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Abstract

In this paper, we establish two contour integral representations involving Mittag - Leffler
functions (i) for a two variable generalized hypergeometric function of Srivastava and Daoust
and (i) a sum of the Kummer’s confluent hypergeometric functions. Then, we make their
appeal to obtain the contour integrals for many generating functions and bilateral generating
relations. Further, in development and extensions of fractional calculus, we obtain various
relations of contour integrals with fractional derivatives and integral operators to use them in
solving of any order initial value problems.
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1 Introduction

Recently, Pathan and Kumar [27] studied and solved the generalized Cauchy problem by
representing the multi-parameter Mittag - Leffler functions ([13], [14]), in terms of two variable
generalized hypergeometric function due to Srivastava and Daoust ([24], [28], [29], [30])

A< BB ([(@: 0,01 ((0): Wk 1) : v/ ABB W
C:D;D’([(c):é,K] [(d) : g1 1) : ) ) ;‘%pc D: D"t

- B:B T D@ + m6; + nd ) TT5, b, + my)) [T, TW, +ny)

/( l’l) - ; .
C¢:D;D 1T +md; +niy) T17, T(d; + me)) T17, T(d, + ng’)
The series (1.1) is convergent under the conditions

Z(S+Z(p, ZG—Z¢J+1>OZKJ+Z¢J Zﬂ Zw}+l>0.

j=1
The Srlvastava and Daoust functlon (1.1)1s the generahzatlon of the Kampé de Fériet function
[33] including the Appell’s functions, Horn’s functions and Humbert’s confluent hypergeometric
functions of two variables (see for instance, ([1], [5], [6], [31], [32]).

(1.1 S

where, ,%”
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Applications and detailed analysis of Euler type and Hankel’s contour type integral represen-
tations of the Kampé de Fériet function and Appell’s functions are studied in various fields of
science and technology due to (Exton [5], Srivstava and Karlsson [31]).The Appell’s functions are
transformed into product of Gaussian and Kummer’s confluent hypergeometric functions by many
authors ([2], [31], [32]).

In this connection, presently, Fejzullahu [7] established a contour integral representation of the
Kummer’s confluent hypergeometric function [4] in the form

-8 ~0*,1%) 1\ -
(1.2) M(a,B+v,z2) = 2—f e”t‘ﬁ(l - ;) v'(v,zt)dt, a,B,v € C,|arg(z)| < >
) e

<

where, throughout the paper i = v/(—1), C being the set of complex numbers, y*(v, z) = my(v, 2),
%
while
Y4
(1.3) y(v,2) = f w e du, R(v) > 0,
0

I'(v+k) ( 1,k =0;
=(vV), =
I'(v) viv+1)...v+k—-1),Yk e N;
N be the set of natural numbers, and

AT (0*,17) 1\
'(,3) f P11 —=| dt,a,peC, |argz) < z.
2mi —c0 ! :

The function M(a, 3, z) is a Kummer’s function ([4], [7], [32, p.36]) defined by

Z1

(1.4) M(a,B,2) =

d k
(1.5) M(@,B,2) = » —==.

For further innovation and extensions of the results (1.2) - (1.5), we establish two contour
integral representations involving

1
(1) the generalized Mittag - Leffler function, E, ,(z), of order m, veC,R(v) >0, and
\%
(i1) the Mittag - Leffler function, ELQ(z) of order 0 € N* = {2,3,4,...}, for two variable

Srivastava - Daoust function (1.1) and sum up of Kummer’s functions (1.5), respectively.
Then, we make their applications to obtain various contour integral representations for

generating functions and many bilateral generating relations.
The generalized Mittag - Leffler function, E, ,(z) ([10], [34]) is defined by

* k
(1.6) En@) =) m,va v,p € C,R(1) > 0,R(p) > 0,
k=0

which for p = 1, reduces to the Mittag - Leffler function, E,(z) ([25], [34]) such that E,(z) = E, ;(2).
We also have

(1.7) Ey(2) = IL—Z; Ei(z) = ¢, E (1) = e; E»(z) = cosh(+&z); Ey(=7*) = cosz; and

E%(Z%) = e‘er f(—\Jz), where, erf(z) = f e du.

