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Abstract

In this paper, we introduce and study a new subclass of meromorphic functions with
positive coefficients involving the polylogaritham function and obtain coefficient estimates,
growth and distortion theorem, radius of convexity, integral transforms, convex linear
combinations and convolution properties for the class o ,(a, B, ).
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1 Introduction

Historically,the classical polylogarithm function was invented in 1696, by Leibnitz and Bernoulli,
as mentioned in [3]. For |zl < 1 and c¢ a natural number with ¢ > 2, the polylogarithm function
(which is also known as Jonquiere’s function) is defined by the absolutely convergent series:

©  k
(1.1) Li@) =y ]Z(—
k=1

Later on, many mathematicians studied the polylogarithm function such as Euler, Spence, Abel,
Lobachevsky, Rogers, Ramanujan and many others [6], where they discovered many functional
identities by using polylogarithm function. However, the work employing polylogarithm has
been stopped many decades later. During the past four decades, the work using polylogarithm
has again been intensified vividly due to its importance in many fields of mathematics, such as
complex analysis, algebra, geometry, topology, and mathematical physics (quantum field theory)
[5, 7, 9]. In [10], Ponnusamy and Sabapathy discussed the geometric mapping properties of
the generalized polylogarithm. Recently, Al-Shagsi and Darus [1] generalized Ruscheweyh and
Salagean operators, using polylogarithm functions on class A of analytic functions in the open
unit disk U = {z : |z] < 1}. By making use of the generalized operator they introduced certain
new subclasses of A and investigated many related polylogarithm function to define a multiplier
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transformation on the class A in U [2]. To the best of our knowledge, no research work has
discussed the polylogarithm function conjunction with meromorphic functions. Thus, in this
present paper, we redefine the polylogarithm function to be on meromorphic type. Let ), denote
the class of functions of the form

1 [Se]
(1.2) f@)=- mZO
which are analytic in the punctured open unit disk
(1.3) U':={z:z2€C, 0<]z7 <1} = U\ {0}
A function f in }; is said to be meromorphically starlike of order ¢ if and only if
2f'(2)
(1.4) RN — >0; (ze UY),
{ f@ }

for some ¢ (0 < 6 < 1). We denote by »)(6) the class of all meromorphically starlike order o.
Furthermore, a function f in ) is said to be meromorphically convex of order ¢ if and only if

zf"(2) . \
(1.5) R{ - (1 t D )} >8; (ze U,

for some ¢, (0 <06 < 1). We denote by }(0) the class of all meromorphically convex order d. For
K

functions f € ) givenby (1.2) and g € )}

1 [ee)
1.6 = -+ b,7",
(1.6) 8D =2+ ) b

m=0

we define the Hadamard product (or convolution) of f and g by

(17) (f %)) = % + mZO "

Let )’ be the class of functions of the form
p

1 (o)
(1.8) f@ ==+ and" an=0
< m=0

which are analytic and univalent in U*. Liu and Srivastava [8] defined a function h,(ay,- -, ay;
B, -+ ,Bs;2) by multiplying the well known generalized hypergeometric function ,F, with 277 as
follows:

(19) hp((l’l, T, a’q;ﬁlv e aﬁs;z) = Z_p qu(al’ e 7aq;ﬂl, e ’,Bs;z)a
where ai,---, @, 61, - ,Bs are complex parameters and g < s+ 1, p € N. Analogous to Liu
and Srivastava work [8] and corresponding to a function ¢.(z) given by

o 1 = 1 m
(1.10) $@) = Li(@) = — + mZO :

m+2)°

We consider a linear operator Q.f(z) : >, — >, which is defined by the following Hadamard
product (or Convolution):

(1.11) Q. f(2) = ¢e(2) * f(2)

1 < 1
=—+ .
Z mzzo(mu)c“Z

135



Next, we define the linear operator D.f(z) : >, — >, as follows:

1
(1.12) Def(@) = 1Q:f (@) = 5740}

1 S
=—+ .
Z ;(mw)caz

For function f in the class ), we define a linear operator D7 , f(z) as follows
p

(1.13) D0 f@) = f@),
D! @ =1 -DDf2)+ 1

= (1 +DD.f(2) + 22D f(2)) = D¢, af(2),
D2 ,f(2) = D 2f (D, (),

(DS () 150
z

9

D! (@) = Do, 1 f DD (2),

1 <« "
14 [ +/1(m+1)] amszorn:1,2,---.
2 e (m+2)
Now, by making use of operator D] ,f(z), we define a new subclass of functions in », as
P

follows.

