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1 Introduction

[Se]

The maximum modulus Ms(r) = max{|f(z)| : |z| < r} of an entire function f(z) = Zanz” is

n=0
nondecreasing function of r > 0. The order p(f) and lower order A(f) of the entire function f are
loglog M
p(f) = lim sup M
r—c0 logr
and log log M. (1)
oglo
A(f) = liminf —=—= 2"
r—oo logr
respectively.

Here we use the following notations:
log["] x = log (log[k_” x) ,fork=1,2,3, ...
log”x = x
and
exptlx = exp (exp“‘_” x), fork=1,2,3,...

exp”x = «x
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Definition 1.1. [3] Also for a entire function [ with order zero, the logarithmic order pios(f) and
lower logarithmic order Aios(f) are defined as

) loglog M ((r)
(1.1) prog(f) = limsup ——=
00 oglogr
loglog M
(1.2) Aoy (F) = lim inf 2208 M D),
r—co loglogr

Now the maximum term u s (r) of the function f is defined as
r) = max |a,|r".
y () = maxa,|

For 0 < r < R, we have [7]

(1.3) My (r) < My (r) <

R
R).
R_r#f( )

Definition 1.2. Using the maximum term we can define pioo(f) and dios(f) as

. loglog uy(r)

1.4 oo(f) = lim sup —o AT
and oel

(1.5) Riog(f) = lim inf 221087

r—  loglogr

Since maximum modulus M, of a nonconstant entire function f is continuous and strictly
increasing, there exists
—1 .
M (If(0)], 00) — (0, c0)

such that lim M;l (s) = oo.

§—00

Bernel [1] introduced the following concept of relative order of an entire function.

Definition 1.3. The relative order of f with respect to g is defined as

po(f) = inf{u>0: M(r) < My(*) for all r > ro(u) > 0]
. log M;' M (r)
= limsuyp ———.
o0 logr
and the relative lower order of f with respect to g is defined as
log M;' M s(r)

A (f) = liminf
r—00 logr

Lahiri and Banerjee [6] gave us a generalized concept of relative order.
Definition 1.4. If p > 1 is a positive integer, then the p-th generalized relative order of f with
respect to g, denoted by pgp I( f) and is defined as
pVN(f) = inf {u >0 My(r) < My(exp”™" ) for all r > ro(u) > 0}
. log"” M M(r)
= limsup .
o0 logr

and the generalized relative lower order of f with respect to g, denoted by /lé[f I f) and is defined as
log!”! M ;' M (r)

logr

[ ] _ . .
/lg” (f) = 11£r_1)glf
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Datta and Maji [5] defined relative order of an entire function in terms of its maximum term as:

Definition 1.5. The relative order and relative lower order of an entire function f with respect to
g are defined as

log 1 pas(r)
= i — 5 -
Pe(f) mSup —— o
log 1 ps(r)
() = liminf —ors 127
r—co logr

Again in terms of maximum term, Definition 1.4 can be rewritten as

Definition 1.6. If p > 1 is a positive integer, then pg’ I f)and /li,p I f) are defined as:
log"™! ' ps(r)

PP(f) = limsup g7
log” ' pas(r)
API(f) = liminf 08 M D
r—o0 logr

In view of Definitions 1.1 and 1.4, here we define the generalized relative logarithmic order as:

Definition 1.7. If p > 1 is a positive integer, then the p-th generalized relative logarithmic order
of f with respect to g, denoted by pl[(’: ;g( ), is defined by

‘ log”! M My(r)
Pl () = lim sup —

00 loglogr

and the p-th generalized relative lower logarithmic order of f with respect to g, denoted by ﬂ{g ;g( 1)
and is defined as:

log”! M;'M(r)
A7 (f) = liminf —=—¢ 17
088 r—eo loglogr

Also we define the generalized relative logarithmic order and generalized relative lower
logarithmic order by using maximum term as:

Definition 1.8. If p > 1 is a positive integer, then pl[f: ég( f)and /ll[é’ ;g( f) are defined as:

log"™! ' us(r)
[p] — 1 8
and __—
log” i ()
A7 (f) = liminf —= L B
088 r—co loglogr

Biswas et. al. [2] established some results on the growth rates of composite entire functions
depending on their generalized relative orders and generalized relative lower orders. In this paper
we will prove some results of [2] on the basis of their generalized relative logarithmic orders and
generalized relative lower logarithmic orders.

