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Abstract

The conformal S— change of Finsler metric L(x,y) is given by L*(x,y) = "™ f(L(x,y),
B(x,y)), where o(x) is a function of x, B(x,y) = b,-(x)yi is a one-form on the underlying
manifold M", and f(L(x,y),B(x,y)) is a homogeneous function of degree one in L and S.
Let F" and F*" be Finsler spaces with metric functions L and L* respectively. In this paper
we study the hypersurface of F*" and find condition under which this hypersurfcae becomes
a hyperplane of first kind, a hyperplane of second kind and a hyperplane of third kind. In this
endeavour we connect quantities of F** with those of F”*. When the hypersurface of F*" is
a hyperplane of first kind, we investigate the conditions under which it becomes a Landsberg
space, a Berwald space, or a locally Minkowskian space.
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1 Introduction

Let F" = (M", L) be an n—dimentional Finsler space on the differentiable manifold M" equipped
with the fundamental function L(x,y). B. N. Prasad and Bindu Kumari [10] have studied the
general S—change, i.e., L'(x,y) = f(L,[B), where f is positively homogeneous function of degree
one in L and B, B(x,y) = bi(x)y' is a one-form on M".

The conformal theory of Finsler space has been dealt by M. Hashiguchi [3], H. [zumi [4, 5],
M. Kitayama [6], S. H. Abed [1, 2]. The conformal change is given by L”(x,y) = e"®L(x,y),
where o(x) is a function of position only. In 2009 and 2010, Nabil L. Youssef, S. H. Abed and S.
G. Elgendi [14, 15] introduced the transformation L”(x,y) = f(e”L, 8), which is general f—change
of conformally changed Finsler metric L.

H. S. Shukla and Neelam Mishra [11] have changed the order of combination of the above
two changes as

(1.1) L*(x,y) = " f(L(x, ), B(x, ),

where o (x) is a function of x only and B(x,y) = b;(x)y’ is a one-form on M". They have called
this change as conformal S—change of Finsler metric and have studied its geometrical properties in
[11] and [12]. When o = 0, the change (1.1) reduces to general S—change. When o = constant, it
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becomes a homothetic f—change. Some properties of homothetic f—change with b;(x) as Cartan-
parallel have been studied by H. S. Shukla and Neelam Mishra in [13].

In 1985 M. Matsumoto [7] studied the theory of Finsler hypersurfaces. In 2011, S. K.
Narasimhamurthy et al. [9] have considered hypersurface of Finsler space with metric L"’(x,y) =
f(e’L,B) and studied its geometric properties.

In this paper we shall study the hypersurface of F** = (M", L").

2 Hypersurface of F"
The metric tensor g;;(x, y) and Cartan’s C—tensor C;jx(x,y) of F" are given by

_ 1 BZLZ _ 1 (9g,-.,-
8= 28y ayi’ PN
respectively. Let CT" = (F j.k, G;, C;k) denote the Cartan’s connection of F”.

Let (M"', L) be a hypersurface of (M", L) given by
(2.1) x = x'u®.
~ Let us suppose that the functions (2.1) are at least of class C3 in u® and the projection factor
B, = ‘9—; are such that their matrix has maximum rank (n—1). We shall use the following notations:

B~
B = o B, =B,
B OurduB’ 08 oy
where v* is the element of support for the hypersurface satisfying the relation y' = B! (u)v*. The

fundamental metric function of the hypersurface is given by
L(u®,v*) = L(x'(u®), B'v™).
At each point (u%) of F"~! the unit normal vector N'(u, v) is defined by

ij _ pipj
B’ = B.B),

22) gi;BLN’ =0, gi; N'N/ = 1.
If (B?, N;) is the inverse matrix of (B}, N'), we have

(2.3) B.B =8, B,N;=0, N'N;=1 and B,Bj+N'N; =4
Making use of the inverse matrix (g%) of (8ap), WeE get

2.4) B} = g"gi;B},

For the induced Cartan’s connection ICI' = (ng, G‘B’ , ng) of F"! induced from the Cartan’s

connection CT' = (F ;k,G;., C;k) of F", the second fundamental h—tensor H,s and the normal
curvature vector Hy are respectively given by [8]:
(2.5) H,s = N(B.s + FiBiBy) + M Hy,  Hy = N{(Bi, + F{;BY),
where M, = C; B, N’N*.

