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Abstract

This paper is devoted to study and develop the generalized fractional calculus of arbitrary
order for the /-function of two variables which is based on generalized fractional integration
and differentiation operators of arbitrary complex order involving Appell hypergeometric
function F3 as a kernel due to Saigo and Maeda. On account of general nature of the Saigo-
Maeda operators, a large number of results involving Saigo and Riemann-Liouville operetors
are found as corollaries. Some special cases also have been considered.
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1 Introduction

In last some decades, considerable amount of research work in fractional calculus is published due
to its applicability in the various fields of science and engineering such as dynamical system in
control theory, electrical circuits, viscoelasticity, electrochemistry, fluid mechanics, mathematical
biology, image processing, astrophysics and quantum mechanics.There is no doubt that fractional
calculus has become an important mathematical tool to solve diverse problems of mathematics,
science and engineering. The fractional calculus operators involving various special functions have
been successfully applied to frame relevant system in various fields of science and engineering.
see [2], [3], [19], [20]. Therefore number of authors have investigated different unifications
and extentions of various fractional calculus operators. For more detail about fractional calculus
operators, reader may refer to the research monograph by Miller and Ross [16], Samko et al.[22],
and Kiryakova [9].

The image formulas for special functions of one and more variables under various fractional
calculus operators have been obtained by number of authors such as Gupta et al.[7] obtained the
image formulas of the product of two H functions using Saigo operators, Agarwal [1] studied and
developed the generalized fractional integration of the product of H-function and a general class of
polynomials in Saigo operators, Kumar [10] established some new unified integral and differential
formulas associated with H-function applying Saigo and Maeda operator. For more information,
we may also refer to Chandel [4]; Chandel and Vishwakarma [5]; Chandel and Gupta [6]; Kumar,
Purohit and Choi [12]; Kumar [13]; Kumar, Chandel and Srivastava [14]; Kumar, Pathan and
Kumari [15]; Mathai, Saxena and Houbold [17]; Pathan, Kumar, Srivastava and Chandel [28];
Srivastava, Saxena and Ram [28]; Srivastava, Chandel and vishwakarma [29]. In order to stimulate
more interest in the subject, we have established some image formulas concerning to /-function of
two variables.
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In 1995, Goyal and Agrawal [8] introduced /-function of two variables by means of Mellin-Barnes
type integrals in the following manner

[(ep:Ep, p)] [(aj7a_])ln2] (ajza jt)

[(fq:Fq’ q)] [(b]9ﬁj)l mz] (bjl’ﬁjl)

no4 lp(l)] [(Cj97/)1 ﬂz [(Cﬂ,)/ﬂ)m ]p(Z)]
(1)] [(dj’(S )l M3] [(d]l56]t) (2)]

mi,ny:my,no;ms,n3
(11)1 1 M, (2) (2) [
m3+1,4;

Pq-p; 4; P 4

m2+1,4;

B 1
T (2nw)?

where w = V-1 and ¢,(&), ¢-(1)), Y (&, n) are given by

fL $1(&) pa() Y€, ) 2, 25 dé din,

my

| [re;-B#) ﬂ T(1 - a; + ;)

J=1 J=1

(1.2) 66 =——— — ,
|| ] ra-si+pio || v@i-aib)
i=1 j:m2+1 j=n2+1

m3 n3
| [ra@;-sm| [ra=c;+ym
j=1 j=1

(1.3) 62 = —— — ,
2 1—[ I —dji +6;m) l_[ L(cji =y
i=1 Jj=m3+1 j=n3+1

[ [rsi-Fe-Fm|[ra-e+Eée+En

(1.4) (En) = — —; ’
1_[ T(1-fi+Fé&+Fm) 1—[ T(e;~ Ej¢ — E)
j=mi+1 J=n1+1

and an empty product is interpreted as unity. z;, o are two non zero complex variables, L;, L, are
two Mellin-Barnes type contour integrals and my, ny; my, ny; ms,ns, p,q; pl(.l),

qfl), pfz),q(z) are non-negative integers satisfying the conditions 0 < n; < p, 0 < n, < pl(.l), 0<
ny < p(.z),O <m < ¢q,0 < m < q(l) 0 < my < q(z) forall i = 1,2,3,---,r where
r is also a positive integer. «a;(j = 1,---,m),B;(j = 1,--- ,my),y;(j = 1,---,n3),0,(j =

h~mﬁ%0=m+h~@%&0—m+l gy o= s+ e p), 6 =
msz+1,--- ,q?)) are assumed to be positive quantities for standardization purposes. E;, E'j, Fi, F J
are also positive. a;j(j = 1,-++ ,n2),b;(j = 1,--+ ,mo),c;(j=1,--- ,n3),d;(j = mg),a',-(j =
m+u~@%mu:m+u~@%%0—m+l m)@u—m+1 4% are
complex foralli =1,2,3,---,r.