From Valiron [8] we get the general theory of entire functions and so we do not explain them
in details.
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2 Lemmas
In this section we present some lemmas which will be needed to prove our results.

Lemma 2.1. [4] If f and g are two entire functions, then for all sufficiently large values of r,

1 r
M, (gMg (5) _ |g(0)|) < Miog(r) < My (M(r).
Lemma 2.2. [7] If f and g are any two entire functions. Then for every @« > 1 and 0 < r <R,
a aR
Hpog(r) < T (R—_r,ug(R))-

Lemma 2.3. [7] If f and g are two entire functions with g(0) = 0, then for all sufficiently large
values of r,

1 1
Hpea1) 2 S5 (gug(§> - |g<0>|).

Lemma 2.4. [1] If f is an entire function and a > 1,0 < B < a. Then for all sufficiently large r,
My (ar) > BM4(r).

Lemma 2.5. (5] If f is an entire function and a > 1,0 < B < a. Then for all sufficiently large r,
g (@r) = By (r).

3 Main results:
In this section we will present the main results of this paper.
Theorem 3.1. Let f and h be any two entire functions such that 0 < /l][f:; R () < pl[f;; W) < o0 and
g be an entire function with /ll[gi(g) > 0 where p, q are any integers with p > 1 and q > 2. Then for
every positive constant 6 and every real number «,

_ log'”! M M 10,(r)

lim T = @

[log[p] M, 'M, ({exp[q‘3] r} )]

Proof. If a is such that 1 + @ < 0, then the theorem is trivial. So we suppose that 1 + @ > 0. Since
M, (r) is an increasing function of r, it follows from the first part of Lemma 2.1 for all sufficiently
large values of r that

\%

1
3.1 log” M, Myo(r) > (A1,,(f) — &) log log (gMgg) - |g<0)|)

(A1) - &) oglog M, () + 01

(/1[17] h(f) _ 8) exp[q—3] (log r)/ll[gi(g)—s .

log

Choose &, 0 < & < min (/l{f:;h ), A{Zﬂg(g)) -

Again for sufficiently large values of r we have from the definition of pl[f)’ i, 20D

- o

(p}é)éh(f) + S)HQ [log {(5 exp["“‘] r}]lm

1+a l+a

IA

(3.2) [log[”] M, "M, ((exp[‘/_3] r)é)]
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l+a 1+a
< (P2, (D +e) [exp |+ OD).
From (3.2) and (3.3),

[q] _e
log”! M M 1o, (r) . (ﬁ{g;h(f) - 8) expl?= (log r)"e:®
[tog!”! b M ((expla2 )] ™ (ol22,() + ) ™ [exple-s1 ' + O(1)

lq],,\_
. . expla(log r)ﬂl"g(g) °
Since lim —
r—oo [exp[‘i_sl r]
In view of Theorem 3.1, one can easily prove the following theorem.

Theorem 3.2. Let f,g,h and k be any four entire functions with /lllé’ é A () >0, /ll[z]g (g) > 0 and
p{zgk (g) < co where p(> 1),q(> 2) and m(> 1) be any three integers. Then for every 6 > 0 and for

every real number «,

— o0, the theorem follows.

li log"”! M;;' Mo,(r) _
1m = 0

e [log[’”] M;'M, ({exp[‘l‘3] r}(s)]lm

Using Lemma 2.3 and Definition 1.8, the following theorems can be proved in view of
Theorem 3.1 and Theorem 3.2,

Theorem 3.3. Let f and h be any two entire functions such that 0 < /ll[g; L () < pl[f:; , (f) < ooand

g be an entire function with /ll[gi]g(g) > 0 where p(> 1) and q(> 2) be any two integers. Then for
every positive constant 6 and every real number «,

i loglPJ , I,Ufog(r) ~
1m =

= [log ;g (fexpio-31 )| ™

Theorem 3.4. Let f,g,h and k be any four entire functions with /ll[g]h () > 0, ﬂ{g]g(g) > 0 and

g
pl[ggk (g) < 0o where p(> 1),q(> 2) and m(> 1) be any three integers. Then for every 6 > 0 and for

every real number «,

. log! 11, 1o (1)
m 1+a

Remark 3.1. If we consider 0 < /ll[égh (f) < oo instead of 0 < /ll[f;h (f) < pl[f:éh (f) < o in
Theorems 3.1 and 3.3 and the other conditions remain the same, the conclusion of Theorems 3.1

and 3.3 remain valid with “limit superior” is replaced by “limit”.