The Mittag-Lefller function arises naturally in the solution of fractional order integral equations
or fractional order differential equations, and especially in the investigations of the fractional
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generalization of the kinetic equation, random walks, Lévy flights, super-diffusive transport and
in the study of complex systems. (See for instance the literature of Diethelm [3], Hilfer [9], Kilbas
et al. [11], Kiryakova [12], Oldham and Spanier [26]). To make our study more applicable in
various diffusion and wave problems ([8], [15] - [22]), we transform the contour integrals into
various fractional derivative and integral operators and use them in solving of any order initial
value problems.

2 Contour integral representations of hypergeometric functions of one and two variables
and bilateral generating relations

In this section, we establish two contour integrals involving Mittag - Leffler functions and make

their applications to obtain the contour integral representations of generalized hypergeometric

functions of two variables of Srivastava and Daoust (1.1) and to sum up of Kummer’s functions

defined in (1.5). Then, we establish some theorems involving integral representations for some

bilateral generating functions:

Theorem 2.1. If for all a,B,A,p,z,w € C,|arg(w)| < 2,1 # 0,R(p) > 0,v € R*,R* is the set of
positive real numbers and then, there exists an integral representation
1 (0*,1%)

1 -
— E, A2t e" A1 - =] dt,
27 J o A1) ( t)

such that it holds a relation for the Srivastava and Daoust function (1.1) in the form

1o 1\
2.1) — f E, (A2t )"t P (1—;) dt

27 J oo
_ W 0L = ] [ e 1
T T 1:1;0 [B:v,l];[p v][ L W'z, wl.

Proof.  Making an application of (1.6) in left hand side of (2.1) and changing the order of
integration and summation, we get

1o 1\
(22) — f E, (A1)t P (1—;) dt

27 J_o
_ Z"’: Ak vk kBl { wl=k= ﬂF(vk + ) f O VR ﬂ(1 - 1)_a dt}.
LA T (vk + p)L(vk + B) t

Making an appeal to (1.5) and (1.6), the (2.2) gives

1o 1\
(23) — f E,, (A2t )e""t P (1—;) dt

27
o o (1 + (e + m) Aw’2)k w™
r(a) ZZ F(B+vk+m) T(o + vk) kI ml

which by an appeal to (1.1) gives the result (2.1).

Theorem 2.2. If all a,B,z,w € C, larg(w + z)| < 5, then, there exists a new integral
1o | 1\
— E: (@z)2)e"t?|1—~| dt,VQ e N",
2i ) o 0 (( ) ) t Q
which gives an integral representation for the sum of Kummer’s functions as
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Loy o sy 1V
(2.4) —.f Eé((zt)Q)et (1—;) dt

27 J oo

0 1-5
_ -1 < ¢ r_ _
_ZXr(w+z)ﬂ ((W+Z)) M(a,ﬁ+Q Lw+2V0=2,3,4,...,

I,1<r<Q-1;
where,X,:{ r<Q

Proof. An appeal to the formula due to Mathai and Haubold [23, p.84]

Q_ly(l__,z) N
1+Zr(1—é)} YO e N7,

r=1

Ey(2)?) = ¢

in the left hand side of (2.4) gives

1o ! 1\ AR 1\

27l 27l
0-1

1-5 (0%,1%) 1\7¢ r
(w+2)t ~(B+5-1) *
E e rre I-- 1 — —,zt)dt
f_ ( f) A Q 0

l (o9

1 (0%,1%) . 1\ (w+ Z)l—ﬁr‘(ﬂ) (0*,1%) 1\
= — Ei(@ne)erP|1——| dt= L — =) dt
i J 5 (@n)e ( t) (w + 2 PL(B)2ni ¢ "

-1 _r _B_TL + 1+
S @t Qf“””
= 2ri (W + Z)2_ﬁ_é

Finally, making an appeal to (1.1) and (1.4) and (2.5), we obtain

1 (0*,17) N - 1 -
(2.6) %L, El((zt)Q)et (1—;) dt

_ w2l
I'(B) (w+2)
By Eqgn. (2.6), we easily obtam the result (2.4).

I 1 -
W+t ,~(B+5-1) * !
e t Q 1-- 4 1 — —,zt)dt.

—00

1-5 -
2 M(a,pB, w+z)+Z(w+z)ﬁ ( ) M(a,ﬁ+é—1,w+z), VO =2,3,4,....

Corollary 2.1. If all conditions of the Theorem 2.1 are satisfied along with setv = 1,p = 1, then,
following result holds

1o RIS A o (Awz)f
2.7) Z_m'LO Ei (Azt™")e"t (1—;) r(B)Z M(a, + k, w).