The contour L; lies in the complex &-plane and runs from —woo to +woo with loops, if
necessary, to ensure that the poles of I'(b; — 8,6)(j = 1,- -+ ,my), I'(fj — F ;¢ — F;.n)(j =1,---,m)
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lies to the right and the poles of I'(1 —a;+a;£)(j = 1,--- ,ny), I'(1 —ej+Ej§+E;.n)(j =1,---,m)to
the left of the contour L;.The contour L, lies in the complex 7 plane and runs from —woo to +woo
with loops, if necessary, to ensure that the poles of I'(d;—0;m)(j = 1, -+ ,m3),I'(fj— F ;& - F;n)(j =
1,---,my) lies to the right and the poles of I'(1 —¢; +y;&)(j = 1,--+ ,n3), (1 —e; + E;¢ + E;.n)(j =
1,---,ny) to the left of the contour L,. All the poles are simple poles.

Convergence conditions are as follows:

Al‘ﬂ' BZ‘JT
(1.5) larg 21| < —, larg za| < —,
2 2
where
ni p m q my q;('l) n pgl)
(16) A=Y Ej= Y Ej+ 2 Fjm 3 Fj+ > Bi= . Bty aj= » a;>0,
j=1 j=n1+1 j=1 j=mi+1 j=1 Jj=ma+1 j=1 j=na+1
and
n p m q m3 qu) n3 pgz)
(L7) Bi= Y E;= Y Ej+ Y Fj= > Fi+ > 6= > &+ vj= > ¥i>0,
j=1 j=ni+1 j=1 J=mi+1 j=1 Jj=m3+1 J=1 J=n3+1

fori=1,...,r.

By considering the behaviour of the Gamma functions involved in I[z;, z;] defined by (1.1),
it can be shown that [z, z5] is of certain algebraic order of z;, z, for large values of z;, z,, if the
validity conditions (1.5)-(1.7) are satisfied.

Also, for small values of z; and z,

I[ il ] = 0(|Z1|/1J|Z2|ﬂk) forall j=1,2,--- ,my; k=1,2,-- ,ms,
2

where A; = min Re (%), W, = min Re (?—f) provided A; > 0, B; > 0,
] ,
Further, we observe, for large values of z; and z,, that

I[ ? ] = 0(|Z1|/1;|22|/‘;) forall j=1,2,- - ,nm; k=1,2,---,n3,
2

where /l'j = max Re (“;—_1), w, = max Re (‘ky—;l) provided A; > 0, B; > 0,
J
For the sake of brevity throughout the paper we shall use following notations:
P =my, ny; m3, ns,
0=p gl p® @y
U= [(aj, Cl/j)l,nz], [(ajia (Iji)nm’pl(_l)]; [(Cj,yj)l,n3], [(Cjia )’ji)n3+1,p§2>],

V=1[b;,B)1m], [(bﬁ,ﬂﬁ)mz”,qgw]; [(d},6))1.m; ], [(di, 5,’1'),,,3”,[1’(_2)],

If a,0,B,8,y € C and x > 0, then the generalized fractional calculus operators containing
Appell hypergeometric function F;3 given by Saigo and Maeda [23] are defined in the following
manner:

(1.8) (I P27 ) (x) =

e, t
a f £ (x— 1y Fs (a, o BBy -1 1= )—C)f(t) di, Re(y)> 0,
L'(y) Jo x t
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k
(1.9) = (%) (I 7 f) (), Re(y) < 03k = [=Re(y) + 11, (127 #°7 £) (x)

(1.10) - ;C;; fxm -0 Fs (00 BB s T =S D) f0dr, Re()> 0,
(L.11) = (1) (%)k (12 P2 f) (x), Re(y) < 03k = [~Re(y) + 11,
(1.12)
(DE 7 ) ) = (L7 7 £) (), Re(y) >0,
(1.13) = (%)k (I PP E) (x), Re(y) > 0zk = [Re(y) + 11,
(1.14)

(DT £) () = (27727 f) (), Re(y) > 0,
k
(1.15) = (-1)f (%) (P E) (), Re(y) > 05k = [Re(y) + 11,

These generalized fractional calculus operators reduces to Saigo’s [24] fractional calculus
operators by means of the following relationship:

(1.16) (12227 f) () = (B P ) (0, (v e O,
(1.17) (12927 F) o) = (7P f) (), (v € O),
(1.18) (Do 77 F) () = (Dy" 777 £) (%), Re(y) >0,
(1.19) (D227 £) () = (D277 F) (1), Re(y) > 0.

Our main findings in the next section are based on the following composition formula due to
Saigo-Maeda [23].