Remark 3.2. If we consider 0 < /ll[;'g , (&) < oo instead of pl[zg . (&) < oo in Theorems 3.2 and 3.4
and the other conditions remain the same, the conclusion of Theorems 3.2 and 3.4 remain valid

with “limit superior” is replaced by “limit”.

Theorem 3.5. Let f, g and h be any three entire functions such that 0 < /ll[f ; L () < pl[f: ; L () <o
[q]

and plog(g) < oo where p, q are integers with p > 1 and q > 2. Then for every 6 > 0 and each
a € (—OO, OO) )

[log[p] M;leog(r)] o

b

im =
= log”! M-1M, (exp[q‘” (logr) )

where § > (1 + a)pl[gi(g).
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Proof. For 1 + a < 0, there is nothing to proof. Let us consider 1 + @ > 0. As M;'(r) is an
increasing function, then from the last part of Lemma 2.1 we have for large values of r,

(3.3) log” My, Myop(r) < log” My My (M(r))
(Ploxs () + ) loglog (M (1)
Ll e

(ol (1) + &) explt™ (log ry .
Also for sufficiently large values of r we have from the definition of /11[(‘)’ é KD
(/lllé’;h(f) —~ s) log log (exp[q‘” (log r)‘g)
(/l][f)’ é W) = 8) expld= (log r)° .
For sequence of values of r tending to infinity we have from (3.4) and (3.5),

N ~ Iql . 1+a
[log[p] Mgleog(l’)]H (pl[géh )+ 8) expl?=3! (log r)Plog(g)+ ]

log” M M, (exp[q‘” (log I’)é) B (fll[g;h(f ) — 3) exple-31 (log r)”

IA

(3.4) log” M, M (exp["_” (log r)‘s)

\%

(3.5)

(p[PJ (f) + 8)1+a exp[q—3] (log r)(p{gi(g)+s)(l+a)

logh
(A7)~ &) expla-31 (log r)°

- pl[gi(g)}. So from (3.6) we get

b

0
> l+a

. [p]
where we choose 0 < € < min {/llog W)

(Pl (@) +e)(1+a)

exp'?=! (log r)

lim 5
roeo expld=3! (log r)

Therefore the theorem is proved.

In the line of Theorem 3.5, one may state the following Theorem with the similar proof.

Theorem 3.6. Let f, g, h and k be any four entire functions such that pl[g ; , (f) < oo, pl[gi(g) <

and /l{(’)'gk (g) > O where p,q,m are integers with p > 1, ¢ > 2 and m > 1. Then for every 6 > 0 and

each a € (—o0, ),
log”! M Mop(r)]
. 0g n Mfogl
lim N = 0
== Jog"™ M M, (expls~ (log r)°)

where § > (1 + a)pl[g;(g).

In view of Theorem 3.5 and Theorem 3.6, the following two Theorems can be proved by using
Lemma 2.2, Lemma 2.5 and Definition 1.8 and hence their proofs are omitted.

Theorem 3.7. Let f, g and h be any three entire functions such that 0 < /l[p]h (f) < p[p] (f) < o

log logh
and pl[g]g(g) < oo where p, q are integers with p > 1 and q > 2. Then for every 6 > 0 and each

a € (_OO’ OO) ’
l+a
108" 15 1170 (1)]
im ~
r=e Jogl?) 105 (exp[q—l] (logr) )

b

where § > (1 + a)pl[gi(g).
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Theorem 3.8. Let f, g, h and k be any four entire functions such that pl[g ; , (f) < oo, pl[O] (g) < >

g
and /l{(’)"g]k (g) > O where p,q,m are integers with p > 1, g > 2 and m > 1. Then for every 6 > 0 and
each a € (—o00, ),
0~ l+a
. [log My, :ufog(r)]
lim N = 0
roe Jogl™! 1 g (exp[q—l] (logr) )

where § > (1 + a)pl[gi,(g).

Remark 3.3. If we consider 0 < pl[géh(f) < oo instead of 0 < /l{f:éh (f) < p{f;h (f) < o in
Theorems 3.5 and 3.7 and the other conditions remain the same, the conclusion of Theorems 3.5

and 3.7 remain valid with " limit inferior” is replaced by ”limit”.