Definition 1.1. For -1 <a <1, B> 1, and A > 0 we let o ,(a,,A) be the subclass of },
P

consisting of functions of the form (1.8) and satisfying the analytic criterion

e {z(bﬁ, SO a} G
o (@) o @)

DL (@) is given by (1.13). The main object of the paper is to study some usual properties of the

geometric function theory such as coefficient bounds, growth and distortion properties, radius of

convexity, convex linear combination and convolution properties, and integral operators for the
class o p(a,p, ).

(1.14)

2 Coefficient inequality
Theorem 2.1. A function f of the form (1.8) is in o (., ) if

i 1+ Am+ DA +B)m+1)+1-a]

2.1) TE

lanl <1 - «,
m=1

-1<a<l,B>1landA>0.

Proof. 1t is sufficient to show that
Dn ’ @n ’
‘z( e S (@) +1'+Re{z( e (@) +1}sl—
. af@ L @)
We have
Dl’l ’ Dn ’
‘z( e 2 f(@) +1‘+Re{z( e S (@) +1}

o @) ol @
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2D Q@)

<1 —+1

P =r0 *

(1+p) z Lt 08 (m + D™
<

1+ D]?
z LLUAD I T

\Zl (m+2)°

Letting z — 1 along the real axis, we obtain

(1+p) z L D8 (m + Dla|

<

[+Am+ D"
Z (’n+2)L | ml

The last expression is bounded by (1 — @) if

o [1+Am+ DA +B)m+ 1)+ 1 —a]
Z la, <1 -«
(m+ 2)

Hence the theorem is proved.

Corollary 2.1. Let the function f defined by (1.8) be in the class o p(a, 3, A). Then

- m+2¢°(1 - a)
an< ), [+ Am+ DI +B)m+ D) +1-al

Equality holds for the functions of the form

2.2)

, (m>1).

m=1

[

Z (m + 2)L(1 - a/) m
[

(2.3) W& =t T A+ DI+ pm+ D 1 =al”

3 Distortion Theorems

Theorem 3.1. Let the function f defined by (1.8) be in the class o ,(a,B, ). Then for 0 < |z| =

r<l,
1 3c(1 _ a,) 1 3L(1 - a/)
3.1 424G+ 28-a) <l@l=g+ [1+20'G+26-a)
with equality for the function
1 (-
(3.2) /&)= 2 M +20G+ 2B-a)"

Proof. Suppose f isin o.,(a,B, ). In view of Theorem 2.1, we have

[1+221'G + 28— a) & S A+ m+ D)+ 1—al[l + Am + D"
3 I (m + 2)°

which evidently yields

<(-a

Z"’: 3°(1 — a)
a, < .
— [1+22]"(3 +28 - @)

Consequently, we obtain
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[

1, <« 1
<I=l+ D @l < < +r > ay
< m=1 r

m=1

1 31 — @)

< -+ r.
ro [1+22]"Q+28-a)

Also
1 > m
F@I=|z+ D |

> |l| _ i am|Z|m
< m=1

S
- —r a,,

- r m=1
1 391 — @)

> —— r.
ro [1+22]"Q+28-a)

Hence the results (3.1) follow.

Theorem 3.2. Let the function f defined by (1.8) be in the class o ,(a,B, ). Then for 0 < |z| =

r<l,
1 3(1 —a) 3(1 —a)

P21 +2A"G+28 -« [1+241"G+2B-a)
The result is sharp, the extremal function being of the form (2.3).

HICE 5+

Proof. From Theorem 2.1, we have
[1+22]"G+28-a) « S [(L+B8)(m+1)+1—a][l+Am+ D]
<
3 D man < ) (m + 2)
which evidently yields

<(-a

m=1 m=1

ima - 3(1 —a)
47 T 142213 + 28 - @)

Consequently, we obtain

1 N m—1
@l =75+ Z Mayr

m=1
<Liy
S —= ma,,
r m=1
1 34(1 -
== + ( CU)

[1+221"B+28—-a)
Also

1 o0
@12 5= > ma,r!
m=1

1 (o]
ﬁ — Z_l ma,,
1 3(1 —a)
2 [1+2A"G+28-a)

\%

\%

r
This completes the proof.
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4 Class Preserving Integral Operators
In this section we consider the class preserving integral operators of the form (1.8).