Lemma 1.1. If a, @', 3,5,y € C,Re(y) > 0 and Re(p) > max[0,Re(a + @' + B —7y),Re(a’ — )]
then there hold the formula

IFolp+y—a-ao -Bl+p —a)
Fp+y-a-a)lp+y—a -PLp+p)
Lemma 1.2. If a,a’,3,5',y € C,Re(y) > 0 and Re(p) < 1 + min[Re(—f), Re(a + &’ — y), Re(a +
B’ — y)] then there hold the formula

xp_a_a,w_ll“(l +a+a —y-pl(d+a+p —-y—-—pI(—--p)
FrA-pI(l+a+a +p -y-pl(l+a-B-p) ’

(1 20) (]g;“,»g’ﬁ,»ytp—l) (X) — xp—a—o/ +y-1

121 (127 () =

2 Main Results

In this section we have established fractional calculus formulas associated to /-function of two
variables with the help of Saigo-Maeda generalized fractional calculus operators. Further by
specializing the parameters, we have found some corollaries concerning to Saigo fractional
calculus operators and Riemann-Liouville fractional calculus operators.The results are presented
in the form of theorems stated below.
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Theorem 2.1. Let a,a’,B,8,v,p € C,z1,20 € C, Re(y) > 0, u,v € R,. Further let the
constants my,ny, p,q € Ny, a;,bj,aj,b;; € C, a;,Bj,a;,Bji € Ry(i=1,-- ,pfl), j=1,- 51))’
cj,dj,cji,dji € C,v;,6;,i0j; € Ry(i =1,-- ,sz), j=1--- ,qu)), larg zi| < Aé , |argz2| <
%, A; >0, B; > 0 and satisfy the condition

Re(p) + u min Re( )+v min Re( )>max[0 Re(a +a +B—7v),Re(a’ —B)].
1<j<mo Bj 1<j<ms
Then the fractional integration I o BBy of the I-function of two variables exists and the

following relation holds:

0+ pq:Q 2t

(2.1) {I‘Y‘Y ﬂﬁ )’l.p llml SNy P[ th/.l

[(e,: E,,ED]:U
[(f,: F, FZ)] LV ]} (x)

u
_ xo+y a—a’ llml n1+3:P [ X

Xl’ [(ep : EpaE;;)] U
p+3.,q+3:0 szv

[(fy: Fg F)L X,V

where

Xi=[l-p:unl(l-p+ta+a +-y:uWl(l-p+a = :uv),
X=[A-p+a+a —y:unl-p+a +B-y: LA -p-F :my)]

Proof. In order to prove (2.1), we first express I-function of two variables occurring on the
left hand side of (2.1) in terms of Mellin-Barnes contour integral with the help of equation (1.1)
and interchanging the order of integration, which is justified under the conditions stated with the
Theorem, we obtain (say I;):

1 o (l/ ’ vi—
(2.2) = G, J,, $O B M2 2 Uo7 P (x) dé dy,
Q2rw)* Ji,
Now by applying Lemma 1.1, we arrive at

Il — xp+y—a/—a’ 1

(271'0))2 f f ¢1(§) ¢2(77) lﬁ(f 77) (le/l)f (sz )T’

Fo+pus+vpli(p+pé+vn+y—a—-o -Blp+us+vn+p —a’)
Fo+pé+vn+y—a—-a)(p+us+vn+y—a =Bl(p+ps+vn+p)

dédn.

By re-interpreting the Mellin-Barnes contour integral in terms of /-function of two variables
defined by (1.1) , we obtain the right hand side of (2.1) after little simplifications. This completes
proof of Theorem 2.1.
In view of the relation (1.16), we get the following corollary concerning left-sided Saigo fractional
integral operator [24].

Corollary 2.1. Let a,B,y,p € C, 71,220 € C, Re(a) > 0, u,v € R,. Further let the constants
min,p.q € No apbiaibi € C apfpapfi € R = 1, pVsj = 1,---,4"),
ciydjcindi € C, 0, 7idji € Rui = 1,-+,pP5 j = 1,-++,¢7), largzl < ATH larg zo| <
%, A; >0, B; > 0 and satisfy the condition

Re(p) + 4 min Re (ﬂ]) + v min Re (6—’) > max [0, Re(B —y)] .

1<j<my 1<j<mj3
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Then the fractional integration Ig’jrﬁ"y of the I-function of two variables exists and the following
relation holds:

!

a,B,y ,p—1 ymy,n1:P
2.3) {10+ o [thv

P:q:Q

[(e,: E,,E)]: U
[(f, : Fq,Ff:)] LV ]}(")

[(A=p: LA =p=y+B:wV)(e,: EpE)]: U
[(fg: Fg FQLIA —p+B i [(I-p-—a-y:un]:V |

Now if we set § = —a in (2.3), we obtain the following result concerning left-sided Riemann-
Liouville fractional integral operator [24].