Contracting H,z by v*, we get Hyg = H,pv" = Hg. The second fundamental v—tensor M, is
given by [8]:

(2.6) M.z = CijB,BiN".
The Gauss characteristic equation with respect to /CT is written as
(2.7) Ropys = RijinBllgs + Pijin(ByHs — ByH,) B H* + HoyHgs — HosHp,.
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3 Fundamental quantities of F*"
We shall denote the quantities corresponding to F*" by putting star on the top of them.
Differentiating equation (1.1) with respect to y', we have

(3.1 l; = e"(fili + f2by),

where the subscripts 1 and 2 denote the partial derivatives with respect to L and  respectively.
Differentiating (3.1) with respect to y/, we get

(3.2) hi; = & (phi; + gomim,)),

where mizb,-—%L,-, p—ffl’ q0 = fLw, W—Ezlz%/?:%'

From (3.1) and (3.2), we get the following relation between metric tensors of F”* and F™*":

(3.3) g?j = h;'kj + l?l; = €2U{Pgij + pobib; + pi(libj + 1;b;) + palil}},
where
(ffi — fLBw)
(34) p=dor i =i L, py = LIETEE
From (3.3), we get the following relations between Cartan’s C—tensors of F” and F™:
* o L2
(3.5) Cly = & (pCiy + %(h,-jmk + hjm; + ham;) + qu,-mjmk},
where g = 3 Hw + fwy;
6 Cl.;’ :Cl’?j fo ——(hym" + hhm, + hlmj) + 2ff ———mm;m"
' L Coh pLA . (2pL+qL*n) N
- —C;n" — ——h;n" — ——————m;m;n",
ft 2 e 2f* fit !

where C i = Ciyb', n" = fL?wb" + pl", h. = g"hy;.
The spray coeflicient of F*" is given by [13]:

*1 1 *l ] i i
(3.7 G" = E«yjkyfyk =G + D',

where the vector D' is given by

. L . L . . | .
(3.8) D = ];i—lsg = m( firoo = 2Lf>5,0b" ) (py' — L*wfb') + ogy’ — > o,
with
i ir. j oo i ij
(39) 27’,'1' = bi|j + bj|,', 2S,‘j = b,’|j - bjli, SO =g Srjyj, O, = ﬁ’ o = g]O'j.

and ‘0’ standing for contradiction with y*, viz., og = 0%, 5,0 = s, etc.
The Cartan’s non-linear connection of F*" is given by [13]:

(3.10) G} =G+ D,
where the tensor D = ;D' is given by
. Le%o . .
G.11) Di= = A~ QA+ L Lf: S bul=LAY + (Fp = L5f)Y)

7T fA 21
+opy = fo'(fifi + b)),

in which

1 20'
Aij = =rooBij + €7 f fosi; + 500 — ( S

5 Cimj + Vijm)D™,
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A;- = girArj’ Viim = &sjVip» Qi = 620{(17 + fLZW)yt' + fzzbi}a

1 1 ,
Bj = Eezg(Phjk + Equmjmk), 0Qj = EB]]{

The Berwald’s connection coefficient of F*" is given by [13]:
(3.11a) Gj,’( G’Jk + B’Jk,
where B;k = (.9kD3- The Cartan’s connection coefficient of F*” is given by [13]:

(3.12) Fyy = Fiy + Dy,

where
—20'L e—Z(TpL

(3.13) D :[W - 0D +y* Yt (=Lfb' + (fB = AL’ fr)y'}]

(B jboy + Bgboj — Byjbos + 55jQk + 55 Q; + 1Oy
ffleza fflezg
L

CjerD + Vi Dy = ==—ConDf = VD!