(B
Corollary 2.2. If all conditions of the Theorem 2.1 are satisfied along with set v = 1,p = 1,
A = —3, and replace z by w',w by z + =, then, by (2.7) following result holds

2.8) lf(OW)E LINO) PR TY CRE A B

i) M T2 ‘
W/Z
( )))k

E+2P T S (2w +
= M(a, k,w).
2 By @f+kw)
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Corollary 2.3. If all conditions of the Theorem 2.1 are satisfied along with set v = 1,p = 1,

A = —3, and replace z by w',w by z + = L, then, by (2.7) following result holds
1 (0*,1%) w X 1 © Zﬁ n—1
i —(t—1 Pl I - = / —
@29) 5 I i exp[ St )] (1 ) dt = _Z 5O IM (@B = .2,

In the left hand side of equation (2.8), set some rearrangements and apply the generating
relation, exp[5(r — ] = Yoo Ju(X)F", where, J,(x) are the Bessel functions for all n €
{0, £1, £2,...}, we get the contour integral representation for bilateral generating function (2.9).

Corollary 2.4. If all conditions of the Theorem 2.1 are satisfied along with setv = 1,p = 1, and
again, replace in it, Az = ntlog(l + t) — xt*, then, following identities hold

1 (0*,1%) 1 —a
(210) — f Ev(log(1 + 1) = x0)e™"r (1_;) i

2 J_o
1 (()*',1 ) 1 - 1 (0*',1*) 1 -

= — (1+D)e ™"t P|1——| dt=— (1 + )11 ——| dr
27l t 271 t

—Xt

Again on applying the relation Y, L) = (1 + 1)e™ where, L™ (x) are the Laguerre
polynomials ¥Yn € {0,1,2,...} in second integral of (2.10), we get the contour integrals for a
bilateral generating relation

O%,1%) e
@11 — f El,laoga+t>n_xf)ewrt—ﬁ(1_;) i

27 J oo
1o 1
=55 ] (1+ t)"e_”ew’t_ﬁ(l - —) dt = Z TGo L(” D(x)M(a, 8 — n,w).

Further by (2.10), we find the contour integrals for a generating funcnon

1 (0%,1%) 1
2.12) — f E; (log(1 + 1) — xt)e"'t P (1 - —) dt
27 J_ o t

1 (O+ +)

—n—1
= (1+t)”e(w_")’t_ﬁ(l—%) di = Z( ’7)”( D" o (ﬁxzﬁ M(a,B—n,w - x).

Corollary 2.5. If all conditions of the Theorem 2.1 are satisfied along with setv = 1,p = 1, and
replace Az = 2xt*> — £, then, by the genemnng relation 3> 222" = exp(2xt — 1), where, H,(x)

are the Hermite polynomials Vn € {0, 1,2, ...}, following identities hold

1o 1\
(2.13) — f El,l(zxz—zz)emz—ﬁ(l—;) dt

27 J_oo

1 (0%,17)

1 —a sl —n—1
_ _ 2\ wt B _ _ _
= 5 exp(2xt —t7)e"'t (1 t) dt = nzz(; —n!F(ﬁ =0 H,(x)M(a,B — n,w).

3 Extended contour integral representations for generalized hypergeometric functions of
two variables

In this section, we extend the contour integral given in the Section 2 and then, by properties

of Mttag - Leffler functions (1.6) and (1.7), we obtain some more results for generalized

hypergeometric functions of two variables.
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Theorem 3.1. If for all a,B,A,p,0 € C,largw)| < 5,4 # 0, R(p) > 0,R(0) > 0, v € R* then, the

. 0*,1%) _ _ ~a .
contour integral ﬁ f_( w  Evpio(A21 et P (1 - %) dt exists as

1 51 V. =vy Wt .—f3 1_0
3.1) %Im Eyper(A2T)e"'t (1—;) dt
_w‘;_l 0:1;1 [—:—,—]:[121],;[031]2/1 Vv
T T 1:Lo\[B:v1]:[p+o: v [-: -1 wzLwl-

Proof. Consider the contour integral
1 (0+ R 1 +)