— xp—ﬁ—llml,n1+2:P 7 X
p+2,+2:0 szV

Corollary 2.2. Let a,p € C, 71,20 € C, Re(a) > 0, u,v € R,. Further let the constants
mi,n,p.q € No, ajbjapb; € C apBuapBi € R = 1,---,psj = 1,---.g"),
cid;cindii € C, v 05y dji € R = 1, ,pP5 j = 1,0+ ,¢?), largzi] < 22, largz| <
%, A; > 0, B; > 0 and satisfy the condition

. b . d
R + 1 min Re () + v min Re () > 0.
¢p) NlSjsz ¢ (ﬁj) V1§j§m3 ¢ (5_/) 0
Then the fractional integration I, of the I-function of two variables exists and the following

relation holds:

a po—1gymy,n;:P thﬂ
(24) {Iof e [zﬂv

[(e, : E,,,E' 1:U
[(f, : F,, F‘;’)] LV ]}(x)

— xp—a—llml,n1+1:P leﬂ
p+lg+1:0 szV

[(A=p: W) [ep : E, E)]|:U ]
[(fy : Fq,Fq)],[(l -—p—a:uv)]:V |’

Theorem 2.2. Let a,a’,.B,8,v,p € C,z1,20 € C, Re(y) > 0, u,v € R,. Further let the
constants my,ny, p,q € Ny, a;,bj,a;,b;; € C, aj,Bj,aji,pji € Ro(i=1,--- ,pgl); j=1,--- ,qgl)),
cj,dj,cji,dji € C,y;,6;,7i,0j; € R.(i = 1,--- ,P?);j =1, ,qu)), larg zi| < %ﬂ’ larg zo| <

%, A; > 0, B; > 0 and satisfy the condition

Re(p) + pmax [M] + v max [M] < 1+ min|[Re(=B),Re(a + @’ —y),Re(a + 8 — )]
I<jsmy b @ 1<j<n3 Yi
o BBy

Then the fractional integration I~ of the I-function of two variables exists and the

following relation holds:

a,a’ BBy p—1 ymin:P th’u
(2.5) {1_ L o [zﬁv

[(e,: E,,E)]:U
[(f, : F,, FZ)] 2% ]} (%)

u
— xo—(t—a,+y—11m1+3,n1:P QX
p+3,q+3:0 szv

[Ce, : E,, E;))],/Xg U ]
X4’[(fq:anFq)]:V ’

where

X=[l-p:p(l-pt+tat+ta +p -y :uI1-p+a-p:ul
Xe=[A-p+a+a —y:u[d-p+a+f —y: u»LI(1-p-B:pul
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Proof. In order to prove (2.5), we first express /-function of two variables occurring on the
left hand side of (2.5) in terms of Mellin-Barnes contour integral with the help of equation (1.1)
and interchanging the order of integration, which is justified under the conditions stated with the
Theorem, we obtain (say bL):

06 L= f f B1(E) ba () W(E, ) & 21 (17T B8 oy () iy,

(2n w)2

Now by applying Lemma 1.2, we arrive at

, 1
e fL 0 60U @) (o)

Id-pta+d-y-—p-vpld-p+a+pf -y-pl-—vpl'd —p-B—ué—vn)
Id-p-p&—vpIl —p+a+a’ +f —y-—pus—vpl'l —p+a—B—pu&—vn)

By re-interpreting the Mellin-Barnes contour integral in terms of /-function of two variables
defined by (1.1) , we obtain the right hand side of (2.5) after little simplifications. This completes
proof of Theorem 2.2.

In view of the relation (1.17), we get following corollary concerning right-sided Saigo fractional
integral operator [24].

dé dn.

Corollary 2.3. Let a,B,v,p € C, 21,220 € C, Re(a) > 0, u,v € R,. Further let the constants
my,ny, p,q € NO) aj,bj’ajiabji € C7 ajaﬂjaajlaﬁ]l € R+(i = 1’ ,pfl)’] = 17”'7q51));

. 2 Aj
Cj,dj,Cji,djl‘ € C’ ’)/jaéja’)/jla5jl € R+(l = 1a 7pf )9 .] 17 aqf ))) |argZ1| < Tﬂ-a |argz2| <

%, A; > 0, B; > 0 and satisfy the condition

Re(aj)—l] [Re(c]) 1
—— | + ymax
[ @j 1<j<n; Yi

Re(p) + pmax

1<]<n2

] < 1 + min|[Re(B), Re(y)].

Then the fractional integration I**”

relation holds:

aﬁy my.ny:P thﬂ
2.7) { i [zer

of the I-function of two variables exists and the following

() : Ep E)]: U -
[(fg: Fe FP1:V
[(ep: Ep, EDLIA =p i, ML IA =p+7y:p, U
[(A-p+B: VLI —p+y uWI(fy: Fp F)I:V
Further, if we set 8 = —a in (2.7), we get following corollary concerning right-sided Riemann
Liouville fractional integral operator [24].