Theorem 4.1. Let the function f be defined by (1.8) be in the class o y(a,, ). Then

z
1 < u
4.1 F(z) = uz *! Hfdt = — + —_—a, 7" u>0
(4.1) @) = uz ff() - Z_;,ﬁmﬂ“ I
0 m=

belongs to the class old(a,B, A,m,u)], where
L1 420"G + 28— @)(u +2) - 3°u(l — )
2 B k) = A1 G + 28— a)(u + 2) + 3l —a)

: 3¢(1-
The result is sharp for f(z) = % + mz-

Proof. Suppose f(z) = % + 2 and™is ino,(a,B, ).

m=1
‘We have

Z
1 < u
F(z)=pz* " | #f(dt = - —a,7", u>0
(2) = pz ff() Z+Z,u+m+laz p>
0 m=

It is sufficient to show that
N m+06 MHap

4. .
(4.3) l-om+u+1"—

m=1

Since f(z) isin o ,(a,B, 1), we have

- [(T+Bm+ 1)+ 1—a][l + A(m+ 1)]"
(4.4) ; T ) ] < 1.
Thus (4.3) will be satisfied if
4.5) (m+ o)u < [(T+Bm+1)+1—-a][l + A(m+ 1)]”’ for each m

d=-0)m+u+1) (m+2)(1-a

o _ [+ 20+ DPIA+ B+ 1) + (1= @)+ m + 1) = mu(l = @)(m +2)°

T4 Am+ DA +/)m+ D+ (1 — ) +m+ 1) + mu(l — a)(m + 2)

Gm) = [I+Am+ D]"[A+Bm+ 1)+ -a)](u+m+1)—mu(l —a)(m+ 2)°
[1+Am+ DA +B)m+ 1)+ (1 —a)(u+m+ 1) +mu(l —a)im+2)

Then G(m + 1) — G(m) > 0, for each m. Hence G(m) is increasing function of m. Since

[ +240"C+ 28 - a)(u +2) - 3u(l —a)

422G +28-a)(u +2) + 3u(l —a)’

G(1)

The result follows.
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5 Convex Linear Combinations and Convolution Properties
Theorem 5.1. If the function f is in o ,(a,p,A) then f(z) is meromorphically convex of order
00<o<)in|zl <r=r(a,pB,A,0) where
[T+ Am+ DA -)H[A+B)(1+m)+1 - a]}ﬁ
(m+2)(1 —a)ymim+2-9)

r(@.p.4,6) = inf {
The result is sharp.

Proof. Let f(z) isin o p(a,B, A). Then by Theorem 2.1, we have

(o)

Z [T+ Am+ D]"[A+B8)m+1)+1-«]
(m+2)

(5.1) lan| < (1 - a).

m=1

zf"'(2)

It is sufficient to show that ’2 + 550 <1-9,forlzl <r=r(ap,A4,0), wherer(a,B,a,0)is

specified in the statement of the theorem. Then

> m(m + 1)a,z™!

m=1

2" @) _
f(@)

_ X0 mOm + Dag™!

‘2+

= .
m=1 1 — 2 ’namlzlm-'—1

m=1

[
—1 _
2+ X may!
’ m=1

This will be bounded by (1 — ¢) if

(o)

m(m + 2 - 6) il
(5.2) ; ?amm <1
By (5.1), it follow that (5.2) is true if
mm+2-6) .. [1+Am+D]I'[(1+B)(m+1)+1-«]
—— " < ,m>1
1-6 (m+2)(1 —a)
or
(5.3) ol < {[1 +Am+ D]"A =)+ +m)+1— a/]}ﬁ'

(m+2)X(1 —a)ym(m+2-90)
Setting |z| = r(a, B, 4, 0) in (5.3), the result follows.
The result is sharp for the function

1
fm(Z) =—-+
Z

(m+2)(1 —a) 2 > 1)
I+Am+ DA +m+ 1) +1-a] "’ -
Theorem 5.2. Let fy(z) = % and
1 (m+2)(1 —a)

I = T A DI+ B+ D+ 1 —a]

2", (m>1).

