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Abstract

Motivated by the recent result of Aydi et al.[4], we establish a fixed point theorem of
Suzuki-type generalized multivalued contraction mappings in the framework of weak partial
metric space. An example is also given to show the significance of our result.
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1 Introduction

The notion of partial metric space was introduced in 1994 by Matthews[7] as a generalization
of the metric space. Such spaces are useful for modeling the problems occurring in computer
science. He also proved the famous Banach Contraction Principle in partial metric space. Later
on many fixed point results in partial metric space have been proved (see, for instance [1], [2],
[6] and references therein). Further Aydi et al.[3] obtained an analogue of Nadler’s fixed point
theorem in partial metric space using the concept of a partial Hausdorff metric. Recently, Beg and
Pathak[5] introduced a weaker form of partial metric called weak partial metric and gave a fixed
point theorem. This result extended and generalized by Negi and Gairola[8].

The aim of this paper is to generalize the result of Aydi et al. [4] by introducing generalized
Suzuki type multivalued contraction mapping in weak partial metric space. Our result extend
various known comparable results in the literature.

2 Preliminaries
The following definitions and results are followed by Beg and Pathak[5].

Definition 2.1. Let X be a nonempty set. A function q : X XX — R* is called a weak partial metric
on X if for all x,y, z € X, the following conditions hold:

(Q1) q(x, x) = g(x,y) © x =y;

(02) q(x,x) < q(x,y);

(Q3) q(x,y) = q(y, x);

(Q4) q(x,y) < q(x,2) + q(z. ).

The pair (X, q) is called a weak partial metric space.

Let CB%(X) be the family of all non-empty, closed and bounded subsets of weak partial metric
space (X, q). For E, F € CBY(X) and x € X, define ¢, : CBY(X) x CBY(X) — [0, c0) and
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q(x, E) = inf{g(x,a) : a € E},
0,(E,F)=supl{q(a,F):ac E}
04(F,E) = sup{q(b,E) : b € F}.
Each weak partial metric g on X generates a T topology 7, on X which has as a base the family
of open g-balls {B,(x,€) : x € X, € > 0}, where B,(x,€) = {y € X : g(x,y) < q(x,x) + €} for all
xeXande>0.

Remark 2.1. Let ¢ # E be a set in (X, q). Then

a € E if and only if ¢(a, E) = q(a, a),

where E denotes the closure of E with respect to the weak partial metric space.
Note that E is closed in (X, q) if and only if E = E.

Definition 2.2. A sequence {x,} in (X, q) converges to a point x € X with respect to 7, if and only
ifQ(-xa x) = lim, q(x, x,).

Remark 2.2. If q is a weak partial metric on X, the function ¢° : X X X — R* given by ¢°(x,y) =
q(x,y) — %[q(x, x) +q(y,y)], defines a metric on X. Further, a sequence {x,} converges in (X, q*) to
a point x € X if and only if

2.1 g(x,x) = lim g(x,, x) = Lm_g(x,, X,).

Proposition 2.1. Let (X, q) be a weak partial metric space. Forany E, F, H € CB(X), the following
holds:

(i) 64(E,E) = sup{q(a,a) : a € E};

(ii) 0,(E, E) < 6,(E, F);

(iii) 04(E,F)=0= E CF;

(iv) 64(E, F) < 6,(E,H) + 6,(H, F).

Proposition 2.2. Let (X, q) be a weak partial metric space. For all E, F, H € CBY(X), we have
(wpl) H;(E, E) < H;(E, F),

(wp2) Hj(E, F) = H,(F, E);

(wp3) H,(E,F) < H,(E,H) + H,(H, F).

Definition 2.3. Let (X, q) be a weak partial metric space. For E, F € CBY(X), define
1
H;(E,F) = 5{(5q(E, F)+6,(F,E)}.

The mapping H; : CBY(X) X CBY(X) — [0, +0), is called H;-type Hausdorff metric induced
by q.

