) = np,(x).

In the present case, recalling equations (4.14), we have

Theorem 4.5. The adjoint Actuarial polynomials {d/,((ﬁ)(x)} satisfy the differential equation

n—1
D o )
(4.16) B—x) ———D" @) (x) = n@,’(x).
kZ:(; (k+ 1)!

Proof. Equation (4.15), by using equations (4.14), becomes
MP&P(x) = (- x)e™ 1 - e’ | aP (x) =
= (8- [e? - 1]aP(x) = naP(x),

ie.
- )Z(_) DEIGE(3) = ndl (),

and furthermore, for any fixed n, the last series expansion reduces to a finite sum, with upper limit
n — 1, when it is applied to a polynomial of degree n, because the last not vanishing term (for
k = n — 1) contains the derivative of order n.
4.5 First few values
Here we show the first few values for the adjoint Actuarial polynomials, defined by the generating
function (4.1)
aPx) =1,
0
&)’ (x) = (B - ),
&y (x) = (8= x) + (B~
P (x) = (B2 +3(8 - x)*+2(8 - x),
aP(x) = (B - 2"+ 68— x)° + 11(8 - x)* + 6(8 -
al(x) = (B - x)° + 108 — x)* + 35(8 — x)* + 50(8 — x)* + 24(8 —
P (x) = (B- 200+ 158 — x)° + 85(8 — x)* + 225(8 — x)* + 274(8 — x)*+
+120(8 -
P (x) = (B x)7 +21(B - x)° + 1758 — x)° + 735(8 — x)* + 1624(8 — x)*+
+1764(B — x)* + 720(8 — x),
al(x) = (B 0 +28(8 — )7 +322(8 — x)° + 1960(8 — x)° + 6769(8 — x)*+
+13132(8 — x)* + 13068(8 — x)* + 5040(3 —

Note that the coefficients of the considered adjoint Actuarial polynomials appear in the
Encyclopedia of Integer Sequences [27], under A094638: Triangle read by rows: T(n,k) =
|s(n,n + 1 — k)|, where s(n, k) are the signed Stirling numbers of the first kind (1 < k < n; in
other words, the unsigned Stirling numbers of the first kind in reverse order).

In several articles [9, 10, 21, 22, 23], further adjoint sets of Sheffer polynomials have been
examined.
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62



References

[1] P. Appell and J. Kampé de Fériet, Fonctions Hypergéométriques et Hypersphériques.
Polynomes d’Hermite, Gauthier-Villars, Paris, 1926.

[2] M. Artioli, G. Dattoli, S. Licciardi and M. R. Pidatella, Hermite and Laguerre Functions: a
Unifying Point of View, (2019); 10.13140/RG.2.2.25384.83201.

[3] Y. Ben Cheikh, Some results on quasi-monomiality, Appl. Math. Comput., 141 (2003), 63-76.

[4] P. Blasiack, G. Dattoli, H. Horzela and K. Penson, Representations of monomiality principle
with Sheffer-type polynomials and boson normal ordering, Phys. Lett. A, 352, (2006), 7-12.

[5] R. P. Boas and R. C. Buck, Polynomials defined by generating relations, Amer. Math.
Monthly, 63 (1958), 626—632.

[6] R. P. Boas and R. C. Buck, Polynomial Expansions of Analytic Functions, Springer-Verlag,
Berlin, Gottingen, Heidelberg, New York, 1958.

[7] W. C. Brenke, On generating functions of polynomial systems, Amer. Math. Monthly, 52
(1945), 297-301.

[8] G. Bretti, P. Natalini and P. E. Ricci, A new set of Sheffer-Bell polynomials and logarithmic
numbers, Georgian Math. J., 2019, https://doi.org/10.1515/gm;j-2019-2007

[9] G. Bretti, P. Natalini and P. E. Ricci, New sets of Euler-type polynomials, J. Anal. Number
Theory, 6(2), (2018), 51-55; available on line at: http://dx.doi. org/10.18576/jant/060203

[10] G. Bretti, P. Natalini and P. E. Ricci, Adjoint Peters and Pidduk polynomials, Int. J. Adv.
Math., (2018), (to appear).