— B 11m1+2n1P Z1X”
p+2,q+2:0

Corollary 24. Let a,p € C, 71,20 € C, Re(a) > 0, u,v € R,.. Further let the constants

ml’nlypaq € NO) ajabjﬁaji’bji € C7 a’j9ﬁj7aljl7ﬁ/l € R+(l = 15 ’pfl)7 J = 1,"' aqgl));

Cj,dj, cji’dji e C, ’)/j,éja')/ji’éji eR(G=1,--- ’pEZ)’ ] 1,--- »q; )), Iargzll < A%ﬂ, IargZ2| <
%, A; > 0, B; > 0 and satisfy the condition

Re(@) + Re(p) + pmax [

<]<n2 J

Then the fractional integration 1¢ of the I-function of two variables exists and the following

relation holds:

a1 gmm:p | 21
(2.8) {I [ Ip;Q‘ [Zztv

Re(aj)—1 Re(cj)—-1
&] + ymax [&] <1
j 1<j<n3 Vi

[(e, : Ep,E’ ) :U
[(f, : Fq,FZ)] 2% ]}(x)
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[ep : Ep ED]LI(L—p : i, v]: U
[(I-p-a:u[(fy: Fp. FPI:V

Theorem 2.3. Let o, ,.B,8.,y,p € C, 71,22 € C,Re(y) > 0,u,v € R,. Further let the

: 1 1
constants my,ny, p,q € Ny, a;,bj,a;,bj; € C a/j$ﬁj9a/]l’ﬁjl €ER(G=1,-- »PE L=, ,QE ),

. 2 2 A
Cj,dj,Cji,dﬁ € C, vj,0,,7i,0ji € R.( =1, ,Pf), Jj=1- ,q§ )), larg zi| < > |a’”822| <
%, A; > 0, B; > 0 and satisfy the condition

Re(p) + u mmRe( )+vm1nRe( )>max[0 Re(—a—a — ' +7vy),Re(B— )]

1<j<my I<j<ms

a, @ BBy

_ xp—a llm1+1 np:P lell
p+lg+1:0 szV

Then the fractional derivative D,
following relation holds:

of the I-function of two variables exists and the

a.a’ BBy mi,ni:P "
(2.9) {DO+ T s [ZZIV

[(e,: E,,ED]: U
[(f, : Fq,FZ)] LV ]} %)

Xs,[(ep : E,/,,E;))] U ]
[(fq . Fq, Fq)],X6 %

71 X!

— xo+a+a o 1Im1 n1+3:P
2x”

p+3,q+3:0

where
Xs=[l-p:u[(l-p-a—a - +y:my[(Ll-p-a+B:uv)
Xe=[-p-a=-B+y: L [A-p+B:u)[A-p-a-a +y:uy)]

Proof. To prove the fractional differential formula (2.9) we express /-function of two variables

occurring on the left hand side of (2.9) in terms of double Mellin-Barnes contour integral with the
help of equations (1.1),we obtain the following form after little simplification:

a,' BBy 1 ymy,n:P thﬂ
(2.10) {D0+ T s [zltv

[(e,: E,,ED]: U
[(f,: F,, Fi)] LV ]} (%)

[(e,: E,E)]:U
(fq . Fq,FI,;)] . V ]}()C),

fL DO G YEM L T k(l ek by e m=1y () dg dny,

k
_ d_ ]“’ —a,—f'+k,—B, 7+ktp—1 my,ny:P ut”
- dxk | 0F pq 0 Z2tV

1
T 2nw)?

where k = [Re(y) + 1]
Applying Lemma 1.1 to (2.10),we obtain

1
_ fL 616 b WE M E 2]

2rw)?
F(p+,u§+vn)f‘(p+,u§+w]—y+o/+a+,8’)F(p+,u§+vn—,8+a)
IFop+ué+vwn+a’ +a—-y+blo+ué+wm—y+a+p)p+ué+vn—p)

k
X %Xp+ﬂ§+wy+a’+a—y+k—l df dﬂ,

d" X" = L(m+1) X

Using 754" = 72705

where m > n in the above expression, we obtain

, 1
R f 1) o) Y(E, 1) (210 (222"
L
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IFo+ué+vplo+ué+vn—y+a +a+pB)Np+ué+vn—L+a)
IlMNo+ué+vn—y+a+pB)Ne+ué+vn—-PRl(p+ué+vn+a +a—vy)
By re-interpreting the Mellin-Barnes contour integral in terms of /-function of two variables
defined by (1.1), we obtain the right hand side of (2.9) after little simplifications. This completes
proof of Theorem 2.3.
In view of the relation(1.18), we get following corollary concerning left-sided Saigo fractional
derivative operator [24].

dédn.

Corollary 2.5. Let a,B,y,p € C, 71,220 € C, Re(w) > 0, u,v € R,. Further let the constants
my,n,p,q € Ny aj,bja;,b; € C, a),pj,a;;B; € R.(G = 1,-- ,pfl),] — 1’...’6151))’
cpdj cjindji € C,y;,6,7i,05i € Re(i = 1,-- ,sz), j=1-- ,q,(- ), largzil < AT” larg zo| <
%, A; > 0, B; > 0 and satisfy the condition

Re(p)+,um1nRe(B])+vm1nRe( )>max[0 Re(—a — B —v)].