Definition 2.4. Let (X, q) be a complete weak partial metric space. A multi-valued map T : X —
CB(X) is called H; -contraction if for every x,y € X,
(i) there exists r in (0, 1) such that

Hy(T)\{xL T\ {yh < rg(x,y),
(ii) for every x in X,y in T(x) and € > 0, there exists z in T(y) such that

q(.2) <H (T(y),T(x)) + e

Beg and Pathak[5] gave the following variant of Nadler’s fixed point theorem.
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Theorem 2.1. (5] Every H; - type multivalued contraction on a complete weak partial metric space
(X, @) has a fixed point.

Recently Aydi et al.[4] introduced H,- type Suzuki multivalued contraction mappings and
prove the following theorem.

Theorem 2.2. [4] Let (X, q) be a complete weak partial metric space, and let T : X — CBY(X) be
a multivalued mapping. Let ¥ : [0, 1) — (0, 1] be the non increasing function defined by

1 ifO<r<l
22) ‘W)‘{l_r,f S

Suppose that there exists 0 < r < 1 such that T satisfies the condition y(r)q(x,Tx) < g(x,y)
implies
Hy (Tx\ {x}, Ty \ {y}) < rq(x,y),

forall x,y € X.
Suppose also that, for all x in X, y in Tx, and t > 1, there exists z in Ty such that

q(y,z) < tH;(Ty, Tx).
Then T has a fixed point.

3 Main result
Now we state our main result.

Theorem 3.1. Let (X, q) be a complete weak partial metric space and let T : X — CBY(X) be a
multivalued mapping and ¥ : [0,1) — (0, 1] be the non-increasing function defined by (2.2). If
there exists 0 < r < 1 such that T satisfies the condition

(3.1 Y(r)q(x, Tx) < q(x,y) implies H;(Tx\ {x},Ty\ {y}) < rM(x,y),

where M(x,y) = max{q(x, y), q(x, Tx), q(y, Ty)} for all x,y € X.
Suppose also that for every x € X,y € Tx and t > 1,4 z € Ty such that

(3-2) q(y,2) < tH,(Ty, Tx).
Then T has a fixed point.
Proof. Let r; be a real number such that 0 < r < r; < 1 and wy € X. Since Twy is nonempty, it

follows that if wy € Twy, then proof is finished. Let w; € Tw, be such that wy # wy. Similarly
4w, € Twy such that w; # w,. From (3.2) we have

1
(3.3) qgwi,wy) < ﬁH;(TWO, Twy).
Since ¥(r) < 1, we have

Y(r)gwy, Twi) < qwi, Twy) < g(wi, wo).
Using (3.1) in (3.3), we have

gwi, wy) < THL,(TWO,TWI)
< TH;(TWO \ {wol, Twy \ {w1})
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-
ﬁM(Wo, wy) < \riM(wy, wy)

\ri max{g(wo, w1), gq(wo, Twy), g(wy, Tw)}
\ri max{g(wo, w1), g(wo, w1), (w1, w2)}.

IA

IA

If g(wg, wy) < g(wy, w,) then

qwi, wa) < \rigwi, wa)
but 4/r; < 1 then we get a contradiction.
Thus, we have

gwi, wa) < \rig(wo, wi).
Continuing this process, we obtain a sequence {w,} in X such that
qWn, Wyi1) < (V)" q(wo, wr).

Now, we prove that {w,} is a Cauchy sequence in (X, ¢g°).
For all k € N, we have

qS(Wn, Wn+k) < (I(Wn, Wn+k)
< Q(Wn’ Wn+1) + Q(Wn+1’ Wn+2) +...+ q(wn+k—17 Wn+k)
< (VR + (V)™ + o+ (V) g, wh)
(vr)"
< Vi qwo, wy)

1=
—> 0 as n — oo.
Hence, lim,,_,c. ¢°(W,,, Wyi) = 0.
This implies that {w,} is a Cauchy sequence in (X, ¢*). Since (X, g) is complete, therefore (X, ¢*)
is also complete metric space. It follows that there exists # € X such that lim,,_,., w, = u in (X, ¢°).
Therefore, lim,,_,., ¢°(w,,, u) = 0.
From (2.1), we have

q(u,u) = lim g(w,, u) = lkim qwp, wi) = 0.
Now, from triangle inequality
q(u, Tx) < q(u, Wps1) + gWpi1, TX)
and
GWar1, TX) < gWni1, wi) + gWy, 1) + q(u, Tx).