I 1620
L
The tensor Di.k, called the difference tensor, has the following properties:

(3.14) Diy=By,=D) Dy =2D'
The (v)h—torsion tensor of F” is defined as [8]:

(3.15) R, =6G" - 6,G;, 0 =0~ Go,,

the h—curvature tensor of F” is defined as [8]:

(3.16) Ry = 00j, K)6kF),; = FyiF o + G, R,

and the (v)hv—torsion tensor of F”" is defined as [8]:

(3.17) Py = G’ - FY,.

m mn 200 i %
Csijk - Vskij)_e O-gjk

4 Hypersurface of F*"
Let us consider a hypersurface F*~' = (M"', L(u,v)) of F" and another hypersurface F*"~' =
(M™ ', L (u,v)) of F*", both hypersurfaces being represented by the same equation (2.1). Let N’
be the unit normal vector at each point of F~!, which is invariant under the conformal S—change.
The unit normal vector N*(u, v) of F**~! is uniquely determined by
4.1 gUB’N "= 0, g}‘jN*iN*j =1.

Transvecting the first equation of (2.2) by v*, we get
4.2) yiN' = 0.

Contracting (3.3) by N'N/ and using (2.2) and (4.2), we have
4.3) giN'N' = &7{p + po(biN')*}.

This gives
i} Ni NJ
gl = .2][i .2]:
e Vip + po(biN)? ™ e” p + po(biN')?)

52



Hence, we can put
Ni
" NIp + po(biN)?)
where we have chosen the positive sign of the radical in order to fix the orientation. Using equations
(2.2) and (4.2), the first condition of (4.1) gives

(4.4) N* =

(4.5) (pobiB., + piL;B.) biN' 0
. Pobib, + pilib, R
e” Vip + po(biN')?)
Suppose that pob;B., + pl;B’, = 0. Then transvecting it by v*, we get poB + p;L = 0. But this
is impossible as L and 8 are independent. Hence
(4.6) b;,N’ = 0.

Therefore (4.4) is rewritten as

1

N'.
e’ +\/p

4.7 N* =

Thus, we have

Proposition 4.1. For a field of linear frame (B',, N') of F", there exists a field of linear frame
(B, N*') of F*" such that the conditions (4.1) are satisfied along F*"~" and b; is tangential to both

the hypersurfaces F"~' and F*'.
The quantities B;* are uniquely defined along F*"~' by

B = ¢ B
where (g*%) is the inverse matrix of (g(*lﬁ). Let (B:“, N}) be the inverse matrix of (B;, N*). Then,
we have

BB =8, B.N;=0, N'N;=1, B°N"=0.
Also, Blej“ + N*’N}'T = 6}, where
(48) Nl* =e’ \/ﬁNl
From (4.8) and (2.5), we get
(4.9) H;, = ¢ \[p Ni(By + F(':B}).

If each path of a hypersurface F"™' with respect to the induced connection is also a path of
the enveloping space F", then F"™! is called a hyperplane of the first kind. A hyperplane of the first
kind is characterized by H, = 0.

We shall use the following theorem which has been proved in [13]:

Theorem 4.1. Under the conformal B—change (1.1) consider the following two assertions:

(1) The covariant vector field b;(x) is Cartan-parallel.
(2) The difference tensor D;k vanishes identically.

Then we have:

(a) If (1) and (2) hold, then o is homothetic.
(b) If o is homothetic, then (1) and (2) are equivalent.
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Let o be homothetic and b;(x) be Cartan-parallel in F". Then from (4.9), (2.5) and
Theorem 4.1., we get

(4.10) H, =¢" \pH,.
From (4.10) we find that H;, = 0 iff H, = 0. Thus we have the theorem:

Theorem 4.2. Let o be homothetic and b;(x) be Cartan-parallel in F". Then the hypersurface
F*=Vis a hyperplane of the first kind iff the hypersurface F"~' is a hyperplane of the first kind.

Next, contracting (3.5) by BgN*jN*k, making use of (4.7), M, = CijkaleNk, m;N' = 0,
b,N' =0, hjkNjN" =1 and h,-jBlej =0, we get

(4.11) M, = M,.
To compute HZB we use (2.5), (4.7), (4.10), (4.11) and Theorem 4.1 to get
(4.12) Hyp=¢” VP Hep.