Then f(z) = % + 21 an" is in the class o ,(a,B, ) if and only if it can be expressed in the

Jorm f(z) = Ao fo(z) + i A fin(2), where g > 0,4,, >0 (m > 1) and Ay + f Ap=1.
m=1

m=1

Proof. Let f(2) = Ao fo(2) + i A fm(2) with 49 2 0,4, 20 (m > 1) and
m=1
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Then
f@) = dofo() + Z A f(2)

1 i m+2)(1 - o
Z [I+Am+ DI"[A+Bm+1)+1-a]
Since
S [1+Am+ D[ +B)(m+ 1)+ 1 — cy]/1 (m+2)X(1 -a)
(m+2)X( —-a) "I+ Am+ DA +B)(m+ 1)+ 1 —a]

m=1

:i/lmzl—/losl.
=1

By Theorem 2.1, f is in the class o y(a, 8, A).
Conversely suppose that the function f is in the class o ,(a, 3, 1), since
(m+2)X(1 —a)
[1 +Am+ DA +B)m+1)+1—-al
[I+Am+ D]'[A+)m+1)+1-q]

A = (m+ 27 (1~ ) e

and 1p =1 - Z A, 1t follows that f(z) = Ao fo(2) + Z A fn(2).

m=1

,(m>1)

This completes the proof of the Theorem
For the functions f(z) = - + Z a,z" and g(z) = % + Z b,7" belongs to Z we denote by

m=1

(f * g)(z) the convolution of f (2) and g(z) or

1 < ,
(f*g)(Z) = E +;ambmz .

Theorem 5.3. If the functions f(z) =
oep(a,fB,4), then

(o) (o)
14 21 anZ" and g(z) = 1 + 21 b,Z" are in the class
m= m=

1 - m
(f*8)@) ==+ ) anbz

m=1

is in the class o ,(a,B, A).
Proof. Suppose f(z) and g(z) arein o.,(a,p,A). By Theorem 2.1, we have
S [+ Am+ DI'[A+B)m+ 1)+ 1 - al
P (m+2)(1 -a) "
S [L+Am+ DA +B8)m+ 1)+ 1 —a]
powe (m+2)(1 - a)
Since f(z) and g(z) areregular are in E, so is (f * g)(z). Furthermore,

i [I+Am+ D]I"[A+m+1)+1-q]
(m+2)(1 —a)

<1

b, < 1.

ambm
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<{[1 +Am+ DA +B)m+ 1) +1-a]
= (m+2)(1 — a)

[+ Am+ DA +B8)m+1)+1-a]
(2 m+2x(1—a) an)

}2ambm

(i [I+Am+ D]"[(I+Bm+1)+1 —a]b )
(m+2)(1 - a) "
<I.
Hence by Theorem 2.1, (f * g)(2) is in the class o ,(, 3, A).

6 Neighborhoods for the class o ,(o,f, 1)
Neighborhoods for the class o ,(a,8,4) which we define as follows:

Definition 6.1. A function f € ), is said to in the class o.p(a,B,A,y) if there exists a function
g € ocpla,B,A) such that
6.1) ——1‘<1—%ZEU,(OSy<1).

8(@)
Following the earlier works on neighborhoods of analytic functions by Goodman [4] and

Ruschweyh [11], we define the 6—neighborhhod of a function f € ), by
P

1 (o8] (o)
6.2) N(f)i={g€ )« g(2) = — D obu" Y mlay = byl < 6}.
p m=1 m=1
Theorem 6.1. If g € o ,(a,f, 1) and

03+268-a)+22)

(6.3) LA 7 e vy e Ty gy

Then Né(g) - O-C,p(a7ﬁ, /1’ 7)
Proof. Let f € Ns(g). Then we find from (6.2) that

(6:4) D mlan —bal <6,
m=1
which implies the coeflicient inequality
(6.5) D law = bl <6, (me N).

m=1
3¢(1-a)

(1+2)"(3+26-a) " So that

Since g € o ,(a,B, 1), we have } b, <
m=1
>l — bl
CENPE:

< 51 +20)3 +38-a)
8(2)

S0 +20C3+38-a) -3(l-a)

< = -y

1 - Z bm
m=1

provided vy is given by (6.3). Hence, by definition f € o ,(a,f, 4,7) for y given by (6.3), which

completes the proof.

Remark 6.1.
(i.) For A = 0 in the results mentioned in all the sections above the class are the same as those
of Venkateswarlu et al: [13].
(i1.) For A = 0 and B = 1 in the results mentioned in all the sections above the class are the same
as those of Thirupathi Reddy et al: [12].
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7 Conclusion

This research has introduced a new linear differential operator related to polylogarithm function
and studied some properties were studied. Accordingly, some results related to closure theorems
have also been considered, inviting future research for this field of study.
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