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Abstract

In this paper we introduce the notion of a Caristi-Banach type Zb
R

- contraction in the
framework of b-metric space endowed with a transitive relation that combine the ideas of
Caristi type contraction and Banach contraction with a help of simulation function. We present
an example to clarify the statement of the given result.
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1 Introduction and preliminaries
In 1922, Polish mathematician Stefan Banach [2] gave a fixed point theorem. It is also known as
the Banach Contraction mapping theorem or principle (BCP). It is an important tool in the metric
fixed point theory. It confirms the existence and uniqueness of fixed point of certain self maps of
metric spaces and provides a constructive method to find fixed points. There are so many extension,
generalizations of BCP in different settings and there applications. Among them, In 1976, Caristi
[4] proved a fixed point theorem and applied to derive a generalization of the Contraction Mapping
Principle in a complete metric space. Recently, In 2019, E. Karapinar et al., [9] give a new fixed
point theorem in b-metric space which is inspired from both Caristi and Banach. b-metric space
introduced by Czerwik [5] to generalize the concept of metric space by introducing a real number
s ≥ 1 in the triangle inequality of metric space.

Inspired by E. Karapinar et al., [9] we introduce the notion of a Caristi-Banach type Zb
R
-

contraction in the framework of b-metric space endowed with a transitive relation that combine the
ideas of Caristi type contraction and Banach contraction with a help of simulation function. We
present an example also to clarify the statement of the given result.

Definition 1.1. [5] Let M be a non-empty set and s ≥ 1 be a given real number. A function
d : M × M → [0,∞) is said to be a b-metric space if, for all σ, ρ,w ∈ M, the following conditions
are satisfied:

(i) d(σ, ρ) = 0 iff σ = ρ;
(ii) d(σ, ρ) = d(ρ, σ);
(iii) d(σ,w) ≤ s[d(σ, ρ) + d(ρ,w)].

The triple (M, d, s) is called a b-metric space.
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It should be noted that, every metric space is a b-metric space with s = 1 and hence the class of
b-metric spaces is larger than the class of metric spaces. But a metric space need not be b-metric
space (see example 1.4 [14]).

Definition 1.2. [3] Let (M, d, s) be a b-metric space.

(i) A sequence (σn) in M is called b-convergent if and only if there exist σ ∈ M such that
d(σn, u)→ 0, as n→ ∞. In this case, we write limn→∞ σn → u.
(ii) (σn) in M is said to be b-Cauchy if and only if d(σn, σm)→ 0, as n,m→ ∞.
(iii) The b-metric space (M, d, s) is said to be b-complete if every b-Cauchy sequence (σn) in M is
convergent.

Recently, in 2015, Khojasteh et al. [10] introduced the notion of simulation function with a
view to consider a new class of contractions, called Z-contraction with respect to a simulation
function.

Definition 1.3. [10] A mapping ζ : [0,∞) × [0,∞)→ R is a simulation function if:

(ζ1) ζ(0, 0) = 0;
(ζ2) ζ(t, s) < s − t, s, t > 0;
(ζ3) (tn) and (sn) are sequences in (0,∞) satisfying limn→∞ tn = limn→∞ sn > 0, then

lim supn→∞ ζ(tn, sn) < 0.

Set of all simulation functions is denoted by Z. For examples of simulation function we may
refer to ([7], [8], [10] ).

In what follows (M, d), R, N and N0 respectively, stand for a metric space, a non-empty binary
relation defined on a non-empty setM, the set of natural numbers and the set of whole numbers.

Definition 1.4. [12] A binary relation R on a non-empty setM is defined as a subset ofM×M.
We say that “σ is R-related to ρ” iff (σ, ρ) ∈ R.

Definition 1.5. [13] A binary relation R is complete if either (σ, ρ) ∈ R or (ρ, σ) ∈ R (i.e. [ρ, σ] ∈
R), ∀ σ, ρ ∈ M.

Definition 1.6. [1] Let F be a self-mapping defined on a non-empty setM. Then binary relation
R is F -closed if

(σ, ρ) ∈ R ⇒ (Fσ,F ρ) ∈ R, σ, ρ ∈ M.

Definition 1.7. [12] The symmetric closure Rs is the smallest symmetric relation containing R, i.e.,
Rs = R ∪ R−1.

Proposition 1.1. [1] If R is F -closed, then Rs is also F -closed.

Definition 1.8. [1] A sequence (σn) inM is R-preserving if

(σn, σn+1) ∈ R, n ∈ N0.

Definition 1.9. Let X, d) be a d-metric space. Then a binary relation R is transitive if (σ, ρ) ∈ R
and (ρ, η) ∈ R implies that (σ, η) ∈ R
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Definition 1.10. [16] Let (M, d, s) be a b-metric space. A binary relation R on M is (b-d)-self-
closed if (σn) is an R-preserving sequence and

σn → σ as n→ ∞,
then there exists a subsequences (σnk) of (σn) with [σnk , σ] ∈ R, k ∈ N.