1<j<my 1<j<ms

Then the fractional derivative D0 7 of the I-function of two variables exists and the following

relation holds:
[Ce, : E,, E;,)] : U )
[(f,: Fp F)1:V
[(A=p:uLI(d-p-a=B=y:umV)le,: E)\E)]: U
((fg: Fg. FPLIA —p=y L [A-p=-B:pun]:V
Next, if we set § = —a in the above result, we obtain following result concerning left-sided
Riemann-Liouville fractional derivative operator [24].

(1,37 1 ymy,ni:P thﬂ
2.11) { T s [zﬂv

— xp+ﬁ Ly, n1+2:P 7 X
p+2,g+2:0 Z2xV

Corollary 2.6. Let a,p € C, 71,20 € C, Re(a) > 0, u,v € R,. Further let the constants
ml’nl,P,(] € NO) aj$bj$aji9bji € C9 ajnBjanl’ﬁ]l € R+(l = 15 $pfl)9] = 19”' aqgl)))
Cj,dj,Cji,dji € C y,0,,vi-05i € R.(i = 1, ,sz)a Jj=1-- ,qu)), larg zi| < A%ﬂ, larg zo| <
%, A; > 0, B; > 0 and satisfy the condition

Re(p) + p min Re(ﬁ])+vmm Re(éj) > 0.

1<j<my 1<j<ms3
Then the fractional derivative Dy, of the I-function of two variables exists and the following
relation holds:

(03 1 ymy,n:P thﬂ
(2.12) {D0+tp s [zﬂv

[(e, : E,,,E' ) :U
[(f, : F,, FZ)] 2% ]}(x)

xp+(1/ lIml np+1:P leﬂ
p+1,g+1:0 szV

[(A=p:w )] [(ep: EpED]: U
[(fy: Fe FOLIA-p-a:pu)]:V
Theorem 2.4. Let a,a',B,8,v,p € C,z1,20 € C, Re(y) > 0, u,v € R,. Further let the
constants my,ny, p,q € Ny, aj,bj,aj,b;; € C, a;,Bj,a;,Bji € Ry(i=1,-- ,pfl), j=1,- ,qfl)),
¢jpdjscindii € Cyj8y,yjn 6 € Ruli = Lo pls j o= Lo g, largzl < 4, gzl <
ﬂ ,A; >0, B; > 0 and satisfy the condition

Re(p) + 4 max [Re( - ]+vmax [Re(cf) 1] <1+ min[Re(B), Re(—a — &’ + ), Re(—a’ — B + y)].

1<j<ny aj 1<j<n3 Vi

Then the fractional derivative D™ *F

following relation holds:

of the I-function of two variables exists and the
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[e,: E,,E)]: U
[(f, : Fq,F’p)] LV ]}(X)

1
xp+(x+a —-y— 11m1+3 P [ X

@@’ BBy o1 yrim:p | 218
(2.13) {D T [zﬂv

[y : Ep EN], X7 : U

P+3,g+3:0 szv XS, [(fq Fq, F;])] : V

where
X =l -p:pLld-p-a-a =B+y:uyLI(1-p-a +f :p),
Xs=[d-p-a =B+y: L [A-p+f :pyld-p-a—a +y:uv)l

Proof. To prove the fractional differential formula (2.13) we express /-function of two variables

occurring on the left hand side of (2.13) in terms of double Mellin-Barnes contour integral with
the help of equations (1.1),we obtain the following form after little simplification:

[(e, : Ep,E;,)] U }}
[(fy: Fpu F)1:V ()

—a —a,—f ,—B+k,—y+k p—1 ym,ny:P th,u
= (- 1) { - I oo [

a,a’ BBy my,ny:P Zlﬂl
(2.14) {D T s [ZZtV

2tY

[(e,: E,,E)]: U
[(f, : F, F’p)] LV ]}(X)

d* B Bk, ~y+k o+ué+v
f f $1(6) 2 Y&, ) 25 725 (I oo Bo Bk k =1y () dé dn,

(2

where k = [Re(y) + 1]
Applying Lemma 1.2 to (2.14),we obtain

" 2w )2ff $1(&) G2 Y€1) 7, 25

Jd-p-a-a'+y—k-pe—vpl —p-o' -p+y—ps—vypld —p - f - pg—vn)
I'(l-p—ps—vpll —p—a—a’—ﬂ+7—u§—vn)m —p—+p —pus—vn)

X( 1) xp+y.§+vn+a +a—y+k— ldé:dﬂ,

- fL | p@nmvensz

F(l—p—a—a’+7—k—/1§—vn)F(l—p @ =B+y—pE—vpl'(l —p+p —p&—vn)
[d-—p-p&—vpl(l—p-a—-a -B+y—-p&—vpl'l —p—-—a’ + —pu& —vn)
X(1—p—a—a +y—k—ué&—vp) P rar=l ge gy