Taking limit in the above inequalities, we get
(3.4 q(u, Tx) = lim g(wy1, T x).

We claim that

q(u, Tx) < 2rmax{qg(u, x), q(x, Tx)}, ¥ x € X \ {u}.
Since, lim,, o, g(w,, u) = 0, 4 ny € N such that g(w,,, u) < %q(u, x), ¥ n > ny.
As w,,1 € Tw, then we have
W(r)Q(Wna Twn) < q(Wn’ Twn) Q(Wn’ Wn+1)

<
< q(wna I/l) + Q(I/l, Wn+1)

IA

1( )+1( )—2( )
3q u,x 3q u,x) = 3q U, x
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1
< q(”? X) - §Q(u’ X)
< q(u’ X) - C[(Wn’ I/t)
< g(x,wy).

Hence, for any n > ny we get

Y(r)gwy, Twy) < g(x, wy).
From (3.1) we have

H, (Twy, Tx) < rM(wy, X).
Since

g(Wn1, Tx) 0q(Twn, Tx)

2H,(Tw,, Tx)
2rM(w,, x) = 2r max{qg(w,, x), gw,, Tw,), g(x, T x)}
2r max{g(wy, u) + q(u, X), gq(Wn, Wp+1), q(x, Tx)}.
Taking limit as n — oo, we get

IANIA IA A

lim g(wp41, Tx) < 2r max{q(u, x), g(x, T x)}.

From (3.4) we get

3.5 q(u, Tx) < 2rmax{q(u, x), g(x, Tx)}, ¥ x € X \ {u}.
Now, we claim that

(3.6) H (Tx, Tu) < rmax{q(x, u), q(x, Tx), q(u, Tu)}

for all x € X such that x # u.
Foreachn € N, 4y, € Tx such that

1
q(u,y,) < q(u, Tx) + ;q(u, X).

Therefore

3.7 qx,Tx) < q(x,y,)
< q(x,u) + q(u, y,)

1
< q(x,u) + q(u, Tx) + —q(u, x)
n

< q(x,u) + 2r max{q(u, x), q(x, Tx)} + %q(u, X).

Suppose max{q(u, x), g(x, Tx)} = q(u, x) then
1
qx, Tx) < (1 +2r+ Z)q(u, X),

which implies
1
—q(x,Tx) < q(u, x).
T TI T S 40

This further implies that
H;(Tu,Tx) < rM(x, u),
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and equation (3.6) holds.
Now if max{q(x, u), g(x, T x)} = q(x, T x) then from (3.7), we get

q(x, Tx) < g(x,u) + 2rq(x, Tx) + %q(x, u)
(1-2r)
(1+1)

q(x, Tx) < q(x, u).
This also implies that
H;(Tx, Tu) < rM(x,u) and equation (3.6) holds.
Finally, let b € Tu then
(3.8) q(b, Twy) < 64(Tu, Twy).
Also, we know that

qu,Tu)y < q(u,Tw,)+q(Tw,, Tu)

< qQu, wyer) + q(b, Twy).

From (3.8), we have
q(u, Tu) < q(u, wni1) + 64(Tu, Twy).

Taking limit, we get
3.9 q(u, Tu) < lim 6,(Tu, Tw,).

Also we know that
qWns1, Tu) < 8,(Tw,, Tu).