Definition 1.11. [15] A subset D ofM is R-directed if for each pair of points σ, ρ ∈ D, there exists
η ∈ M satisfying (σ, η) ∈ R and (ρ, η) ∈ R.

Definition 1.12. [11] For σ, ρ ∈ M, a path of length k in R from σ to ρ is a finite sequence
(η0, η1, η2, ..., ηk) ⊂ M satisfying:
(i) η0 = σ and ηk = ρ,
(ii) (ηi, ηi+1) ∈ R for each i (0 ≤ i ≤ k − 1) (k is a natural number).

Clearly a path of length k necessitate k + 1 elements ofM, which are not essentially distinct.

In the following
M(F ;R) := {σ ∈ M : (σ,Fσ) ∈ R}, where F :M→M and γ(σ, ρ,R) is the class of all paths in
R from σ to ρ.

2 Main Result
In this section, the notation Zb

R
denotes the set of simulation function in b-metric space endowed

with an given binary relation R.

Definition 2.1. Let F be a self mapping on a b-metric space (M, d, s) equipped with a binary
relation R. If there exist ζ ∈ Zb

R
and φ :M→ [0,∞) such that

d(σ,Fσ) > 0⇒ ζ(sd(Fσ,F ρ), (φ(σ) − φ(Fσ))d(σ, ρ)) ≥ 0,(2.1)
∀ σ, ρ ∈ M, (σ, ρ) ∈ R, then F is called Caristi-Banach typeZb

R
-contraction.

Theorem 2.1. Let (M, d, s) be a complete b-metric space equipped with a binary relation R and
F be a self mapping onM. Let the following hypotheses holds:
(i)M(F ;R) is non-empty;
(ii) R is F -closed and transitive;
(iii) either F is R- continuous or R is (b-d)-self-closed;
(iv) F is Caristi-Banach typeZb

R
-contraction with respect to ζ ∈ Z. Then F has a fixed point.

Proof. Let σ0 be an arbitrary point in M(F ;R). Put σn = Fσn−1 = F nσ0 ∀n ∈ N. Let
Cn+1 = d(σn, σn+1), if for some n′ ∈ N0, σn′ = σn′+1, then σn′ is a fixed point of F and so the proof
is complete. Thus, we let σn , σn+1 ∀ n ∈ N0 i.e., Cn+1 > 0. Since (σ0,Fσ0) ∈ R, using the
F -closedness of R, we obtain

(Fσ0,F
2σ0), (F 2σ0,F

3σ0), ..., (F nσ0,F
n+1σ0), ... ∈ R.

Thus
(σn, σn+1) ∈ R,(2.2)

and the sequence (σn) is R- preserving. Since F is Caristi-Banach typeZb
R
-contraction, we have

0 ≤ ζ
(
sd(Fσn−1,Fσn), (φ(σn−1) − φ(Fσn−1))d(σn−1, σn)

)
< (φ(σn−1) − φ(Fσn−1))d(σn−1, σn) − sd(Fσn−1,Fσn),

yields
Cn+1 = d(σn, σn+1) = d(Fσn−1,Fσn) ≤ sd(Fσn−1,Fσn)

< (φ(σn−1) − φ(Fσn−1))d(σn−1, σn)
= (φ(σn−1) − φ(σn))Cn.

So we have
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0 < Cn+1
Cn
≤ (φ(σn−1) − φ(σn)) for each n ∈ N.

Thus the sequence (φ(σn)) is necessarily non-negative and decreasing. Hence, it converges to
some a ≥ 0. On the other hand, for each n ∈ N, we have

n∑
k=1

Ck+1

Ck
≤

n∑
k=1

(φ(σk−1) − φ(σk))

= (φ(σ0) − φ(σ1)) + (φ(σ1) − φ(σ2)) + ... + (φ(σn−1) − φ(σn))
= (φ(σ0) − φ(σn))→ φ(σ0) − a < ∞, as n→ ∞.

It means that
∞∑

n=1

Cn+1

Cn
< ∞.

Accordingly, we have

lim
n→∞

Cn+1

Cn
= 0.(2.3)

On account of (2.3), for % ∈ (0, 1), there exist n0 ∈ N such that
Cn+1

Cn
≤ %, ∀ n ≥ n0.(2.4)

yields that

d(σn, σn+1) ≤ %d(σn−1, σn), ∀ n ≥ n0.(2.5)

Now using Lemma 3.1 [17] we obtain that the sequence (σn) is Cauchy. Thus from the
completeness of M, there exist σ ∈ M such that σn → σ as n → ∞. By (iii), if F is R-
continuous then Fσn → Fσ as n→ ∞.

