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Abstract

In this paper, we introduce a diffusion and wave equation consisting of multidimensional
space Riesz-Feller fractional operators and Caputo time fractional derivative. Imposing certain
boundary values, we obtain its solution in terms of multivariable H-function and finally making
an appeal to our results, we evaluate various multiple fractional diffusions.
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1 Introduction, formulae and definitions

Since 1976, various researchers and authors studied the multivariable H-function ([19], [20]) as
considering as an initial function to solve many physical and scientific problems, for example (see
[1], [2]). This multivariable H-function is widely used by many researchers in the derivation of
the results involving fractional derivatives and fractional integrals ([12], [15], [16], [18]). Also,
the Fourier series representations are studied for the multivariable H-function (see [3]). In 2005,
Mainardi et al. [10] employed Fox’s H-function in fractional diffusion problems, formerly this
H-function was introduced by [5] and contour integrals for H-function were appeared in [17].

To explore new ideas for enlarging to the field of fractional diffusions in multidimensional
space, in the present investigation, we obtain a solution of multidimensional in space fractional,
time fractional diffusion and wave problem in terms of the multivariable H-function involving a
multiple contour integral of Mellin - Barnes type [9], defined by ([19], [20]) as
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Again, L; = L, represents the contours which start at the point y; — weo and goes to the
point y; + woo with y; € R = (=00, ), Vi = 1,...,r such that all the poles of F(d(l) p(’>g,) Vj=
1,...,mp;i =1,...,r are separated from those of F(l c; @ 4 0'(’>Q,) Vi=1,....,n5i=1,...,r
and F(l —aj+ Zl la/(’)g,)\v’] = 1,...,n. Here, the 1ntegers n, p,q,m;,n;, p; and g; satisfy the
inequalities 0 < n < p; g > 0;1 <m; < gsand 1 < n; < p;,i = 1,...,r. The parameters
ap¥j=1,....picV¥j=1,...psi=1....rnb¥j=1....qd  ¥j=1,...qg:i=1,..r
are complex numbers and the associated coefficients ai.i),v j=1L...,p;i=1,...,r; o-g.”,v Jj =
I....,pisi = 1,...,r;,8(j.i),\7’j = 1,...,q;i = 1,...,r;p§i),Vj =1,...,q;i = 1,...,r, are positive
real numbers, such that, Vi=1,...,r

)4 Pi q ) qi )
(1.3) A = Za/(’)+ FP =N =N pP <0
J=1 J=1 J=1 j=1
and
o 0T - S-S S 3ot
Jj=n+1 Jj=ni+1
- Sare
j=1 j=mi+1

In the integrand of (1.1), the poles are supposed to be simple. The integral (1.1) converges
absolutely for larg(z;)| < 5€4,i = 1,...,r. The points z; = 0,i = 1,2,...,r and various
exceptional parameter values being tacitly excluded.

Particularly, for r = 1, the Eqns. (1.1) - (1.4) reduce to Fox’s H- function ([5], [10], [12, p.2],
[171).

By Eqgns. (1.1) - (1.4) an approximation formula is given by

(1.5) Hizi, ..z = Ol . o), max sl — 0

) RdM\
where ¥; = mincjcp, | —— |, i=1,...,1.
p;

Although forn = 0, another approximation formula holds

(1.6) Hlzi,....,2] =0zl ...|z/*), min [|z;|| — oo;
I<j<r
where .
éR(cy)) -1
-:min _— ':1...r.
gl lstn,- O-(l) ,l ) 9

J
Again, for n = p = g = 0, the multivariable H-function (1.1) - (1.4) consists a relation with
Fox’s H-function ([5], [10], [17]) in the form (see [12, p.207])
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Recently, series and analytic solutions of fractional in time and space - fractional anomalous
diffusion problems are obtained and studied by many authors ([6], [7], [8], [13]). In [10] the
solution of fractional diffusion is found in terms of Fox’s H-function (see also [5], [12, p.2], [17]).
Now, in the present paper, we point out a generalization of a diffusion equation introduced and
studied by various researchers ([8], [10], [12, p.199 Eqn. (6.186)]) as

(1.8) ,Cng(x, 1) = ngu (x,1),—00 < x < +00,t > 0;0 < a < 2;]0] <min{B,2 — B},
where, 0 < 8 < 2.