Remark 3.4. If we consider pl[zg . (&) > 0 instead of /ll[;'g . (&) > 0 in Theorems 3.6 and 3.8 and
the other conditions remain the same, the conclusion of Theorems 3.6 and 3.8 remain valid with

“limit inferior” is replaced by “limit”.

Theorem 3.9. Let f, g and h be any three entire functions such that pl[f)’ ; , (f) < ooand /ll[(’: ; L(fog) =
oo where p is any integer > 1. Then for every A(> 0),

. log!”! M, Mo, (r)
il A\~
= log "' M, ' My ((log r) )

. Lo log!P! M1 Mo (r)
Proof. Let us consider the contrarary part, i.e lim ————+—/% n
r—oo loglP! M;'Mf((log r)

constant B such that for a sequence of values of r tending to infinity we have,

) is finite, then there exists a

(3.6) log!”! M,:leog(r) < B.log!” M,:le ((log r)A)
Also for sufficiently large values of r we have from the definition of pl[f)’ i W)
(3.7) log”! M; ' M, ((log r)A) < (p{féh(f) + s) log log (log r)"

A

(Pl () + £) log (log )"

(p{g’;h(f) + 8) Aloglogr.
For sequence of values of r tending to infinity we have from (3.6) and (3.8),
log”! M Ms.,(r) < B.A. (p{f;h(f) + 8) loglog r,

1.€,
A2 (fog) <BA. (o), (N)+8),
which contradicts the fact that 1! ,(f © g) is infinite. So our assumption is wrong and hence the

lo,
theorem follows. :
One can prove the following theorem in view of Theorem 3.9,

Theorem 3.10. Let f, g and h be any three entire functions such that p{é’ ; A(f) < c0and /ll[g i, ,(fog) =
oo where p(> 1) is any integer. Then for every A(> 0) we have
- log” i e (r)
lim I
r—00 log[P] ,Uﬁlllf ((log V) )
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Remark 3.5. If we replace “limit” by limit superior” and /ll[gg}h(f 0g)= o0 by pl[(’:;h(f 0g)=o00in

Theorem 3.9 and Theorem 3.10 then they are also valid.

Corollary 3.1. Under the assumption of Theorems 3.9 and 3.10,
My, Myog(r)

oo M;'M; ((log r)A)

-1
and lim Hy Hyeg(r)

r—oo ,,—1 A

1, 1y ((log r)")

(e

hold.

Proof. For all sufficiently large values of r and for K > 1 we have from Theorem 3.9,
log”! My Myop(r) > K.log” ;' My ((log r)")
log[”_” M,;leog(r) [log“’_” M;le ((log r)A)]K .
Therefore first part is proved.
Similarly from Theorem 3.10, we get the second part.

\%

Corollary 3.2. Under the assumption of Remark 3.5, one can prove the following results.
: M Myoy(r)
lim sup — -
roeo MMy ((log r) )
-1
and lim sup Hy Hres(r) "
re iy ((logr)')

Using Theorems 3.9 and 3.10, Remark 3.5, Corollaries 3.1 and 3.2, one may also state the
following theorems and corollaries without their proofs.

Theorem 3.11. Let f, g and k be any three entire functions such that pl[zg (8) < c0and p{glg] (fog) =

oo where m(> 1) is any integer. Then for every B(> 0) we have
. log"™ M ' M 16,(r)
lim sup e E— N =
roe log™ M, M, ((log r) )

[m] [m]

Theorem 3.12. Let f, g and k be any three entire functions such that Plog (&) < coand Plog (fog) =

oo where m(> 1) is any integer. Then for every B(> 0) we have

. log"™! 41 1 0g(r)
lim sup = o0

e log™ i g (log r)°)

Remark 3.6. If we replace "limit superior” by "limit” and p][;'gk(f 0g) = oo by A{(ﬁ'gk(f 0g) =00
then Theorems 3.11 and 3.12 also hold.

Corollary 3.3. Again under the assumption of Theorems 3.11 and 3.12, we get

. M]ZIMfog(r)
lim sup - n = %
roe M M, ((log r) )
M Hyog(r)

lim sup
roeo g ((log r)B)
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Corollary 3.4. Also under the assumption of Remark 3.6 we have
. M,;leog(r)
lim 1 ‘ -
o MM, ((log r) )

:u]:l:ufog(r)
im — =
= g (log r)”)

Theorem 3.13. Let f and h be any two entire functions such that 0 < /ll[f)’é W) < pl[fé A(f) < oo,

p(> 1) be any integer. Also suppose g be an entire function with 0 < ¢ < pl[g;(g) < o0, g(> 2) be
any integer. Then for a sequence of values of r tending to infinity,

My "M yoo(r) > M; ' M (exp["_” (log r)6) .