(zﬂw)zf . $1(E) pa( Y€, 21

Jld-p-a—p+y—pe—vpld —p+f —pg—vpll —p-a—a’+y - ps —vn)
[d-—p-ps-—vpl(l-—p-a—-a -B+y—-p&—vpl'l —p—-—a’ +p —pu& —vn)
Xxp+y§+v7]+a’+a—y—l dé; d77

By re-interpreting the Mellin-Barnes contour integral in terms of /-function of two variables
defined by (1.1) , we obtain the right hand side of (2.13) after little simplifications. This completes
proof of Theorem 2.4.

In view of the relation (1.19), we get following corollary concerning right-sided Saigo
fractional derivative operator [24].
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Corollary 2.7. Let a,B,y,p € C, 71,220 € C, Re(w) > 0, u,v € R,. Further let the constants
my,n,p,q € Ny aj,bja;,b; € C, a;,pj,a;;B; € R.G = 1,-- ,pfl),] — 1,"',q§1)),
cjpdj cjiydji € C,y;,0,,7ji,0;i € Ry(i = 1,--- »PEZ)’ J= 1 ’CIE )), larg z1| < %H, larg zo| <
%, A; > 0, B; > 0 and satisfy the condition

Re(a))-1 Re(c))-1
Re(p) + p max [&] + v max [ e
1<j<ny J 1<j<n3 Vi

Then the fractional derivative D™P of the I-function of two variables exists and the following

relation holds:

[(ep: EpED] - U ]}

[(fy: Fp F1:V (%)
[(ep : Ep EDLIL—p L [A=p=B+y:un)]: U
[(1_p+a+7:ﬂa")] [(1_p ﬁ #’V) (fq Fq’F)] 14

Further, if we set 8 = —a in (2.15), we obtain following corollary concerning right-sided
Riemann-Liouville derivative operator [24].

] < 1 + min[Re(—PB), Re(a + y)].

aﬁ)f 1 ymy,ni:P th,u
(2.15) { *~ IP:]QI [

2t

— B 11m1+2n1P 73Xt
p+2,q+2:0 szV

Corollary 2.8. Let a,p € C, 71,20 € C, Re(a) > 0, u,v € R,. Further let the constants
my,n,p,q € Ny, aj,bj,a;;,b; € C,a;,pj,a;;B; € R.(G = 1,-- ,Pfl),J = 1 ’qll))
cidjcindi € Cyj,6,,7in6; € RuGi = 1, ,pP j = 1,--+,¢?), largzi| < 42, IargZzI <
%, A; > 0, B; > 0 and satisfy the condition

Re(p) + Re(@) +,umax [Re( - 1] + v max [M] < 0.

@j 1< j<ns Yi
Then the fractional derivative D* of the I-function of two variables exists and the following
relation holds:

!

pq:Q 2t

(2.16) {D"tf’ Lpmom:P [

[(ep: EpED]: U ]}
[(fy: Fp F)1: V ()

_ xp+ar 11m1+1 P le,u
p+lg+1:0 szv

[(ep : Ep EDLI(1=p:p,)]: U
[(1_,0 a . /l,V) (fq Fq’F)] Vv

3 Special Cases

The I-function of two variables is a most generalized form of special functions, consequently it
can be reduced in a large number of special functions (or product of such functions) by suitably
specializing the parameters involved in the function. Here we provide a few special cases of our
main results.

(1) If we set m; = n; = p = g = 0 in Theorem 2.1 then we have following known result given by
Saxena et al [26], p.637, eq.(3.3) in terms of product of /-function of one variable introduced by
Saxena [25].

(@j, @j)1ny» (aji, aﬁ)nzﬂ,pf.” ]

3.1 {1 By ot [ #
(3.1 P00 21 (bjngj)l,mza(bji’ﬂji)mzﬂ,qg”

0+

Img 3 (C]’ yj)lnw(cjl, 7]l)n3+1p(>
R S RN DRI S |
p; 1,m3» Jis ]1 In3+lq )
— xp+)/ a—a’ 1103m2n2m;n3 leﬂ X],... . U
H M. @ @ .
3304V pP P | X7 | Xoy ot V|7
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where X; and X, are same as given in Theorem 2.1. The conditions of validity of the above result
easily follow from Theorem 2.1.