In Eqn. (1.8), the Caputo derivative of the function f (¢), denoted by ED;; f(t) where,m — 1 <
a <m,¥m €N, is defined by [4, p.49]

(1.9) Epe. @) = A o)),

where, f™(t) = D'f(0), Dy = & = 4 %)},I’““’ being the Riemann - Liouville fractional
integral given by

(e - T B @ 0m = <a<m
f(),a =m,VYm € N.

The Laplace transformation of a sufficiently well behaved function v(¢) is denoted and defined
by L{v(?); s} = V(s) = fow e*'v(t)dt, s > 0. In our researches, we use this Laplace transformation
of the Caputo time fractional derivative (1.9) in the form [4, p.134]

m—1
(1.10) LI Dgv)(1); 5} = s V(s) - Z s ROONY Ym -1 < a < m.
k=0

Further in the x- domain, we are needful of an operation by an integro - differential Riesz-Feller
operator D’ on f(x), denoted by ngf(x) where |6] < min{B,2 — },0 < B < 2, is given as [8],

X6’

[12, p.192, Eqn. (6.150)]
(L1  Dyf(x) =
I'a+pg

T

. B+Or (7 f(x+0) - f(x) . B-0r [ f(x-0) - f(x)
sin do + sin ———— do|.
2 0 QB+1 2 0 QB+1
The Fourier transformation of a sufficiently well behaved function f(x), denoted by f(o) =
F{f(x); 0} = f_ ::O e f(x)dx,0 € R, then, the Fourier transform of the integro - differential

Riesz-Feller operator (1.11) is obtained as ([8], [12, p.191])
(1.12) FL.D), f(x);0) = =¥ (0)f(0).

Here in (1.12), we have

0
(1.13) W) = lof expluw(sign )1, where, ol < min{f,2~},0 < B < 2.

To make extensions in the area of fractional calculus and its applications in various scientific
fields, we refer the books ([4], [12], [13], [16]). Again, for enriching in the present investigation,
we introduce a diffusion and wave equation consisting of Riesz - Feller fractional operators in
multidimensional space and Caputo time - fractional operator. We solve this diffusion and wave
equation on imposing certain boundary conditions and obtain its solution in terms of multivariable
H-function given in Eqns. (1.1) - (1.4). Its estimations are found by the Eqns. (1.5) and (1.6). The
action of Riesz - Feller operator on multiple space - variable function U(xy,..., x,) is given by
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(1.14) x]Dﬁ‘ Uk o) = ra +'81)[sin (B1 + 0 f‘x’ Ui +&,...,x)— U(xl,...,x,)df
1 T 2 0 é:ﬁ1+1
. B =0 UM =&, .,x) = Uxy, ..., x)
+sin —— I) ghie d¢]
X,Dg”U(xl,...,x,) _ Ira +,8,)[Sin B, + 0,1 f‘x’ Uxy,...,x,+&)— U(xl,...,x,)df
, n 5 . £Br+1
+ sin B, —6)r U(xl,...,x,—f)—U(xl,...,x,)df]'

2 Br+1
Motivated by above work, in this paper, we intr(())duce to a diffus%on and wave equation
consisting of multidimensional in space Riesz-Feller fractional operators defined by (1.11) and
Caputo time fractional derivative by (1.9). Then, we shall dissipate to the multiple function
u(xy,...,x,t) into the product of the functions involving of separate space and time variables
as given in Eqn. (2.2) and on imposing certain boundary conditions (2.3) - (2.5), obtain a solution
and some results in terms of multivariable H-function and thus on applying our results, we evaluate
various multiple fractional diffusions.