Proof. Since M;l(r) is an increasing function, then from Lemma 2.1, for a sequence of values of
r tending to infinity,

(3.9) log”! M Mf.,(r)

(/l{f;h(f) - s) loglog (%Mg (%))

)P][fg (&)-¢

%

_ r
(A1 ,(f) — &) expe™ (log 3
. " [p]
Also for sufficiently large values of r we have from the definition of p,” ol s
(3.9) log” M, M ¢ (exp[q_” (log r)é) (pl[féh(f) + s) log log (exp[q‘” (log r)5)

(pl[f)’ i L) + g) expl=! (log r)° .
For sequence of values of r tending to infinity we have from (3.9) and (3.10),

+ O(1).

IA

lZJ( V¢
3.10) 1Og[P] M;leog(r) . (/ll[g;h(f) - 8) exp[q—3] (log %)Pl (8 + O(1)
log!”! M, "M, (exp[q‘” (log r)‘s) - (pl[f)’;h(f) + 8) exple-31 (log r)°
As 6 < pl[gi(g), choose (> 0) in such that
(3.11) §<pidg) —e.

log
Using (3.11) in (3.10) we get
log”! M "M s, (r
(3.12) lim sup g My Mret(r) — =
roe log”! MM, (exp[‘l‘” (log r) )
Therefore we have for K > 1 and for a sequence of values of r tending to infinity,
M, "M oo (r) > M;,' M (exp[‘"” (log r)6) .

Hence the theorem is proved.

Theorem 3.14. Let f and h be any two entire functions with 0 < /ll[f)’;h(f) < p][f;h(f) < oo, p(> 1)
[m]

be any integer. Also suppose g and k be any two entire functions such that Plog (&) < o0 and

0<d< pl[gi(g) where g(> 1) and m(> 2) are two integers. Then for a sequence of values of r

tending to infinity,
log[p—l] M;;]Mfog(r) > log[m—l] M]:lMg (exp[q—l] (log r)‘s) .

226



Proof. Let us consider 0 < § < §y < pl[g

we get from (3.9),

(3.13) log”' M; ' M ¢ (exp[q_” (log r)6) > (/ll[f)’;h(f) - 8) exp'?— (log )™ .

]g(g) and for a sequence of values of r tending to infinity

Also for sufficiently large values of r we have from the definition of pl[(')”g] {9,

(3.14) log"™! M;'M, (exp[q_” (log r)é) < (p{(’)'gk(g) + s) log log (exp[q_” (log r)é)
(p{(’:g () + s) expl=! (log r)° .
For sequence of values of r tending to infinity we have from (3.13) and (3.15),
logl”! M M oy (r) N (A2 ,(f) = &) exple! (log )™

log!"! M M, (exp[q—l] (log r)‘f) - (p][:)'gk(g) + s) exple-3 (log r)’

(3.15)

Since 6 < 6y, then from (3.15), we have
log”! M M o (r
(3.16) lim sup g My Myos(r) — =
roco Jog!™ M,;lMg (exp[q—ll (logr) )
Hence the theorem is proved.
Again in view of Theorem 3.13 and 3.14, the following two theorems can be proved by using
Lemma 2.3 and Definition 1.8. Here we state these theorems without their proofs.

Theorem 3.15. Let [ and h be any two entire functions such that 0 < /11[5 ; L) < pl[(’:; A(f) < oo,

p(> 1) be any integer. Also suppose g be an entire function with 0 < § < pl[gi(g) < 00, g(> 2) be
any integer. Then for a sequence of values of r tending to infinity,

15 1o () > 1 1 (expe™ (log r)°).
Theorem 3.16. Let f and h be any two entire functions with 0 < /ll[f)’;h(f) < p][é);h(f) < oo, p(> 1)
[m]
logk
0<d< p[qi(g) where g(> 1) and m(> 2) are two integers. Then for a sequence of values of r

be any integer. Also suppose g and k be any two entire functions such that p; ', (g) < oo and

lo,
tending to infinity,

[p-11 [m-1]

108" 11y o (r) > Tog" ™" 11" g1 (expls™ (log 7)°)

Theorem 3.17. Let f, g and h be any three entire functions such that 0 < /ll[(’:éh(f) < pl[é’;h(f) < o
and /ll[gi(g) < 0 < oo where p(> 1) and q(> 2) are any two integers. Then for a sequence of values
of r tending to infinity,

M} " Mo (r) < M;,' M, (exp[q_” (log r)‘s).