Taking limit, we have
(3.10) q(u, Tu) < lim 6,(Tw,, Tu).
From the definition(2.3), we know that

%[6Q(Twn, Tu) + 64(Tu, Tw,)| = H, (Tw,, Tu).
Taking limit in the above expression and using (3.9) and (3.10) we get
%[q(u, Tu)+ q(u,Tu)] < l}l_)ﬂ;lo %[5,](Tw,,, Tu) + 6,(Tu, Tw,)]
= r}l_}tg H; (Tw,, Tu)
= lim Hy(Tw, \ {wa), Tu\ {u})
< lim rmax{g(w,, u), q(w,, Twy), q(u, Tu)}
= rq.Tw

which implies that

q(u, Tu) < rq(u, Tu).

Since r < 1 then we get a contradiction.
Hence, we have g(u, Tu) = 0 = g(u, u). Since Tu is closed then u € Tu = Tu.
Now we give an example to verify our result.
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Example 3.1. Let X = {0, 1, 1} and define a weak partial metric q : X x X — [0, o) as follows:

’5’
q(0,0) =0, ¢(5,3) = 5, (1, 1) = 5, g(0,1) = q(1,0) = 3, q(1,3) = q(5, 1) =
2, 4(0,1) =¢(3,0) = .

Define a mapping T : X — CBY(X) by
{0} ifx=0
Tx=<{1} ifx:%
{0,%}1’]‘x: I.

Clearly (X, g) is a weak partial metric space.
Choose r = 0.9. From the definition of ¥ we have ¥(0.9) = 0.1. To investigate the contraction

condition (3.1) holds for all x,y € X, we assume the following cases:
Case (DWhen x = 0, we have

W(r)q(0,T(0)) =0 < g(0,y), Vye€X.
For y = 0, we have
H;(T(0)\ {0}, T(0) \ {0}) = H;(¢,$) = 0 < rM(0,0).

For y = 1, we have
Hi(TO)\ {0L,T(3)\ {3}) = Hj (¢, {1}) = 0 < rM(0, ).

Fory =1, we have

H(T(0)\ {0}, T(1)\ {1}) = H(.{0.1}) = 0 < rM(0, 1).
Case (IDWhen x = 1, we have

t//(r)q(%, T(%)) = (O.l)q(%, 1) = 0.06 < q(%,y), VyeX.

For y = 0, we have
Hi(T(3)\ {31, T0)\ {0}) = H} ({1},¢) = 0 < rM(3,0).

Fory = %, we have
HAN(TOH\ELTON ) = B (1) = L < rmd, b = 1,
Fory =1, we have
Hy TGO\ LT\ 1) = Hy({11{0.4)) =4 < rMG 1) = 1.

Case (II)When x = 1, we have
1
WL T(D) = 0.Dg(1.{0. 3}) = 0.04 < g(Ly). Vy e X.

For y = 0, we have
Hy(TO)\ {0}, T()\ (1)) = H;(#.{0,5]) = 0 < rM(1,0)
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Fory = %, we have

Hy(T(0)\ {0}, T(:) \{3}) = H (¢, {1}) = 0 < rM(0,) = 5.

Fory =1, we have

Hy T\ (1L T\ (1) = Hf({o. 4}.{0. 1)) = § < rM(1, 1) = #2.

Finally, we will enquire the condition (3.2) with + = 2. For this, we discuss the following
situations:
(1) If x =0, theny € T(0) = {0}, so 4z € T(y) = {0} such that
0= q(y,2) < 2H; (T, T(x)).
(i) If x = 1, then y € T(3) = {1}, so T z(say z = 0) € T(1) = {0, 1} such that
2 N 1
< =4q0,2) < 2H, (T(D). T(g)) = 1.
(1) If x =1,theny € T(1) = {0, %}. If y = 0, then z = 0, and condition holds.
Alsoify = % then dz € T(%) = {1} such that
3 . 1
S =400 <2H;((1.{0.5]) = 1.
Hence all the conditions of Theorem 3.1 are satisfied. Here x = 0 is fixed point of 7.
On the other hand the result of Aydi et al.[4] is not applicable. We see that

HITOALL TGO\ D = Hiq, (1) =L <r )
is not satisfied for any r € (0, 1).
Acknowledgements. We are very much thankful to the worthy referee for his valuable suggestions
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