2 A multiple generalized diffusion and wave equation and its degenerations into several
equations of different variables

In this section, we make a generalization of the Eqn. (1.8) on introducing many space fractional

Riesz - Feller derivatives as defined in Eqn. (1.11) and the time fractional derivative by Eqn. (1.9)

and thus find a multiple generalized diffusion and wave equation in the form

Q1) IDGu(xy,...ox0) = DituCxr, .o 8) + oo, Dux, X 10,0> 0,0 < < 25

16;] < min{B;,2 —B;},0 < B; < 2;—00 < x; < +oo; Vi =1,2,...,r.
Now, we equip following initial and boundary conditions to degenerate of the equation (2.1)
into several equations consisting of fractional in time and space fractional variables
r

2.2) u(xy, ..., x.,1) = l_[v(xi,t) Vx;eR,iteRY, i=1,2,...,r

i=1
Forall x; e R,i =1,2,...,r; the initial conditions are followed by

: H;:1 j;&i(t = Tv(x}, 1)
2.3) ulxy,...,x,0) = { K }go(x,-), att =1, 7, —>0Vi=1,23,...,r;
] Z Hj:l,j;ci(Ti ),

i=1

and 5
2.4) u(xy,...,x,0") = lirgl Eu(xl, e X, ) =0.
t—0*
For ¢ > 0, the boundary conditions are given by
(2.5) lim  u(xy,...,x.,1) =0.

Theorem 2.1. If the relation (2.2) is applied on both sides of Eqn. (2.1), then the equation (2.1)
degenerates into r-generalized diffusion and wave equations as
(2.6) ED&v(xi, ) = x,.Dng(Xi, 1), where 0 < @ < 2; and |6;| < min{B;,2 — B3;},0 < B; < 2;
—0 < X< +o0, Vi=1,2,...,r

Along with the initial and boundary conditions
2.7 v(x;, ) = p(x)att; > 07, v, (x;,0H) =0Vi=1,2,...,r;
and

Iim v(x;,r)=0V¥i=1,2,...,r.

X;j—£00
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Proof. Under the conditions 0 < a < 2,|6;] < min{B;,2 — 5;},0 < B; < 2; —00 < x; < o0, use the
formula (2.2) in the Eqn (2 1), we find that

(2.8) Z ﬂ V(xj, 1) ¢ D0+v(x,,t)—z ﬂ V(X 1) 5 D v, 1).

i=1 j=1,j#i i=1 j=1,j#i
Then, equating the i element in both sides of Eqn. (2.8), we obtain r-equations given in the
Eqgn. (2.6).
Again, expand the right hand side of Eqn. (2.2) by Lagrange’s interpolation formula in regard
of ¢, we get the identities

29) uCxr.....x0) = [ [vu0 = Z( et 70 )v(xi,T,-) [T ven

i=1 AT = 7)) j 1,ji

_Z( - 1J¢t(f Tj)v(xj’t))v(x,-,r,-).

[T- 1,‘/#(71 - T))
Thus, use the Eqns. (2.3) and (2.9), we obtain the first condition given in Eqn. (2.7) as
v(x, ) = ¢(x;) at T; — 0. In the similar manner, other conditions of (2.7) are found as
v (x,0)=0Vi=1,2,...,r;and lim, ., v(x;, 1) =0Vi=1,2,...,r

3 Solution of the problem (2.1)-(2.5)
Before finding out the solution of the problem (2.1)-(2.5), we first prove following Lemmas:

Pi qi n; Pi
Lemma 3.1. If A! = Z 0'30 - Zpy) < 0;and Q) = Z O'E.i) - Z 0'(’) + Zp(’) Z p(’) >0
j=1 j=1 j=1 Jj=ni+1 Jj=mi+1
with larg(z;)| < 58,1 = 1,...,r, then, there exists an equality of multlvarlable H-function as
<1
R SXC I O)) %)
(3 1) HOOml J ey 1y | : (CJ : O-J )l,pl e (CJ O-J )l Pr
. 0,0:p1,915--3Pr:qr _ (4D (D . (r)
1,413 ‘ (dj .pj )l,ql’“ (d pj )lqr
Zr
()
H00n| S e,y | ( d(l) p(l)) q] ; ’( - d(r) : Er))l qr
0.0:q1.p13-wdr-pr - (1 c(,l) 0'(11))1p ;...;(1 cir) O'(r))lp
. . ; 1 J r
(@)
Proof. Consider the property of Fox’s H-function given in ([10], [12, p.11])
a;:A; 1(1=0b;:B;
(32) Hmn |( J )lp — HZ,pm _|( J ])l,q )
(b B)q (1_aj A)lp

Then, use the result (3.2) in right hand side of the result (1.7), we obtain the equality (3.1).