1 —a
. E V=V Wt .—f 1=-=
i) v+ (A1 )e™'t ( t) dt

and apply the result due to Mathai and Haubold [23, p.90],

1 74
PHE 5 (A2%) = T f (2 — w)f T Ey p(Au”)du,
0

we get
1 (0*,1%) B s 1 -
% N Ev’p+0-(/lz t )6 t (1 - ;) dt

1 ¥4 (0+,1+) 1 —a
- f (2 - ) f fﬁ(l —?) " E, (At u)didu.
0 -

-1 (0)2nmi -

In right hand side of above equality, an appeal to the Theorem 2.1 gives

1 (0%,1%) 1 -a
(32) — f Ey,pw(ﬂth—V)eW’fﬁ(l —;) dt

21 J_ o

_ wh1 < 101 [[—:— =] [1:1];[e: 1]; Ly

- T(@)z* (o) Jo wa-u) Sl:l;O ([B:v,l]:[p:v];[—:—]; /lwu,w)du
_£SO:1;1 [—:=-1:[1:1];[a: 1]; o
T 1:L0 \[B:v1]:[p+o:vi[-: -] wz,wl.

Corollary 3.1. In the Theorem 3.1, when set v = 1, there exists a contour integral for Srivastava
and Panda’s generalized Kampé de Fériet function [32], in the form

(3.3)
A 1\ wh! 0:1;1[ (=) :(1);(a);

— Ei ezt et P11 == dt=————F T Awz,w .
omi ) Ereellate ( z) T@I(p + o) 1:1;0[(,3):(p+0');(—); Wz W]
4 Transformations of contour integrals in various fractional derivative and integral opera-

tors

In this section, we present some transformations of the contour integrals defined in the Sections 2
and 3 into Riemann - Liouville fractional derivative and integral operators and in Caputo derivative
operators. To obtain the transformation formulae, we define following fractional derivative and
integral operators:

The Riemann - Liouville fractional derivative D’; .Y of order u, u € C,R(u) > 0, as (for instance
see [3], [11], [23])
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d\' .
4.1 (DY)(x) = (d_) (IY)(x)
X

r(nl m(dx) f (x — )" 'Ywdu, (n = [RW] + 1;x > a).

Here, in formula (4.1), I?Y is the Riemann - Liouville integral of order a,@ € C, R(a) > 0,
given by

1 X
(ﬁYxo=f@1f<x—awvgmaansh

The Caputo derivative of the function Y (), denoted by , CD“ Y(t) where,m—1 < @ <m,Vm € N,
is defined by

m m—1
4.2) Ep2 vy = Y ™)), Y1) = DY (1) = Y _d ( d )Y(t).

drm dr \drm!

Theorem 4.1. If for all a,B,A,p,0 € C,largw)| < 2,1 # 0,R(p) > 0,R(c) > 0, v € R* then,

_ 0*,1+ —a . : ..
by the contour integral ﬁ f_( . )E,,,pw(/lz"t‘v)ew’t‘ﬁ (1 — %) dt, there exists following equalities

among Riemann - Liouville fractional derivative, contour integral and Srivstava and Daoust
function as

1 (O 1\
4. DP+ _ p+a’—1EV - V=v\ Wt ,—f3 1-=
4.3) [ A {2m_ j:w u pro (AUt )e"'t ( t) dt}) ()

Zo-—l (0*,1%) 1 o
_ Emwmw%hﬁcn
2m J_ o t

:wB So L1([-:—--1:[1:1]:[a: 1]MZ W)
[ ~1:10 [Bvl[pv][ :—]: e

Proof. By the properties of the Mittag - Leffler functions (IS, u’™'E, s(Au"))(x) = x**P71E, ,.5(Ax")
and the formula (4.1) the contour integral, given in the Theorem 4.1, is written as

(A 1\
4.4 — f zP”‘lEv,pw(/lzvt‘v)emt‘ﬁ(1—;) dt

21 J_ o
l (0+,1+) 1 -
:(IQ{—-I U E, (') P (1——) dt})(z)-
2 J_ o

Therefore, by the property that (D, I{. Y)(z) = Y(2), Y(2) € L,(a,b),(1 < p < 00),¥z € (a,b) C
R, we have

1on 1\
(Dgt{% f W E, o (AU )e P (1——) dz}](z)
1o 1\
(DP 1, { f u‘f—‘EV,U(aquV)ewffﬁ(l —~ —) dz}) (2)
2mi t