Proof. Since M;'(r) is an increasing function of r, then for a sequence of values of r tending to
infinity we have from the last part of Lemma 2.1,

(3.17) log” My, Myoe(r) < (o, (f) + &) loglog M,(r)

[q]
(pl[cl)];h(f) + 8) eXp[q_3] (log r)/llog(g)'h‘: .
Now for sequence of values of r tending to infinity we have from (3.5) and (3.18),

log”! M- M, (exp[‘f‘” (log r)a) § (/1{5; () = g) exp=3 (log r)°

IA

(3.18)

tog” My Mes(r) (22,0 + ) expla=) (log ry "
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Since /l{z;(g) < 8, we choose &(> 0) such that

(3.19) A0(8) +& <6 < pi().

Then from (3.18) and (3.19) ,we have
log”' M M, (exp[q‘” (log r)‘s)
(3.20) lim sup = o0
r—oo lng M;leog(r)
Therefore we have for K > 1 and for a sequence of values of r tending to infinity,
M; "M, (exp[q_” (log r)é) > M, M oy (1).
Hence the theorem is proved.
In view of Theorem 3.17, one can get the following theorem.

Theorem 3.18. Let f, g, h and k be any four entire functions such that /l{(’)"g] (&) > 0and pl[g ; L) < o0
[q]

where p(> 1),m(> 1) are two integers. Also ﬂlog(g) < 0 < oo where q(> 2) be any two integers.
Then for a sequence of values of r tending to infinity,

log? ™" M "M 10, (r) < log™ " M ' M, (exp[”_” (log r)a) :
In view of Theorems 3.17 and 3.18, the following two theorems can be proved in similar way,

Theorem 3.19. Let f, g and h be any three entire functions such that 0 < /ll[(’:;h(f) < p{f)’;h(f) < o0

and /lllgi (g) < 6 < oo where p(> 1) and q(> 2) are any two integers. Then for a sequence of values
of r tending to infinity,
15 1o (r) < iy (exp™) (log r)°).
Theorem 3.20. Let f, g, h and k be any four entire functions such that /ll[(’)'g (&) > 0and ,01[(’)7 ; L) < o0
where p(> 1),m(> 1) are two integers. Also ﬂl[gi(g) < 0 < oo where q(> 2) be any two integers.
Then for a sequence of values of r tending to infinity,
log” ™1 113" g () < log" ™ i st (exps™ (log r)’) .

We may state the following theorem in view of Theorems 3.13 and 3.17,

Theorem 3.21. Let f, g and h be any three entire functions such that 0 < /ll[(’:;h(f) < p{é’;h(f) < o0

and /l][gJ (g)<o< plqJ (g) where p(> 1) and q(> 2) are any two integers. Then we get,

g log
M "M, (r M "M . (r
lim inf p Mreslr) = < 1 <limsup n Mresr) -
o MMy (explq‘lJ (logr) ) oo MMy (explq‘IJ (logr) )

Proof. The proof is omitted.

Again in view of Theorems 3.14 and 3.18, we obtain the following theorem
Theorem 3.22. Let f, g, h and k be any four entire functions such that 0 < /lllféh(f) < pllgéh(f) < 00,
0 < A (8) < pigi(8) < 00 and 0 < An(g) < & < pjn(g) < oo where p(> 1),q(> 2) and m(> 1)
are any three integers. Then we get,

1og"”™! My M oy (r 1og”™! M Moy (r
lim inf [_”g . n Myeer) 5 < 1 <limsup [_”g . p Myeer) N
7= Jog" T MM, (exp[q‘l] (logr) ) roeo log" ™ M M, (exp[q‘l] (logr) )
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Proof. The proof is omitted.