Lemma 3.2. If theory and conditions of the Theorem 2.1 are followed, then the fundamental
solution of the problem (2.1) - (2.5) exists as

(3.3) W1, X 1) = ]_[G(a B 0531, x,).

Here in Egn. (3.3),Vi=1,2,...,r, the functlons G(a, B;, 0;; t, x;) satisfy the integral equations
G(a,B:, 05t x;) = f_ozo G(a,B;,0;;t, {,)5(& x))d¢;, 6(x) is a well known Dirac - delta function.
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Proof. We make an appeal to the Theorem 2.1, to find r-generalized diffusion and wave equations
with initial and boundary values given in the Eqns. (2.6) - (2.7). Now, take Laplace and Fourier
transformation of the equations given in (2.6) - (2.7) and find the relations in following transformed
form

a—1

_ S
(3.4) V(oi, s) = —_@(Q[)Vi =1,2,...,r
S+ Y (0)

Again, by Eqn. (3.4) consider that a function G(«, S:, 6;; 5,0;) = ﬁ which by taking

inverse Laplace transformation as on applying the formulae of [12, p.49, Eqns (2.12) and (2.14)],
and by Eqn. (1.13), we obtain

= . X 91'7'(' o .
(35)  Gl@Bib:1.0) = E=0s0)i") = Ef(~@) explo—-")Vi= 1.2.....r
Now, use Eqn. (3.5) in the Eqn. (3.4) and thus apply Fourier convolution, we obtain the integral
equations

(3.6) V(xi, 1) = f G(a,Bi, 0;: 1, {e(di — x)dd;.

Further, in Eqn. (3.6) if we take go(;ci) = o0(x)Vi =1,2,...,r,(6(x) is well known Dirac delta
function), then, V(x;, 1) = G(a, B:, 6;; t, X;), and then, we find another integral equations

3.7 G(a,Bi, 05t x;) = f G(a,Bi, 0551, £)o(L — x)dd;.

Since Vi = 1,2, ..., r, the functions G(c_x, Bi, 0;; t, x;) satisfy all Eqns. and conditions given in
Theorem 2.1, hence G(«a, 3;, 0;; t, x;) are general Green functions. Finally, by our assumption (2.2)
and Eqns. (3.6) and (3.7), we obtain the fundamental solution (3.3).

Lemma 3.3. IfVi=1,2,...,r16;] < min{B;,2 — B;},0 < B; < 2. Then, fort > 0,x; > 0, the Green
functions G(a, B, 0;;t,x;),i = 1,2,...,r, defined in Lemma 3.2, are expressed by several Fox’s H
-functions as

. (0, 5),(0,1),(0,%

)
ﬁﬂgi(l) (1) | 5

(0. 1), (0. 2,0, 20y
whenﬂ < a,also, singular at x; = 0;
(1)1, £).(1, 2[,‘
(1, 7). (1,1, (1,522 zﬁ
when, B; > a, also singular at x; — oo.
Also, when, a = 3;,G (a, i, 0;; t, x;) is singular at x; = tNi=1,...,r

(3.8) G(a,Bi,0it, x;) =

2,1
§H3’3 (xi)(t) /3 |

Proof. In Eqn. (3.5), by the relation z//Z"i (0) = z,//;"(—gl-), there is a symmetric relation 1//2’;_ (=x;) =

w/;&(xi) Vx; >0, i=1,2,...,r. Thus, on taking inverse Fourier transformation of the function
G(a,B;,0;;t,0;) of (3.5), we find (see also [11])

l > | iXidoi,
(39) G(Q ﬁl’gl’t xl — J(‘) ( (Q )ﬁ exXp [(,t) ] a) COS 0;X,;dP;
fo ( (Qz)ﬂ exp[ 5 ]t )sm 0:ix;do;.
Now, to achieve the result of above Lemma 3.3, we have to define the Mellin transformation of
a sufficiently well behaved function f(o) (see [14]) as