Zo-—l (0*,1%) 1\7¢
= E,,(AZt)e "t (1 - —) dt.
2mi ) o t

So that by (2.1), the equalities are given by
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o 1 (07,1%) o - 1\
p+o— V—V\  WI =, _
( 0+{—2m_ I T B (e (1 Z) dt}](z)

ZO’—] (0%,1%)

1 -
_ [T et (1 _ _) i
2m J_ o t

_ wﬁ-lsz—lsO: L1 ([=:=-1:[1: 1 [e: 1]
T 1:1;0 ([,B:V,l]:[p:v];[—:—];
Hence, the Theorem 4.1 is followed.
In the similar manner, we obtain

w7, W) )

’

Z0'—1 (0+,1%) 1 —a
— E,,(AZ1)e "t P (1 — —) dt
2m J_ o t
1 (0*,1%) 1 -
= — Z1+((r—l)—lEy’1+0-_l(/lzvt—1/)ewtt—ﬂ(l _ _) dt
21 J o t
X 1 (0%,1%) s 1 —a
=177 {— E, (A t™)et |1 ——| dt .
(0 {2m‘f_w ('t )e ( z) })(Z)
Therefore,

1 (0%,1%) 1\7¢
4.5) [Dg: 1{—, f uE, (A t)e" P (1——) dt})(z)
21 J o t

1 (0%,1%) 1\7®
= E, (A7 t)e""t P (1 - —) dt.
27 J oo t

Finally, by an appeal to (4.3) and (4.5) we get

o-1p | 1 o p+o—1 V=V Wi =P -
4.6) |D,. — u Eypio(AU't™)e™'t 1—; dt ;| (2)

271 J_o
1 (0*,1%) - 1\
= — E,QAZ e P11 — -] dt.
211 J_o (A1 7)e ( t)
Again, by action of Caputo derivative (4.2) on the Mittag - Leffler functions (1.6, for p = 1),
we obtain

1 (0*,1%) 1\
4.7 Dy (Dg:”” {— f uf””-lEVW(/meV)eW’fﬁ(1 - ;) dt} (2)

271 J_oo

A (O 1\
= Ev,l(/lzyt‘v)ew’t‘v‘f" (1 - —) dt.
2 J_ o t
Thus,
. 1 O 1\
4.8) Dy (Dgﬁp {% f ke Ev’pﬂr(/luvt_v)emt_ﬂ(l - ;) dt} (2)

A" (0%,1%) 1 -
f E, (A2t )" ™ P (1 - ?) dt,¥Yn € N.

27 o
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5 Numerical Example
Consider the initial value diffusion and wave problem VYp € C,

Z0'—1 (0*,17) 1\7¢
5.1) (DL, YV)(@) = = f E,o(A21)e" P (1 - —) dt,
2mi ) o t
where, the initial conditions are given by
n—j
y j(I":pY)(z) =0,j=1,2,...,n; R(p)>0,n=[R(p)] + 1.
Zn_ z=0*

To solve the problem (5.1), we operate both sides of equation (5.1) by p order Riemann -
Liouville fractional integral operator I7, and apply the formula [11, Eqn. (2.1.44), p. 75]

S UPYE)
5. DY) = YD) = )

=0 i R(p) > 0,n=[R()] +1,

= IF'o—j+1)
and then, use the initial conditions given in (5.1), we get
! (0%,17) 1\7¢
(5.2) Y(z) = (Ig { . f E,o(’t)e" 1P (1 - —) dt}) (2).
211 J_ o t
Now, making an appeal to formula (4.4) in right hand side of (5.2), we derive
Zp+a'—1 (0*,17) 1 —a
(5.3) Y(2) = — f Eyprr (A1) 1P (1 - —) dt.
2m ) o t

6 Conclusion

In the Sections 2 and 3, we derive various relations and known functions by the contour integrals
in form of some special functions, their generating functions and bilateral generating relations
involving Bessel functions, Laguerre polynomials and Hermite polynomials. Then, in the Section
4, by the action of Riemann - Liouville fractional derivatives and integrals and by the operation
of the Caputo derivative on contour integrals, we derive some identities among other contour
integrals, and special functions. In the end of our investigation, we present a simple initial value
problem to find its solution in terms of contour integrals. The presented work is applicable in
various diffusion and wave problems occurring of Mittag - Leffler functions seen in the literature
([31, [8], [9], [11], [12], [23], [26] among others).

Acknowledgement. Authors are very much thankful to the referees for their valuable suggestions
and comments to make the paper in the present form.
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