Alternately, let us assume that R is (b-d)-self-closed. As (σn) is an R preserving sequence and
σn → σ as n→ ∞. So there exist a subsequence (σnk) of (σn) with [σnk , σ] ∈ R, ∀ k ∈ N0. Notice
that [σnk , σ] ∈ R, ∀ k ∈ N0 implies that either (σnk , σ) ∈ R, ∀ k ∈ N0 or (σ,σnk) ∈ R, ∀ k ∈ N0.
Applying condition (iv) to (σnk , σ) ∈ R, ∀ k ∈ N0, we have

0 ≤ ζ
(
sd(Fσnk ,Fσ), (φ(σnk) − φ(F (σnk))d(σnk , σ)

)
< (φ(σnk) − φ(F (σnk))d(σnk , σ) − sd(Fσnk ,Fσ)

=⇒ sd(Fσnk ,Fσ) < (φ(σnk) − φ(F (σnk))d(σnk , σ).

Using the triangle inequality together with the inequality above, we derive that

d(σ,Fσ) ≤ s[d(σ,σnk+1) + d(σnk+1,Fσ)]
= s[d(σ,σnk+1) + d(Fσnk ,Fσ)]
< sd(σ,σnk+1) + (φ(σnk) − φ(F (σnk))d(σnk , σ),

putting n→ ∞ and using σnk → σ, above inequality→ 0 as n→ ∞. Consequently, we obtain that
d(σ,Fσ) = 0, i.e., Fσ = σ.

Similarly, if (σ,σnk) ∈ R, ∀ k ∈ N0, we obtain d(Fσ,σ) = 0. So that Fσ = σ, i.e., σ is a fixed
point of F .

Theorem 2.2. Under the conditions of Theorem 2.1, if
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(v) γ(σ, ρ,R) , φ,

then F has a unique fixed point.

Proof. Let σ∗, ρ∗ are two fixed point of F such that σ∗ , ρ∗. Since γ(σ∗, ρ∗,R) , φ, there exists
a path (η0, η1, η2, ..., ηk) of some finite length k in R from σ to ρ so that

η0 = σ∗, ηk = ρ∗, (ηi, ηi+1) ∈ R, i = 0, 1, 2, ..., k − 1.
Since R is transitive,

(η0, ηk) ∈ R.
Therefore

0 ≤ ζ
(
sd(F η0,F ηk), (φ(η0) − φ(F η0))d(η0, ηk)

)
< (φ(η0) − φ(F η0))d(η0, ηk) − sd(F η0,F ηk)
= (φ(σ∗) − φ(Fσ∗))d(σ∗, ρ∗) − sd(Fσ∗,F ρ∗) < 0,

which is a contradiction. Thus F has a unique fixed point.

Example 2.1. Let (M, d) = [1, 4] and d(σ, ρ) = (σ − ρ)2. Then (M, d, s) be a complete b-metric
space with coefficient s = 2. Define a binary relation

R = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3), (2, 4), (3, 1), (3, 2), (3, 3), (3, 4)}
onM and the mapping F :M→M by

F (σ) =


1, if 1 ≤ σ ≤ 2;
2, if 2 < σ ≤ 3;
3, if 3 < σ ≤ 4.

Let φ : M → [0,∞) defined by φ(σ) = 3σ, σ ∈ [0,∞). Since for (σ, ρ) ∈ R we have
(Fσ,F ρ) ∈ R which implies that R is F - closed and transitive. For σ = 2,Fσ = 1, (σ,Fσ) ∈ R
i.e.,M(F ;R) , φ. If we take any R- preserving sequence (σn) with σn → σ and (σn, σn+1) ∈ R, ∀
n ∈ N0, this implies that there exists an integer N ∈ N0 such that σn = σ for all n ≥ N. So, we can
take a subsequence (σnk) of the sequence (σn) such that σnk = σ for all k ∈ N0,. which amounts to
saying that [σnk , σ] ∈ R, for all k ∈ N0. Therefore, R is (b-d)-self-closed.

Now, with a view to check that F is Caristi-Banach typeZb
R
-contraction, let for all σ ∈ M such

that d(σ,Fσ) > 0 and (σ, ρ) ∈ R, (in this example σ , 1), we have
0 ≤ ζ

(
sd(Fσ,F ρ), (φ(σ) − φ(Fσ))d(σ, ρ)

)
.

Thus all the hypotheses of Theorems 2.1 and 2.2 are verified. Hence σ = 1 is the unique fixed
point of F .

Remark 2.1. It is interesting to see that in Example 2.1 at (2.4), it is not a b-simulation function
[6] i.e.,

0 ≤ ζ
(
2d(F 2,F 4), d(2, 4)

)
< d(2, 4) − 2d(1, 3) = −4 < 0,

which is a contradiction and if we take the usual metric on place of d(σ, ρ) = (σ − ρ)2, then at
the same point we notice that d(F 2,F 4) = d(2, 4). Thus it is not satisfy the BCP [2] and also the
contractive condition (iv) of Theorem 3.1 [1].

Remark 2.2. In Example 2.1, observe that the binary relation R is nonreflexive, nonirreflexive,
nonsymmetric and nonantisymmetric. Therefore it is none of near-order, partial order, pre-
order and tolerance. Thus, it is worth mentioning that Theorem 2.2 is genuine extension and
improvement of Alam and Imdad [1] in b-metric space.

Acknowledgement. The authors are thankful to the referee for his valuable suggestions to bring
the paper in its present form.
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