—+00

(3.10) M{f(0); s} = f*(s) = i )0 do,y1 < R(s) =y < 71,
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and the inverse Mellin transformation as

~ . 1 Y+woo i} N
(3.11) m(f (S);Q}:f(Q):z—f f(s)o~’ds,0 > 0.
Tw Y—woo

Also, the properties of juxtaposition o of a function f(o) with its Mellin transform f*(s) are

(3.12) f(ap) ‘JJ'E a”’f (s),a > 0,
p —

(3.13) (g)(_>||f( =), p # 0

The Parseval’s formula is given by

+ 00 1 Y+woo . .
(314 fow@do=5— [ rega-sas
0 Tw Y—woo

Then by (3.10), (3.11) and (3.12), for x > 0O there exist the formulae for trigonometric functions
(3.15) Misin(x0); s} = x~°T(s) sin(g), —1 <R(s) < 1]
and
(3.16) Ni{cos(xp); s} = x°T'(s) cos( ) 0<R(s) < 1.

By above formula (3.10) for o; > 0, ¢ > 0, the Melhn transform of Eqn. (3.5) is written by

+00 - Giﬂ' N o
(3.17) G'(s:) = f Eo(—(@) explw—-1f )©0)" " doi,
0

fory;; <M(s) <vyi2Vi=1,2,...,r

Then, for y;; < N(s;) < yix Vi = 1,2,...,r, by the Mellin transforms of trigonometrical
functions (3.15), (3.16) in the Eqn. (3.9), and using the Eqn. (3.17) and thus on applying the above
Parseval’s formula (3.14), there exists a relation

Lol [T G ()L - ) sin(5)(x) s,
xi>0,0<y; <1;

1 1 j'y i+woo G*(s )r(l S') COS(Q)(x-)“ids.

vi ! 2 L i

X 2nw

(3.18) G(a,B;, 05t x;) =

xi>0,0<y; <2.

Again, use above juxtaposition (3.13) in Eqn. (3.5), and apply the techniques of [11], we write

LGN 5 o™ 7
—as w——1(1) A
B Ta-2h TP
fort > 0,16 < {2 —a},0 < R(s;) <B;Vi = 1,2, ..., r. (See also [10]).
Therefore on applying (3.19) in the Eqns. of (3.18), we find a result for x; > 0,7 > 0,16 <
{2—-a},0 <R(s;)) <BVi=1,...,r in the form

(320) G(a/,,Bi,Hi;t,xi) =
L1 e T(ET(-3) (s (s -

F,Bixi%ﬁ_woo F(l - C;_s) ra- Si)Sln(T)CO ( 2, )( (t)ﬁ,) ds;
1 f%‘*‘”‘” rE)r(-z)

270 Jy e r(1- 5

(3.19) G'(s) =

rda- s)cos(ﬂzs')sm(ﬂgl ’)( (t)ﬁ,) ds;.

B nBix; 2nw 2B;
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The Eqn. (3.20) gives us the formula, for x; > 0,7 > 0,|6;| < {2—a},0 < R(s;) <BVi=1,...,r,
as

(3.21) G(a,Bi, 6 t, x;)

11 e TGN - $) @ — Oy, L
" nBux; 2nw ﬁ_wm Wr(l — 5;) sin ({Z—ﬁ,}) (xi ()% ) ds;.

Now in Eqn (3.21), set {(ﬂ’ ﬁg)} = J;, and then, use the property of Gamma function that
@Il -z) = & = we find the Green function for x; > 0,7 > 0,16 < {2 —a},0 < R(s;) < B;, in
the Mellin - Barnes contour integrals Vi = 1,...,r, as

1 fww T(#)r(1-£)Ta-s)
Bixi 271w J., s r(1 - %)F(/L-s,-)l"(l — A;s;)

Finally, in right hand side of Eqn. (3.22) make an application of the definitions (1.1) - (1.4)
(for r = 1), and again use the relation (3.2), we obtain all results of Eqn. (3.8).

Vi = 1,2,..., r, in the complex s;- planes, the right hand side of Eqn. (3.22) shows that
there is an extension of probability distribution in the ranges {0 < 8; < 2} N {0 < @ < 1} and
{1 < a <B; <2}, thus we present following Main Theorem:

(322)  Ga.Bnbitx) = (x: (7)) ds.