Similarly one can state the following two theorems without their proofs using the Theorems
3.15, 3.19 and the Theorems 3.16, 3.20 respectively.
Theorem 3.23. Let f, g and h be any three entire functions such that 0 < /ll[f: ; L) < p{é); A(f) < o0
and ﬂl[gi,(g) < 0 < co where p(> 1) and q(> 2) are any two integers. Then for a sequence of values
of r tending to infinity,

ﬂ];lllfog(r) ﬂ]:ll'[fog(r)

lim inf - < 1 <limsup =~
= g g (explet (log 7)°) e gy (expletl (log r)’)
Theorem 3.24. Let f, g, h and k be any four entire functions such that 0 < /ll[f)’; KN < pl[f;; W(f) < o0,
0 < A (9) < plol (8) < 0o and 0 < AlMN(g) < &6 < p|(g) < oo where p(> 1), q(> 2) and m(> 1)
are any three integers. Then we get,
logP~1 1 (F logt?~H -1 (7
fim inf ———¢ My b)) i sup —— ty o)
= og" ! g (explet (log r)°) oo Tog" ™! g g (explet (log r)°)

Theorem 3.25. Let f, g, h,k,l and b be any six entire functions such that /ll[(')"g] »(D) >0, pl[f é W(f) < o0

and p[‘” (9) < A" (k) where p,q,m,n are all positive integers with p > 1,m > 1 andn > q > 2.

log log
Then
Mo (v
(i) lim —% rilr) — o ifp=m
r—oo Mh Mfcg( )
MM (r
(ii) lim [_’:] _llk() =ocoifp>m
oo log? ™™ M M pog(7)
and [m—-p] 1
log"" P* M M1 (r
(iii) Tim —2 b ”‘():ooifp<m.

r—o0 M;leog(r)

Proof. Since M;'(r) is an increasing function of r, then for a sequence of values of r tending to
infinity we have from the first part of Lemma 2.1,

[m] g1 [m] MY
(3.21) log™ M, Mo (r) > (/l o) — s) exp (log —)

e > +0(1).

Since pi(g) < A (k), choose &(> 0) such that

(3.22) P(8) + & < A (k) - &.
Case I: Suppose p = m. Now combining (3.4) and (3.21) and in view of (3.22) we get for all
sufficiently large values of r that,

- m - . A (k)-e
ey (- e 5 < 0)
>

M, Myog(r) expl”] [(pl[:g L () + 8) expl3! (log r)"{Zz]z(g)”]

then
M};lMlok(r) _

1m _1— =
r—o0 Mh Mfog(r)
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(i) is proved.
Case II: Suppose p > m.Now combining (3.4) and (3.21) and in view of (3.22) we get for all
sufficiently large values of r that,

[n]
[m] [m] _ [n-3] r ﬂlog(k)—s
My Mir) [(ﬂlogzif ) - e)expl (log )™ + O(1)
10g[17—m] M;:leog(r) B eXp[m] [(pl[c[));h () + 8) exp[q—3] (log r)pgz(]é(g)m]
then
M} Mioi(r)
lim - oo,

r—oo log [p—m] M- leog(r)

(if) is proved.
Case III: Suppose p < m. Similarly combining (3.4) and (3.21) and in view of (3.22) we get for
all sufficiently large values of r that,

i - Aog)-2
log" 7 M- Miux(r) exp!?! [(ﬂ{og]b(f)—g)exp[ 3 (log )™ 0(1)]

M;leog(r) B exp[p] [(p[P] (f) + 8) exp[‘f‘3] (log r)p][gi,(g)+s]

then
log" ="' My Mioi(r)

lim -
oo My Mpog(r)

(iii) 1s proved.

Theorem 3.26. Let f, g, h, k,l and b be any six entire functions such that /l[m] b(l) > 0, pl[é’ é L(f) < o0
and pIQ] (g) < /l["] (k) where p,q,m,n are all positive integers with p > 1, m > 1l andn > g > 2.
Then

(i) lim ubmok()_ooifp:m
r=0 g 1o ()
1" o (r) ,
(ll)rlg?01 [p},’n] — =ooifp>m
og /Jh ﬂfog(r)
and -
(i) Tim 08 Fe FekD) e
r—o0 h ,Ufog(r)

Proof. We can prove the theorem similarly as Theorem 3.26 and with the help of Lemmas 2.2,2.3

and 2.5.
Remark 3.7. If we replace limit” by ”limit superior” and pl[gi,(g) < /l{(’)’]g (k) by pl[gi,(g) < pl"] (k)
then Theorems 3.25 and 3.26 also hold.
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