If each h—path of a hypersurface F"~! with respect to the induced connection is also an A—path
of the enveloping space F", then F"! is called a hyperplane of the second kind. A hyperplane of
the second kind is characterized by H, = 0, H,s = 0. From (4.12) we find that H;ﬁ =0iff H,3 = 0.
Therefore from (4.10) and (4.12) we have the theorem:

Theorem 4.3. Let o be homothetic and b;(x) be Cartan-parallel in F". Then the hypersurface
F*=Vis a hyperplane of the second kind iff the hypersurface F"~' is a hyperplane of the second
kind.

Finally, contracting (3.5) by BfYBéN*" and making use of (2.6), (4.7), m;N' = 0, h,-jBlej =0
and Theorem 4.1, we have

(4.13) My = " \p Mop.

If the unit normal vector of F"~! is parallel along each curve of F"~!, then F""! is called a
hyperplane of the third kind. A hyperplane of the third kind is characterized by H, = 0, H,z3 = 0
and M,z = 0. Hence from (4.10), (4.12) and (4.13), we have the theorem:

Theorem 4.4. Let o be homothetic and b;(x) be Cartan-parallel in F". Then the hypersurface
F*"~Vis a hyperplane of the third kind iff the hypersurface F™! is a hyperplane of the third kind.
For hyperplane of the first kind, the (v)hv—torsion tensor is given by [7]:

(4.14) P}, = B{K,,
where
Kéy = Pj'kBg;'
Using (4.14) and the last relation of (2.3), we get
4.15) Kj, = BiP}, + N'N,K},.
Under homothetic f—change with b;(x) as Cartan-parallel it has been proved in [13] that

(1) a Landsberg space remains a Landsberg space,
(i1) a Berwald space remains a Berwald space,
(ii1) a locally Minkowskian space remains a locally Minkowskian space.
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When o is homothetic and b;(x) is Cartan-parallel, we have K;’y = K/"}y, and then it follows
that

(4.16) Py = BK},.
On substituting (4.15) in (4.16) and using (2.3), we get
(4.17) Py = Py

Thus we have the theorem:

Theorem 4.5. Let o be homothetic and b;(x) be Cartan-parallel in F". Then the hyperplane F™~!
of the first kind is a Landsberg space iff the hyperplane F"~' of the first kind is a Landsberg space.
For hyperplane of the first kind, the Berwald connection coefficients Gy are given by [7]:

(4.18) Gpy = BiAg,.
where
i _ i opik i
Ay =GBy, + Bpy.
Using (4.18) and the last relation of (2.3), we get
i _ pigo i h
When o is homothetic and b;(x) is Cartan-parallel, we have Gj;( = G’jk. Then A;’y = A’ﬂy and it
follows that

(4.20) Gy, = Bi*Ag,.
On substituting (4.19) in (4.20) and using (2.3), we get
(4.21) Gy, = Gy,

Then we have the theorem:

Theorem 4.6. Let o be homothetic and b;(x) be Cartan-parallel in F". Then the hyperplane F™~!
of the first kind is a Berwald space iff the hyperplane F"~' of the first kind is a Berwald space.
From (2.7) the Gauss characteristic equation of hyperplane F"~' of the first kind is written as

(4.22) Ropys = Rijkthgg + HoyHps — HysHag, .
The Gauss characteristic equation of hyperplane F*"~' of the first kind is similarly written as
« % ijkh ® s * *
(4.23) Ropys = RijkhBa’ﬁyd + H, Hy; — HosHp,
Making use of the equation (4.12), the above equation becomes
(4.24) Rips = Ry Biss + €7 p(HoyHps — HosHg,).
Equations (4.24) and (4.22) together give
(4.25) Rips = € PRopys + (R, — € pRijia) Bllgrs.

We know that when o is homothetic and bi(x) is Cartan-parallel, then if F" is locally
Minkowskian, so is F*"; i.e. R;.*jkh = 0 iff Ry = 0. Under these conditions the equation (4.25)
reduces to

RZﬂyé = ezo—pRaﬁyzS-

Thus, in view of the Theorem 4.6, we have the theorem:

Theorem 4.7. Let o be homothetic, bi(x) be Cartan-parallel and F" be a locally Minkowskian
space. Then the hyperplane F*™~! of the first kind is a locally Minkowskian space iff the hyperplane
F"=! of the first kind is a locally Minkowskian space.
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