Theorem 3.1. If 6;| < min{B;,2 —B;},0 < B; < 2;—c0 < x; < +o0;Vi = 1,2,...,r, such that the
ranges are {0 < B; <2} N{0 < a < 1} and {1 < a < B; <2}, then the Eqn. (2.1) on imposing the
conditions (2.2)-(2.5), have following three solutions in terms of a multivariable Green function,
defined by u(xy,...,x,,t) = G ‘ """ 5, X1s.e s X)) =112, G (@, B, 0551, x;), as

.....

Casel IfB;<aand x; >0Vi=1,2,...,r, then

(323) GU ", (x.... x,,t)—{ﬂﬁlxl}

()™ (F
R I B e e oM
I (P ROPS RO DB (N NOPANCE

(x)™ (O
also, singular at x; = 0.
Case2 IfB;>aand x; >0Vi=1,2,...,r, then

1
O1,..., —
(3.24) GI,B 5, (xl,...,xr,t)—{liﬂl%}

x; (D)7
O (1) ().
g I R R P e
x, (07

also singular at x; — oo.
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Case3d Ifa=8;Vi=1,...,r,
(3.25) GO 9"ﬂr (X1y..., x5, 0) is singularat x; =t, Yi=1,2,...,r.

Proof. Consider the Eqn. (2.2) in the Eqns. (2.1), (2.3), (2.4) and (2.5) and thus use
the theory and results obtained in the Lemmas 3.2 and 3.3, we obtain the Green functions
G(a,Bi, 05 t,x) Yi = 1,2,...,r. Then, make an application of Eqn. (1.7) and Lemma 3.1 in
the statement of the Theorem 3.1, we find the multivariable Green functions in three cases given
in the Eqns. (3.23), (3.24) and (3.25).

4 Various multiple diffusions

In Eqn. (2.1), if we set 8; = OVi = 1,...,r, the integro - differential Riesz-Feller operators, XiDgii,
Vi=1,...,r, in the domain (xi,. .., x,) , become symmetric operators with respect to the variables
Xlyeo.sXpy aS

2
4.1 Db :—(——) Vi=1,...,r,
and thus in Eqn. (4.1), we interpret that

. Bi .
_|Q|ﬁ' = —(92)2Vl =1,...,r.

Now, on specializing the values of the parameters «,5; and §,;¥i = 1, ..., r, by above results of
the Theorem 3.1, we discuss following multiple diffusions:

(I) In Theorem 3.1, if weseta = 1,58, =2and §; = 0, Vi = 1,...,r, then there exists, a standard
. . . 2 .
diffusion equation % =" ou oy = u(xy, x2, ..., x,t), fort >0, x; >0, Vi=1,...,r, and

i=1 92°
thus in Case 2 of this Theorem 3.1, the multivariable Green function Gf;/;;"?f ﬁr(xl, ey X D)
becomes as
x0T
-1 r
3 . 11 11
0....0 NIOE 0,0:1,0:..51,0 —\35)s--3l5:3
(4.2) G172 ..... 2 (-xla s e ey Xra t) - { 2 HO,OII,];...;],] . . ((6 ig X A 58 12)) .
x, (1)

Again as we are familiar with the results

(l l) 1 [“”_71]2 1 2
2°2) = —e T & = —e #,

(o, 1)] \r \r

Hence, use the results (1.7), (4.2) and (4.3), we find a multivariable normal distribution as

1) (x))? (x,)
4.4 GV (X1, X ) = — :
“4.4) . H,(x1 Xy, 1) {2\/%} exp[ { m +...+ 1
(II) When, 0 <B; <2,|6;| < min{B;,2 —B;}Vi=1,...,r; and @ = 1 then this case is called space

fractional diffusion, in which two situations are arised for x; > 0,Vi=1,...,r,

(4.3) HY [(x(t)?