(i) If we set m; = 0 and r = 1 in Theorem 2.1, the [-function of two variables occurring in
L.H.S. reduces into H-function of two variables [27] then we have following known result given
by Dinesh Kumar [11], p.1128, eq.(4.2).

o

a,a" BBy p—1 170,11 :ma,n2;m3,n3 2t

3.2) I TH TN o P
P4:Py 4y Py 4 22

[(ep: E,E )] : T,
[(f, : Fq,FZ)] T, ]}(x)

M

_ xp+y—a—a,—IHO,n1+3:m2,n2;m3,n3 X
= 343D 0.2 @) v
P+3.q+3:p7q, Py g 22X

X1, [(e, : E{,,E;,)] T, ]
[(fq : Fq’ Fq)],Xz : T2 ’

where
T, = [(aj,a'j)l,p(ll)]; [(Cj,)’j)l,pf)], T, = [(bj,ﬁj)l,qf)]; [(djaéj)l’q(f)]-

Also X; and X, are same as given in Theorem 2.1. The conditions of validity of the above
result easily follow from Theorem 2.1.
(ii1) If we set m; = 0 and r = 2 in Theorem 2.1, then we obtain a result in terms of a particular
case of the /-function of two variables.

(3.3) Ia,a’ﬁ»ﬁ”ytp—llo,m:mz,nz;m3,n3 7t [(ep : Ep, E/p)] U ()
. 0+ p’q:pl('l)sLI,(-I)§Pf~2)’4£2)52 Zztv [(fq . an Fq)] Y
— xpﬂ’*d*a'7110,ﬂ1+33mz’"22m3,n3 713t | X, [(ep : EP’Ep)] - U
a3 a a2 | x| [(fy: Fg FLXo 2 V|

Also X; and X, are same as given in Theorem 2.1. The conditions of validity of the above
result easily follow from Theorem 2.1.
(iv) If wesetm; =n; = p=qg =0and r = 1 in Theorem 2.1, then we have following known result
given by J. Ram and D. Kumar [21], p.36, eq.(17) in terms of product of H-functions

e a,a;), o (5% 7) S
a,a" BBy p—1 pyma.n; ( J> 17 1,p ms,n;3 v I 7J,p
(3.4) {10+ T H' m[zlru b LXH 5 |22t d.s ' (x
Py 4 ( j’ﬁj)l,q(ll) Py 4l dj, J')l,qj”
_ xp-%—y—a—a,—lH0,3:m2,n2;m3,n3 leﬂ X1-~- . Tl
- 3350 ., @ vix, T, |’
2P 4 Py a9y 20X Deee o 2

where X and X, are same as given in Theorem 2.1, T, and T, are also same as given in (3.2). The
conditions of validity of the above result easily follow from Theorem 2.1.

(v) Onputtingm; =m =p=q=0,r=1,u=1,p" =0,m =¢" =1, =0and g, = 1 in
Theorem 2.1 then by virtue of the relation Hé:?[zltl(o, 1)] = e™" we have following known result
given by Saxena et al. [26], p.643, eq.(5.1).

(€571 ]} x

3.5 {1“’“"’””’”%—‘e—ZI’H”W [z r
( ) 0+ » (12) 2 (djaé‘j)l,q?)

2
®q
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Koo 1 =3(Cs Vi) @

_ xo+y—a—a'—1 0,3:1,0;m3,n3 ax
— . N ’
Xi0..- : (0, D); (dj"sj)l,q(f)

3,3:0,1;[)(12),(1(12) szv

where
Xo=[A-p: IV, [1-p+a+a +B-y:IVLIL-p+a - :1,v),
Xpo=[l-pt+ta+a —y: 1 [(l-p+a +p-y: LVLIA-p-F: 1,V

The conditions of validity of the above result easily follow from Theorem 2.1.
(vi) On setting z; = 01in (3.5), we have following result.

( Jo 7])1 p( )
(%ﬁ)wn”@)

Xlla (C], YJ)I p(2)
peB X1z

(3.6) {1‘”“’”7#’ H [ ¢

2) @
0+ ()q()

3
xp+y a—a le3 M3+
PP434743 |

/,

where

Xu=[l-p:MLA-p+a+a +B-y:MLIA-p+a - : V)]
Xp=[l-p+a+a -y:VL(l-p+a +B-y:M,I[(1-p-F V]

The conditions of validity of the above result easily follow from Theorem 2.1.
(vi) Further on reducing H-function to Wright generalized hypergeometric function in (3.6) due to
the relation

I'(c; + k)
b

k!
I'(d; + 6 k)

(c1,71)s- (Cp,
Mol (dy,50).-

L Dk

:@ s

1

L |_ (A =ciyD). (1= cpyp) ]
Pt T 0,1, (1= di6) e (1= dys,) |

.
1l

We obtain following result

3.7) {Igj Y- ,,zpq[ztv

(Cj’ 7j)l,p
(@ﬁmﬂ””)

(Cj’ yj)l,p7 X13 :|

:xp+y—a—a,—l 3¢ 3 va
v (dj,0))1,4» X14

where
Xz=(@v,(o—a—a -B+y.,v),(p-a +8,v),
Xu=@p-a-a +y,v),(o0—a =B+y,v),0+5,v).

The conditions of validity of the above result easily follow from Theorem 2.1.
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