[11] R.C.S. Chandel, Generalized Hermite Polynomials, Jiianabha,, Section A (2) (1972), 19-27.

[12] G. Dattoli, Hermite-Bessel and Laguerre-Bessel functions: A by-product of the monomiality
principle, in Advanced Special Functions and Applications (Proceedings of the Melfi School
on Advanced Topics in Mathematics and Physics; Melfi, 9-12 May, 1999) (D. Cocolicchio,
G. Dattoli and H.M. Srivastava, Editors), Aracne Editrice, Rome, 2000, pp. 147-164.

[13] G. dattoli, Generalized polynomials, operational identities and their applications, J. Comput.
Appl. Math., 118, (2000), 111-123.

[14] G. Dattoli, P.E. Ricci and H.M. Srivastava, Editors), Advanced Special Functions and Related
Topics in Probability and in Differential Equations, (Proceedings of the Melfi School on
Advanced Topics in Mathematics and Physics; Melfi, June 24-29, 2001), in: Applied
Mathematics and Computation, 141(1), (2003), 1-230.

[15] G. Dattoli, M. Migliorati and H. M. Srivastava, Sheffer polynomials, monomiality principle,
algebraic method and the theory of classical polynomials, Math Computer Modelling, 45,
(2007), 1033-1041.

[16] G. Dattoli, D. Levi and P. Winternitz, Heisenberg algebra, umbral calculus and orthogonal
polynomials, J. Math. Phys., 49, N. 053509, (2008); arXiv:0712.2957.

[17] G. Dattoli, B. Germano, M.R. Martinelli and P.E. Ricci, Monomiality and partial differential
equations, Math. Comput. Modelling, 50 (2009), 1332—-1337.

[18] G. Dattoli, B. Germano, M. R. Martinelli and P. E. Ricci, Monomiality and partial differential
equations, Math. Comput. Modelling, 50 (2009), 1332—-1337.

[19] M. Lahiri, On a generalisation of Hermite polynomials, Proc. Amer. Math. Soc., 27 (1971),
117-121.

[20] S. Licciardi, Umbral Calculus, a Different Mathematical Language, Mathematics and
Computer Sciences, Dept. Math. Comput. Sci., XXIX cycle, University of Catania, 2018;
arXiv:1803.03108[math.CA].

63



[21] P. Natalini, G. Bretti and P.E. Ricci, Adjoint Hermite and Bernoulli polynomials, Bull.
Allahabad Math. Soc., (Dharma Prakash Gupta Memorial Volume), 33(2), (2018), 251-264.

[22] P. Natalini, G. Bretti and P.E. Ricci, Adjoint Poisson-Charlier and Related polynomials, Int.
J. Appl. Math. Stat., (2018), (to appear).

[23] P. E. Ricci, G. Bretti and P. Natalini, New sets of Hahn-type polynomials, Bull. Allahabad
Math. Soc., 34, Part 1, (2019), 135-146.

[24] P. E. Ricci, P. Natalini and G. Bretti, Sheffer and Brenke polynomials associated with
generalized Bell numbers, Jiianabha,, 47(2), (2017), 337-352.

[25] S. M. Roman, The Umbral Calculus, Academic Press, New York, 1984.

[26] 1. M. Sheffer, Some properties of polynomials sets of zero type, Duke Math. J., 5 (1939),
590-622.

[27] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences. Published electronically at
http://oeis.org, 2016.

[28] H. M. Srivastava and H. L. Manocha, A Treatise on Generating Functions, Halsted Press
(Ellis Horwood Limited, Chichester), John Wiley and Sons, New York, Chichester, Brisbane
and Toronto, 1984.

[29] J. F. Steffensen, On a class of polynomials and their application to actuarial problems, Skand.
Aktuarietidskrift, 11 (1928), 75-97.

[30] J. E. Steffensen, The poweroid, an extension of the mathematical notion of power, Acta Math.,
73 (1941), 333-366.

[31] L. Toscano, Una classe di polinomi della matematica attuariale, Riv. Mat. Univ. Parma, 1
(1950), 459-470.

64