(@) 0<B;i< 1,16 <BVi=1,...,r,a =1, sothat by Theorem 3.1, Case 1, we get

01,..., Or = r (t);?ll
4.5) Gl,,Bl ..... 5 r(x1,...,xr,f)—{i:1 Bi}
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e (L), (B A )5 AL, (B BY)
Ho,o.1,1,...,1,1 ' 261 23_1 26, > 28 .
S (o) Bt )i ”;ﬁ:)

’ _1
o1 (l‘) Bi
(4.6) G11,3 ,,,,, 5 (xX1,...,x,0) =
i Bi
- -1
x; (D)F
. ﬁl__l i ,Bl+91 ﬁl_el . . ﬁr_l L ﬁr+9r ﬁr_er
><HO,Ozl,l.-.;l,l (ﬁ ﬁ) ( 261 ° 281 )""’( Br ’ﬁr)’( 26, ° 26, )
0,0:2,2;..:2,2 £ (0, 1), (,81+01 B1 91) - (0, 1) (ﬁr+9r Br—=06r :
. 281 26 AT N 28, 0 2B,

-1
[ X, ()P

(IIT) When, B;

hence, we find
4.7)

0,...0
G

a,2,...,2

(xl,...,xr,t):{

)™ ()

| ()™ ()
(b) 1<Bi<2,161<{2-B:Vi=1,...

=20 =0Vi=1,...
fractional diffusion, in which for x; > 0,Vi =1,...

,,a = 1, so that by Theorem 3.1, Case 2), we get

,r;and 0 < a < 2, then, this case is called time
, 1, Theorem 3.1, Case 2) arises and

X (})?

(IV) As the case discussed in Eqn. (4.7), where put r = 2 and 0 < @ < 1, then this becomes
generalized anomalous diffusion of Kumar, Pathan and Yadav [7] of which another
solution in the form of Green function is found by

f2-a a).(2-a «a
(5 8): (3 5)]_

(0"~ } [Xl Gk T ,
-:(0,1;(,1)

4 x (67
In the similar manner, by Theorem 3.1, we also obtain the Green function solution of the
Eqn. (2.1) of thecase forr = 2,0 < a < 1,0 < B < 1,1 < B, < 2; of the anomalous
diffusion problem due to Kumar, Pathan and Srivastava [6]. For further directions of the
researches in this field, we omit them.

0,0:1,0;1,0
H0,0.1,1,1,1

4.8)  GYY, (x1,x:,1) = {

5 Special cases.

In this section, we specialize the values of the parameters involving in the results (4.2) to (4.7) of

Section 4 (where set r = 1, then take 5,

= B and 6, = 6) and then, we obtain various diffusions as

studied and derived by many authors to them (see [4], [8], [10] and [12]) given in followings:
(i) when 6 = 0,8 =2,a = 1, by (4.2) to (4.4), there exists a normal diffusion.
(ii) when 6 = 0,0 < 8 < 2, = 1, by (4.5) and (4.6), there exists a space fractional diffusion.
(ii1)) when 0 = 0,0 < a < 2,8 = 2, by (4.7), there exists a time fractional diffusion.
(iv) when 8 < min{$,2 — B},0 < @ = B < 2, there exists a neutral fractional diffusion (see [10],

Eqn. (4.3)).
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6 Conclusions

A solution of multidimensional in space fractional and time fractional diffusion and wave problem,
in terms of the multivariable H-function involving a multiple contour integral of Mellin - Barnes
type [9], defined by ([19], [20]), is obtained by imposing certain conditions and the relations
given in Egns. (2.2) - (2.5) in the Eqn. (2.1). The obtained solution is converted into a classical
multivariable Green function by which various multiple diffusions as particular cases are discussed
in section 4 on specializing of the parameters involving in multidimensional space fractional
operators with Caputo time fractional derivative, in which Case 1) represents the standard diffusion,
Case 11) represents space fractional diffusion problem in which two cases are raised and in Case I1I)
time diffusion problem is analyzed. In Case 1V), the fundamental solution of anomalous diffusion
problem is obtained. On putting r = 1, the special cases are checked by the results in one
dimensional in space-time fractional derivatives of previous work of many researchers in the
literature for example ([4], [6], [7], [8], [10], [12]).

Acknowledgement. Authors are very much grateful to the referees for their valuable suggestions
and comments to prepare the paper in the present form.
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